Infinitesimal Generators on the Quantum Group SU,(2)
in the Classical and Anti-classical Limit

Michael Skeide*

Lehrstuhl fiir Wahrscheinlichkeitstheorie und Statistik
Brandenburgische Technische Universitat Cottbus
Postfach 10 13 44
D-03013 Cottbus
Germany

December 1997

Abstract

In [5] we found an explicit formula for the infinitesimal generators of white noises on the quantum
group SU4(2) in the case ¢ € (—1,1). In [7] we compared the case ¢ € (—1, 1) with the classical case
g = 1 which corresponds to the infinitesimal generators of Lévy processes on SU(2). We pointed out
that our formula is the perfect analogue of Hunt’s formula which describes the classical infinitesimal
generators. In the first part of these notes we find Hunt’s formula for SU,(2) in the anti-classical case
g = —1. This completes our theory of infinitesimal generators on SU,4(2) for all ¢ € [-1,1].

In the second part of these notes we show that SUy(2) is a ‘good’ quantization of SU(2). We show
that not only states on the algebra of functions on SU(2), but even infinitesimal generators may be
approximated in a suitable sense by states and infinitesimals generators on SU,(2) for ¢ € (—1,1).
Simultaneously, we show that a similar result holds true for SU_1(2).

1 Introduction

Lévy processes on Lie groups are classified by their infinitesimal generators. In [3] Hunt found his
famous formula for the explicit form of the infinitesimal generators. In a series of papers Schiirmann has
generalized the notion of Lévy processes on a Lie group to Lévy processes on *—bialgebras; see [4] for a
detailed list of references. Schiirmann found an algebraic characterization of the infinitesimal generators
by a weakened positivity condition; see below. An explicit formula like Hunt’s formula in the general
case is yet missing.

In [5] we found an explicit formula for the infinitesimal generators on Woronowicz’s quantum group
SU,(2) [10] in the case ¢ # £1. In [7] we pointed out that our formula is the perfect analogue of Hunt’s
formula by comparing it with the classical case ¢ = 1. In these notes we do the same for the anti-classical
case ¢ = —1. In other words, we reprove Hunt’s formula in the special case of the algebra of functions on
SU(2) (which is more or less SU,(2) for ¢ = 1) in form which is suitable for an adaptation to the case
q=—1.

After some general general remarks on quantization in Section 4 we show in Section 5 that states
and in Section 6 that infinitesimal generators on SU1;(2) may approzimated by states and infinitesimal
generators on SU,(2) (|¢| < 1), respectively.

In Appendix A we provide a self-contained introduction into the necessary notions of g—analysis. In
Appendix B we introduce the g—coherent states and express them in terms of a Hilbert space of analytic
functions.

Like the papers [5, 7, 8] the material in these notes is based on our PHD-thesis [6].
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Unless stated otherwise explicitly, we use the following conventions. Algebras are complex and unital
x—algebras. Ideals are *—ideals (and, of course, usually non-unital). Representations are non-degenerate
s—representations and cocycles are 1-cocycles. Functionals, always are linear functionals. For notational
convenience we use Dirac’s notation.

2 Basics and the classical case

*—Bialgebras, in the first place, are (unital x—)algebras with a character (i.e. a ¥~homomorphism into C)
0 (the counit). Let A be an algebra and ¢ : A — C a character. Let K7 = ker(d) be the kernel of §. We
call a (linear) hermitian functional ¥ on A conditionally positive (with respect to ¢), if it is positive on
the (x—)ideal K7, i.e. if

Y(a*a) >0 for all a € Kj.

Schiirmann has shown (see [4]) that the set of infinitesimal generators of Lévy processes on a *—bialgebra
consists precisly of those conditionally positive functionals which vanish at the unit. In the remainder of
these notes we will consider the slightly more general set of conditionally positive functionals. Given a
conditionally positive functional ), we obtain an infinitesimal generator by ¥ — 1(1)d

Let D be a pre-Hilbert space and 7 a (*—)representation of A acting on D. By a (1-)cocycle with
respect to m we mean a linear mapping 7 : A — D such that

n(ab) = w(a)n(db) + n(a)d(d) for all a,b € A. (2.1)

Let Ko = lin(K; - K7) be the ideal which is spanned by all products of elements of K;. By GNS—
construction one shows the following

Theorem 2.1 (Schiirmann [4]) For an arbitrary conditionally positive functional v there is a triplet
(D,m,m) consisting of a pre—Hilbert space D, a representation m on D and a cocycle n with respect to this
representation such that the values of ¢ on Ko are given by

P(ab) = (n(a*)|n(d)) for all a,be K. (2.2)
The restriction of 7 to the invariant subspace n(A) of D is determined up to unitary equivalence.

(Of course, the GNS—construction is well-known. The importance of Theorem 2.1 lies in the fact that
the ingedients v, n, ™ play a crucial role in the reconstruction of a Lévy process from its infinitesimal
generator. The reconstruction also is the place where the comultiplication of the x—bialgebra structure
enters. In these notes we do not need the comultipication.)

By Theorem 2.1 we reduce the problem of finding all conditionally positive functionals to that of
finding all representations, all cocycles with respect to these representations, and checking for which of
them we can find a conditionally positive functional satisfying (2.2).

We define for any representation 7w on a pre—Hilbert space D and any vector n € D the mappings
(n|wn) : A— C and 7 : A — D by

(n|wn)(a) = (nlm(a)n) and (7n)(a) = m(a)n, (2.3)
respectively. The mapping Id — 61 : A — A defined by
(Id—61)(a) =a—9d(a)l,
is a canonical projection onto K;. We immediately see that
(mn) o (Id — 61) and (n|xw|n) o (Id — 61)

are a cocycle and a conditionally positive functional respectively, satisfying (2.2). In cohomology theory
such a cocycle is called a coboundary and the functional is a positive multiple of ¢ — d, where ¢ is a
state on A. In [5] we have shown that in the case when A is a C*—algebra all cocycles and infinitesimal
generators have the above form. This corresponds to the fact that in the classical case of the algebra of
functions on a Lie group the infinitesimal generators, in general, are defined only on functions which are
twice differentiable at the neutral element.

From Leibniz rule we obtain the following



Proposition 2.2 Let 0, be a family of homomorphisms é, : A — C which are pointwise continuous in
@ and such that 69 = 6. Then we have

(1) If 6, is pointwise differentiable with respect to ¢ at ¢ =0, then d( is a cocycle with respect to 0.

(1t) If 0, is pointwise twice differentiable with respect to ¢ at ¢ =0, then & is a cocycle with respect to

6 and 576/ is a conditionally positive functional satisfying (2.2).
We recall the definition of the algebra structure of SU,(2).

Definition 2.1 (Woronowicz [10]) For a real number ¢ € [—1,1] we denote by A, the unital algebra
generated by «, vy, with the following relations:

(a) ay = Qo

(b) vt = Y

(c) Yy o= " (2.4)
(d) ac* —afa = (1-¢*)7'y

(e) Yy +a*a = 1.

By Relation (e) all representation operators are bounded. Henceforth, we assume all representations
to act on a Hilbert space.
We recall the form of the irreducible representations for ¢ # +1.

Theorem 2.3 (Vaksman, Soibelman [9], cf. also [8]) Let ¢ # +1. Let hgy be a Hilbert space with an ONB
{ek}ren,- The following equations

(i)
pola)er = 1—q*e,_q, keN

p@(a)eo = Oa k -
po(Ver = €%qrey, k € No
(i)
w(a) e'?
w(’Y) 0

define inequivalent irreducible representations p, : Ay — B(ho) and 6, : Ay — C of Ay for any ¢ €
[0, 27).
Any irreducible representation must be unitarily equivalent to one of these representations.

The homomorphism § is just do. Clearly, J, evaluated at a fixed algebra element a is an analytic
function of ¢. We use the notation of Proposition 2.2 and ommit the subscript ¢ = 0.
Now we investigate the sets K7 and Ks. Clearly, if we introduce

5:(1_17

the set {1,83, 5*,v,7*} generates the whole algebra. Henceforth, since we have 3, 5*,v,7* € K; and
1 ¢ K, the set

G={B,6"77"} (2.5)

generates K;. Relations (2.4), expressed in terms of 5 and +, transform into



(%) By = qB—(1—-q)y

(b) By = v p—-(1—-q

(¢) v o= (2.6)
(d) BB =86 = (1-* 'y

() Yy+ B B+68"+5 = 0.

An arbitrary element a of A, can be written in the form

a = cl + chg—i—c
geG

where ¢1, ¢y are complex numbers and ¢ € Ks. If ¢ # 1, we see from Relations (a), (B)7 and (€) that the
elements v,7*, and 8 + §* can be expressed as sums of products of elements of K7, hence are elements
of Ks. In other words, any a € A, can be written as

6) 3* 8 o *
+c = 1+
i C C1 Co %

a=cl+eo +c (2.7)
where c¢1, co are complex numbers and ¢ € Ko, in at least one way.

Proposition 2.4 Decomposition (2.7) is unique for any a € Ay.

The mapping P: Ay — Ay, a — a — §(a)l — §'(a) O‘gia* is a projection onto K. That means
P(A,) = Kz and P* = P. Moreover, P(a*) = P(a)*.

PrOOF We apply ¢ and ¢’ to (2.7). By definition ¢ is 0 on K and Kb, hence §(a) = ¢;. Using the
factorization property of 4, we obtain by an application of Leibniz rule that ¢’ vanishes on K> as well as

it does on 1. Hence, §'(a) = 025'(0‘55‘*) = ¢9. Therefore, the numbers ¢y, ¢ are determined by a, and

s0 is ¢ by (2.7). The properties of P are obvious. m

In the sequel, we have to separat from a conditionally positive functional its gaufiian part in the
classical case ¢ = 1 and its anti-gauflian part in the anti-classical case ¢ = —1. A conditionally positive
functional is called gauflian, if it is associated with a representation of the form 61. It is called anti-
gauflian, if it is associated with a representation of the form §,1. Similarly, gauflian and anti-gauflian
cocycles are cocycles with respect to 01 and 6,1, respectively. It is easy to see that a subspace of the
representation space of a representation 7, where « acts as 1 or —1, is an invariant subspace. (In fact,
by Relation (e) we see that on this subspace v must act as 0.) Clearly, the decomposition turns over to
the cocycles. Unfortunately, this must not be true for the conditionally positive functionals. Fortunately,
in our cases the remaining direct summand of 7 will always be such that we can guarantee existence of
an associated conditionally positive functional. In this case also the other summand has no choice and
must be associated with conditionally positive functional; see [7] for a detailed argument.

A key-lemma in [5] asserts that a cocycle 7 is determined uniquely by its value n(a*) (which equals
n(8*), because our representations are non-degenerate). We adapt this to the cases ¢ = +1.

Lemma 2.5 Let m denote a representation of Ay and A_; and assume that there is no gauffian and
anti-gaufSian part, respectively. Then a cocycle 1 is determined uniquely by its value n(a*).

PROOF We have ¢ = 1 so that 3 is normal by Relation (d). In particular, =(8)n(3*) = = (8*)n(8).
Hence, if 7(/3*) is injective (in other words, if 7 does not contain a gauBian part), then n(53) is determined

by 1n(5*). So let us assume that 7 does not contain a gaufiian part. By Relations (a) and (b) we find
7B+ (1 —)1)n(v*)) = gr(v*))n(B). Hence, n(v™*)) is determined by n(3) (henceforth, by n(5*)), if
m(B+ (1—¢)1) is injective. In the case ¢ = 1 this is true, because we assumed 7 to have no gaufian part,
and we are finished. In the case ¢ = —1 we find that 7(8+ (1 — ¢)1) is injective, if 7 has no anti-gauflian
part. The only case which still has to be shown is ¢ = —1 and 7 purely gauflian, i.e. 7 = J. Assume
n(y*)) # 0. Then by Relation (&) we have d(a + 1)n(y*)) = 0 contradicting §(a +1) = 2. m



In the remainder of this section we briefly discuss the classical case ¢ = 1 in a way which is adaptable
also to the following section where we discuss the ant-classical case ¢ = —1. A general discussion of the
classical case of functions on a compact Lie group can be found in [7].

An element of U € SU(2) is given by a unitary matrix U = (u;;); j=1,2 with unit determinant.
Consider the unital *—algebra A, which is generated by the coefficient functions f;; : U — u;; on SU(2).
We use the parametrization of SU(2) defined by

_ V11— a2 —gy2et? —(x —1iy)
(falpsz. 9 = ( z+ iy V=2 —geiv )
3

with ¢ € [-F, %) and 2% 4+ y? < 1, which is non-singular at the neutral element I and at —I. It is easy
to see that the irreducible representations of A¢ are given by py(f) = f(U), where U can be any point
in SU(2), i.e. they are in one-to-one correspondence with the group elements. We introduce the usual

supremum norm on Ag by ||f|| = sup |f(U)|. By an application of Stone- Weierstrass theorem Ay is
Uesu(2)
dense in C'(SU(2)), the x—algebra of continuous functions on SU(2), which, therefore, is the completion
of Af.
The generators f;; of Ar satisfy fi1 = f35, fiz = —f31, and f{} f11 + f31 f21 = 1. Thus, by

(Oé ’Y*> NN <f11 f12>
v for fa2

we define a *—algebra homomorphism from A; onto A¢. We define a three-parameter family d,, repre-
sentations of A; by setting

5 a =" - 0 fir o Ji2 _ V1= a? —yZe” —(z —iy)
Iy o U\ far S T+ iy V122 —y2ei® )7

where ¢, z,y describes U € SU(2). The general representation 7 of A; is given by

T = / 650;Ey dEgawya
SU(2)

where dFE is an arbitrary spectral measure on SU(2). Notice that mg(a) = fsu(g) f(U)dE,yy, if f

is the funtion in Af corresponding to a € A;. A; has a faithful representation; see Woronowicz [10].
Therefore, || o || = sup ||7(e)|| defines a C*—norm on A;. Clearly, this norm coincides with the norm on

Ag. Thus, Ar and A; are isometrically isomorphic pre-C*—algebras, and C(SU(2)) can be identified with
the C*—completion of Aj.

Now we come to the cocycles and conditionally positive functionals on A;. First, we investigate
the gaufiian parts. Consider the three mappings 6’Y = 0,0000, 6'* = 0,000, and 6"Y = Jydpoo. These
mappings are cocycles with respect to § = dggg. Since

o @ = (1 0
w3 d) e h)
5/:v CY_’Y* _ 0 -1
v oo 1 0 ’
w @ =7 (01
m(5 ) =)

we see that the three cocycles are linearly independent. In particular, we see that any linear combination
of 8% and 'Y is a cocycle different from 0 but vanishing on a*. Let r € R? be a vector with components

(p,x,y). Setting

5~ o))

- u , (2.8)

t=0

we define a three parameter family of cocycles with respect to § which consists of all real linear combi-
nations of §’?, §'*, and §"Y. Setting

O 1 PO )ty
2 2 dt?

t=0



we obtain a conditionally positive functional fulfilling (2.2).

Now we see by Relations (2.6) that any gaufian cocycle, i.e. a cocycle ns with respect to a represen-
tation of the form d1g, on a Hilbert space Hy, is defined by its values on oo — a*, 7, and v* which, on
the other hand, can be chosen arbitrarily. In other words, we obtain

Theorem 2.6 By
ns = 6"%n,+ 08", +8"Yn,, (2.9)

we establish a one-to-one correspondence between gaufian cocycles ns and triplets (n,, N, ny) of vectors
Ny Nzs Ny € Hs.

Since 75 must vanish on Ko, we have a — a*,7y,v* ¢ Ky and any basis of K3 can be extended by

1, 945%, ”"'27 , 157 to a basis of A;. Setting

_ N e A e i AT Ble &l
P, Id6152i52522.,

we obtain a projection onto Ks.

The form (2.9) of the gauliian cocycles is not yet suitable to see the form of the gauliian conditionally
positive functionals. In the following theorem we find a more practicable one. Moreover, it turns out
that not all cocycles determine the values of a conditionally positive functional on Ks.

Theorem 2.7 For any gaufian cocycle ns which determines the values of a conditionally positive func-
tional on Ko there are three orthonormal vectors m1,m2,n3 € Hs and three vectors ri,rs,73 € R? such
that

ns = 5/T1771 + 5/T2’I72 + 5/r3?73. (210)

Choosing an arbitrary real number ro and an arbitrary vector r € R® we obtain all conditionally positive
functionals s, fulfilling (2.2), in the form

1"y 52 53

+

= red+9"
Vs 700 + +2 2—1-2

PRrROOF If a cocycle ns has the form (2.10), the form of the conditionally positive functionals follows
straightforwardly. Thus, it remains to show that a cocycle which determines the values of a conditionally
positive functional on K5 has to be of the form (2.10).

Let ns be an arbitrary gauflian cocycle, which determines the values of a conditionally positive func-
tional on Ko, given in the form (2.9). Obviously, the component (ng|ns) of ns in the direction of an
arbitrary vector 7 itself is a gaufiian cocycle (with values in C). There is nothing to prove, if all vectors
N, Na, Ny are 0. Therefore, we assume, without loss of generality, that 7, # 0 and choose 1 = HZ—:” It is

easy to conclude by commutativity of 0‘51‘.1*, ””27*, 757* that the numbers (n:|n,), (n1]n,) are real num-
bers. In other words, we can find 71 € R?, such that (n;|n,) = §™. We know that this cocycle defines a
conditionally positive functional. Therefore, also its ‘orthogonal complement’ defined by 75 = ns — 116’
must define a conditionally positive functional. Furthermore, there are vectors 7j,,7, orthogonal to 7,

such that 75 = ¢6’?7, + 0"Y7,. If 7, # 0, we continue our argument in the same manner, by setting

N2 = Hg—”u If this is not so, then either also 7, = 0 (and we are finished choosing arbitrary 72,73 such
Y >
that m1 L o L m3 Ly and 79 = r3 = 0) or 7, # 0 (and we may choose 7y = H:!I:H’ arbitrary n3 with

m Lns Lnandrs =0). m

In the sequel, we will restrict ourselves to representations without gaufiian part, i.e. w(3*) is injective.
Such a representation is given by

™ = / Opay AEpzy = lim Opay AEpay,
5U(2) =0 Jsu@)\U.(1)

where U, (I) denotes an e-neighbourhood of the neutral element and the limit is strong.



Motivated by [5] we define mapping O from A; into the measurable functions on SU(2) by setting

Ouzy(a) —d(a
o)) = L@ D
V1—122 —qy2eiv — 1
Observe that O(a), in general, is unbounded around the neutral element. (Insert any non-vanishing

linear combination of v and v*, set ¢ = 0 and let |« + iy| go to zero.) On the other hand, [O(a)](U) is a
continuous function on SU(2)\{I}. Therefore, by

Orfa) = /S @I 4B,

we define a possibly unbounded operator with dense domain. Clearly, (interpreting a as an element of
Ag) O(a) fulfills

O(ab) = aO(b) + O(a)d(b).
By this cocycle property we conclude that a maximal common dense domain D of all the operators
Ox(A1) is given by

D = D, = D,

where D, () denote the domains of 7(7*)). Obviously, D consists of all vectors 7, for which

2 1.2 2
| Jean@)| dulgamn = [ £ Al By ln) < oo,
SU(2) s

v V1 —a%—yle i — 1]
Clearly, for any vector 7o+ € D we define a cocycle 1 by setting
n = Oxna (2.11)

which fulfills n(a*) = 14
On the other hand, if 7 is a given cocycle assuming the value 7.+ on a*, it follows immediately from
Relations (2.6) that

n(y*) = lim [OYN(U) dBgay e
=0 Jsu@)\U. (1)

i.e. N+ € D. Thus, we obtain

Theorem 2.8 Let m be a representation of Ay on a Hilbert space H without a gauflian part, and D
the (dense) subspace of H as defined above. By (2.11) we establish a one-to-one corresondence between
cocycles with respect to w and vectors ny+ € D.

Proceeding as in [5], we define

where the function 7 (a) on SU(2) is given by

[T(a)](U) = dpay © P1(a)

|1 — 22 —y2eiv — 12

Clearly, 7, and O, fulfill
T (ab) = O(a*)*O(b) (a,b e Ky).

Therefore, we obtain that any cocycle (2.11) defines via (2.2) the values of a conditionally positive
functional ¢ = (na+|Tx|nax) on Ky. (Notice that the domain of 7 is smaller than D. However, it is
obvious that this domain can be extended to D if we interprete 7, as mapping into D* being the dual of
D.) By

du _ d<77a* Ewy|77a*>
Ty I\/1— a2 — y2e—ie — 12

we define a positive regular not necessarily finite measure on SU(2). We obtain Hunt’s formula for SU(2).




Theorem 2.9 The formula
dj = 1/15 + / 6<pzry oPy d/lap:vy
SU(2)

establishes a one-to-one correspondence between conditionally positive functionals on Ay, and pairs (s, 1)
consisting of a gauflian part s and a positive regular measure p on SU(2), fulfilling

/ ()(w2+92)dﬂwxy < oo and / |m€_w_1|2d“%my < 0.
SU(2

SU(2)

3 The case g = —1

Now we investigate the anti-classical case, where ¢ = —1. We obtain a result looking very similar
to Theorem 2.9. Contrary to the classical case, not the gaufiian part, but, the anti-gauflian part is the
complicated one. In both parts of Hunt’s formula we have to replace, more or less, the family d.,, of states
by suitable states of the form Tr m(¢p, z, y)gwy where gsﬂry is a family of two-dimensional representations
and m(y, z,y) is a measurable function on SU(2) with values in the positive 2 x 2-matrices of unit trace.

First, let us agree on some notation. Let 7 be a representation of A,. By m we denote the represen-
tation defined by

m(a) = —m(e) and z(y) = —n(y)

Clearly, we again have a one-parameter family d,, of homomorphisms, mapping « to e? and v to 0, and
the derivatives 4’ and ¢”. By the same arguments as for ¢ € (—1,1) it follows that K> is of codimension 1
in K7 and the projection P, extended to ¢ = —1, is again a projection onto K. We denote this projection
by P_1. As an immediate consequence we obtain by Lemma 2.5 the form of the gauflian part is given
like in Proposition 2.2.

The main difference compared to the classical case becomes apparent, if we have a look at § = §;.
A representation d1p; on a Hilbert space Hs, a cocycle with respect to such a representation, and a
conditionally positive functional associated with such a cocycle we call anti-gauBian. Obviously, for any
choice of 1+, ny, 1+ € Hs we define an anti-gauflian cocycle 7, by setting

na®) = nla) = e, 1Y) = e,

and n(a) =0 for a € Ky. Hence, an anti-gaufian cocycle is not determined by its value on o* alone.
We define a family of representations d,,, on C?, which is labeled by elements of SU(2), by setting

dpuy(@) = mew(é _01>
Opay(7) = (z+iy) < ? (1) )

It is easy to check that two different members &,my, Sw/r/y/ of the family are unitarily equivalent, if and
only if either ¢’ — ¢ = (2n+ 1)7 or 2’ = —x, y’ = —y or both. (A unitary equivalence transform leaves
invariant the determinant. Therefore, in two dimensions the factors in front of the matrices can only

differ by sign. On the other hand, choosing the unitary transforms u = (é 701) and u = (? é) we indeed

obtain the sign changes of d,,, () and Smy(oz), respectively.)

The representation belonging to the neutral element we denote by
5 = dooo-
The partial derivatives of Swy at 0 are defined in the same manner as those of d,z, in the preceding
section. Notice that 6 = § @ §. We denote a basis of C? by é; = (1,0) and é3 = (0,1). Clearly, we have
dé1 = €10 and 6éy = é50. Therefore, for any r € R? with components (¢, z,y),

a — (e2ld"(a)ler)



defines a cocycle with respect to §. Clearly, (é; |<§’T\é1> is a cocycle with respect to 4, hence, must be given
by a multiple of ¢’. By evaluating at «, we obtain (é1]6""|é1) = ©d’, with ¢ being the first component of
r. Furthermore, we have for a,b € K7 that

(e1ld" (ab)ler) = 2 Z<é1 [ (a)[é:){e:1" (b)ér) (3.12)

= 2(69]0" (a")]e1)" (200" (b)]ér) + 20" (ab).
In other words,

(@1)0"er) 50"
2 )
is a conditionally positive functional fulfilling (2.2).
In the classical case the cocycles corresponding to r = (1,0,0), (0,1,0),(0,0,1) are linearly indepen-

dent. However, we immediately see that in the anti-classical case the cocycle (ég\g’ ®lé1) is identically 0.
We can obtain a third linearly independent one-dimensional cocycle with respect to § by

Jo(Id—01) = (&5)0]és) o (Id—61) = §—0.
We obtain the analogue of Theorem 2.6.
Theorem 3.1 By
ns = 8o (Id— 051, + (62]6"|é1)n + (€2[8"]e1)my,

we establish a one-to-one correspondence between anti-gaufian cocycles ns and triplets (1, Mz, 1y) of
vectors Ny, Nz, Ny € Hs.

In the case of a one-dimensional cocycle we again find by commutativity of +,~* that the complex
numbers 7, and 7, must have the same phase factor if 75 determines the values of a conditionally positive
functional on K,. Now let 7 = (¢, x,7) be an element of C x R2. By straightforward verification on
elements of K; we see that

as t > 0 tends to 0 where n, is the cocycle 15 having n, = ¢ € C and 7,,, = 2/y € R. Notice that

(e

for t — 0. Therefore, we find by computations similar to (3.12) that

él + tgﬁég oP
£ —1

A €1 +tpé
50(“)(@)} 1t2> o (Id — (51) — o,

€1 + tpeés
t

bota)n)| >O(Id—51) — (&]0" "V er) + p(erdlen) o (Id — 61) = 0

Y = lim <61 thtweQ 5

¥, lim 0(t) (ty)

defines a conditionally positive functional fulfilling (2.2). We obtain by a proof completely similar to that
of Theorem 2.7

Theorem 3.2 For any anti-gaufSian cocycle ns which determines the values of a conditionally positive
functional on Ky there are three orthonormal vectors ni,n2,m3 € Hs and three vectors ri,72,73 € C X R?
such that

Mo = M. Mm+mn, n2+tn. ns.

Choosing arbitrary real numbers ro,ro we obtain all conditionally positive functionals fulfilling (2.2) in
the form

Us = rodrad i, FU



In [8] we proved the following representation theorem.

Theorem 3.3 Let m be any x—representation of A_1 on a Hilbert space H. There is a spectral measure
dE. gy on SU(2) with values in B(H), such that the representation © on C* @ H defined by

7 = / Sy @ AE sy
SU(2)

is unitarily equivalent to @ w. In other words, there is a projection E in the commutant of T(A_1) such
that the representation E7 on E(C? ®@ H) is unitarily equivalent to .

REMARK 3.1 Consider the C*—algebra C(SU(2), Max2) of continous functions on SU(2) with values
in Msyo, equipped with the supremum norm ||f|| = sup | f(U)||. Clearly, the x—subalgebra A_; of
SU(2)

C(SU(2),M2x2) generated by fo(U) = &sz (o) and f,(U) = Scp:ry () can be identified with A_; equipped
with the norm || e || = sup ||7(e)].

2
Let n= > ¢é ®n; € E(C?>® H). We obtain
i=1

3

2
(nlm(n) > <e ®n;

i,j7=1

/ Swy ® dEyqay
SU(2)

%®m>

where we introduced the measure valued, self-adjoint matrix (dfyzy)i; = d(n;|dEpzy|n:). Notice that the
non-diagonal entries are complex. By Cauchy-Schwartz inequality we have

Tr Opay Apay,
SU(2)

—_

(@r izl < /(@) 11( @ )22 < 5 (@ )11 + (@0 )).
Therefore, the matrix entries (diyzy)i; are all absolutely continuous with respect to the (positive, regular,
finite) measure dvygy = (dVypay)11 + (dPpay)22. By an application of the Radon-Nikodym theorem we can
write

where 7 is a v—measurable function on SU(2) with values in the positive 2 x 2-matrices of unit trace.
We summarize.

Theorem 3.4 Any state p on A_1 can be expressed as

= / Tr 2(p, 2, Y)dpay AWepay, (3.13)
SU(2)

where v is a probability measure on SU(2) and 7 is a v—measurable function on SU(2) with values in the
positive 2 X 2—matrices of unit trace.

It is possible to specify conditions under which the correspondence n «— 7, v is one-to-one; see [6, 8].

Now we proceed precisely as in the foregoing section. Assume that a given representation 7 has no
gauflian and anti-gauflian part. We introduce the mapping O from A_; into the measurable functions
on SU(2) with values in the 2 x 2-matrices by setting

OWIWV) = Gonpte) —s(@tae [Vim e (4 0 )= (3 9]
Spry(@) = 0(a) Lty ( L+ /T —a? =y 0 | )
(1—a2 —y2)e2iv —1 0 1— /1 —a2 —y2ei¥
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and define the possibly unbounded operator

Onla) = /S 1 C@IV)© AP,

2

Similar to the classical case, a vector 1o+ = Y é; @ 74+; € E(C? ® H) defines a cocycle with respect to
i=1

7, assuming this vector on a*, by setting

(1) - o(x)
Up TNax g

if and only if the corresponding vector 7.+ is an element of 2/5, the domain of O, (’y(*)). This condition
reads

22 + 12 A 22 + 42 X
/ Y (st@ry)ll"‘/ Y (dDgpzy)22 < o0
S S

v [V1—2? —ylemt — 12 v [V1—2?—y?em? + 12

By

| @) .,
SU(2)

_ UL UL
11[} <(77a*2 > <77a*2 )>’
where we defined

- 1+ /1 — 22— y2et® 0
T = ,
T@)() (T |- T
Spay © P_1(a) 14+ 4/1— a2 —gy2ei® 0
[(1— 22 —y?)e 2iv —1]2 0 1—/1—a2%2—y2e % )’

we find a conditionally positive functional satisfying (2.2).
We introduce the measure valued matrix dfi,., by

N (dﬁtpmy)ll
d T = - ;
(ditpry)n Vi peiof
~ (dl}tpxy)ZZ
d T = ;
( He y)22 |1 a2 er_W|2
X (dDypay)12
dilpy = - :
(Ahgzyhrz (1— /122 — y2e=i#)(1+ /1 — 22 — ylei¥)
(dﬂwwy)ﬂ = (dﬂwwy)12~

Notice that the entries of dji .y also fulfill Cauchy-Schwartz inequality. Therefore, we obtain again a
(positive, regular) measure p and a p—measurable function m with values in the positive 2 x 2-matrices
of unit trace, such that dji = mdu, and by Equation (3.13)

v = / Tr T/T\l(QD, T, y)sapzy oP_y d,ufgomy
SU(2)

This yields the analogue of Hunt’s formula.

Theorem 3.5 For an arbitrary conditionally positive functional on A_1 we can find a quadruple (5,5,
W, m) consisting of a gaufian part 15, an anti-gauBian part s, a (not necessarily finite) measure (1 on
SU(2), and a p—measurable, positive 2 X 2—matriz valued function m of unit trace, fulfilling

/ (@ + ) (M, z, )11 + (M0, 7, 1))22) dpigay < 00,
SU(2)

11



/ | V 1- x2 - y2€—itp - 1|2(77A%(<p,cv,y))11 dlufgozy < o0
SU(2)

[ VI e Pl ) din, < o0
SU(2)
such that

Vvo= Ys+s+ / Tr m(p,x, y)(ipmy o0 P_1 ditpey-
SU(2)

4 Thoughts on quantization

Usually, algebras of classical observables are algebras of real functions on some (measurable, usually
polish) phase space P. The expectation value of an observable f: P — R is determined by a probability
measure f on P via E,f = [, f(x)u(dx). We say the system with phase space P is in the state E,,. If
1 is concentrated on a single point xy € P, we recover the deterministic situation where any observable
f takes the value f(xg) (with probability 1).

Usually, the algebra of classical observables is generated (algebraically, for simplicity) by a finite
number of basic observables. For instance, the phase space of a classical particle in one dimension is
R2. The basic observable ‘position’ of this particle is the function q(x,y) = z. And the basic observable
‘momentum’ of this particle is the function p(x,y) = y. Henceforth, the algebra of classical observables
for this particle is the (unital) algebra of functions on R? which is generated by the two functions ¢
and p. Obviously, this algebra is isomorphic to the (non-commutative unital) algebra generated by two
indeterminates ¢’ and p’ divided out by the relation ¢'p’ — p’q’ = 0. (Therefore, we will identify the
functions ¢, p with the indeterminates ¢’,p’.)

Most algebras of classical observables can be considered in this way, i.e. as algebras generated by
(finitely many) indeterminates with (finitely many) relations. The relations have to asure at least that
the algebra is commutative. However, there may be also other relations, if the generators are not (like
q,p) generators of a free commutative algebra. (For instance, suppose that for some reason sombody
wants to consider the subalgebra of polynomials in ¢, p with degree greater than 1. Such a person could
define the commutative algebra generated by indeterminates qq, qp, pp, qqq, qqp, qpp, ppp- Of course, a
couple of relations among these generators has to be divided out.)

A quantization of such an algebra of classical observables is obtained by modifying some of the
relations. This, in general leads to non-commutative algebras. For instance, the one-dimensional particle
is quantized by replacing gp — pq = 0 with ¢p — pg = ih. Immediately, we see that we leave the framework
of real algebras. (The attempt to use real algabras comes from the wish that observables should take
expectation values in the real numbers. However, formally there is no reason why we should not consider
the algebra of complex observables obtained by complexification. In fact, it is well-known that, for
instance, in the study of the harmonic oszillator the pair g + ip,q — ip is very useful.) Henceforth, by
algebra A we mean a unital x—algebra, i.e. a complex unital algebra with an involution *. Since in the
non-commutative context there is no longer a probability measure, the expectation E, is replaced by a
state ¢, i.e. a normalized (p(1) = 1) positive (¢(a*a) > 0Va € A) linear functional on .A.

Usually, the quantization of an algebra of classical observables depends on a quantization parameter
(e.g. h) and the relations to be diveded out (e.g. gp — pg = ih) from a freely generated algebra depend
‘continuously’ on this parameter. In order to have the right to speak of a quantization of a classical
algebra, the quantized algebra should ‘converge’ in some sense to the classical algebra. What does this
mean? In Definition 4.1 we explain what we understand by convergence of functionals on the quantization
(which, actually, is a family of quantizations parametrized by the quantization parameter) to a functional
on the classical algebra. In a ‘good’ quantization it should be possible to approximate a state on the
classical algebra by states on the quantized version.

In Section 5 we show that in the above sense Woronowicz’s quantized SU(2) [10] is, indeed, a quan-
tization of the compact Lie group SU(2). Like in the case of the particle with observables ¢, p where
the classical pure states may be approximated by coherent states on the quantization, pure states on
the algebra of functions on SU(2) may be approximated by g—coherent states. In Section 6 we point
out that the uniform approximation of classical states by states on the quantization turns over to the
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approximation of classical infinitesimal generators by infinitesimal generators on the quantization. This
means that not only expectations at a fixed time, but the whole dynamics of a white noise time evolution
on SU(2) may be approximated by white noise time evolutions on the quantization SU,(2).

Definition 4.1 Let n,m € N. Let F denote the free unital algebra generated by the set G = {g1,...,gn}
of indeterminates. Let Q) denote a subset of R. For g € Q let R, = {R{,...,R,} denote a subset of F.
Let 7, denote the ideal generated by Ry and let A, denote the quotient algebra F/Z,.

We say the family A, is continuous, if for alli =1,...,m the mapping q — R} is weakly continuous.
(In other words, there are continuous functions ff:Q — C for anyi=1,...,m and g a monomial in F,
such that for fized i and q¢ we have f7(q) # 0 only for a finite number ofg and R} = ng( )g.)

Let g be a family of linear functionals on A,. Denote by E;: F — Ag the canomcal mapping. We
say g 15 weakly continuous, if the family ®, = pq 0 &, of functionals on F depends weakly continuous
on q.

Proposition 4.1 Let the family Ay be continuous and let g9 € Q. Assume that the family @, of func-
tionals on Ay (@ € Q\{qo}) is weakly continuous on g € Q\{qo}. Furthermore, assume that the limit

b, = qlimo @ exists pointwise. Then @4, vanishes on I, hence, gives rise to a functional pg, on Ay .

Moreover, the family ¢4 (q € Q) is weakly continuous.

Proor The remaining statements being obvious, we only show that @, vanishes on Z,,. It is sufficient
to show this on elements of the form aR°b (a,b € F;1 < i < m), because Z,, is spanned by such
elements. Of course, there exists a neighbourhood of gy on which f7 is different from zero only for finitely
many monomials g. We have

0 = @y (aR{b) = 24(aR{b) + By(aR{b — aRP°b) = 4(aRb) + Y _(f7(a) — £7(40))y(agh).

Our assertion follows from the fact that the first summand converges to @, (aR!°b) and the second
summand converges to 0. m

REMARK 4.1 Obviously, properties of the family ¢, on Q\{q,} like positivity or conditional positivity
(with respect to fixed character § on F vanishing on all Z,) are preserved in the limit g, .

5 Approximation of states

Let A, 1 be complex numbers. From |\ — |2 > 0, if and only if X # 7, we conclude that

lim

=00 etIM?etlpl? 0 otherwise.

AT _ { 1 forA=p
We prove a g—analogue (see Appendix A).

Proposition 5.1 For A\, u € Uy(0) the g—exponential fulfills

AT AL -

lim g q _ 1 forA=np

1 M2 [kl? 0 otherwise.
T eq eq

PROOF For A = 1 the statement is clear. Thus, let A # 7. By the product representation of ef we obtain

Aﬂe)\lt ﬁ (1 —g*A\?) (1 — ¢*|ul?) _ ﬁ (1 _ ¢"(A _M)(m,) ) . (5.1)
I/\‘Q |M|2 - 1 o qk}\’u 1— qkA‘u) Pl (1 — qk)\ﬁ)(l — qk)\ﬂ)

All factors lie in [0, 1). Therefore, so does the product. On the other hand, for ¢ — 1 the factors converge
to

A=A —p

O wmaw
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which is less than 1. Since the product contains an arbitrary number of factors close to this limit, if only
q is sufficiently close to 1, the product will be smaller than any positive number. m

Roughly speaking, the unit vectors
eqz ()\)
[elAI?
q2

(see Equation (B.1)) ‘become orthogonal’ if ¢ tends to 1. We use this property in order to approximate
irreducible states on A41.

€q2(N)

Proposition 5.2 Let (¢, x,y) be a point in SU(2) such that 0 < 2%2+y* < 1. Furthermore, let c = (c1,c2)
be a unit vector in C2. Denote by ¢ ® é,2(\) the unitvector

Cléqz ()\) + Cgéqz (—>\)

A2
\/1 + (eies +T@e1) i

q2

c® éqz ()\) =

in ho where A = \/1 — a2 — y2e'?, x = arg(x + iy). Then we have
(i)

(}i_% (Eqz(Mloxlégz(N) = Spay-

(i)
lim (c®é2(N)|pylc@ége(N) = (c|dpuylc).

qg——1
PROOF Assume, for the moment, that x = 0. Then, since py does not distinguish between v and +* and
by hermiticity, it follows that it is sufficient to prove the statement for "™ with n,m € Nj.
We have po(a)eg2(X) = Aeg2(A) and po(7)eqg2(A) = eg2(gA) (see Appendix B). Therefore, o™ gives
a factor (£A)™ and 4" gives a factor ¢” in the argument of the g—coherent state. Thus, denoting the
normalization factor in the second case by |c| o We have to compute the expressions

n|>\|2
A TL)\ eq
q—1 e q—1 e’

q

in the first case, and

lim
=1 ]

+ e e (Ve (") + |c2|2<A>m<eq2u>|eq2<qm>)
no__1\yn 2 n¢_q\yn+l 2
(lenPAm + feaP(=0)™)ess TV 4 @es (=0 + e amer, T
o

g—1 |C|<296

in the second case where we transformed the limit ¢ — —1 into a limit ¢ — 1. The recursion formula for
the g—exponential reads

iqn+2 A 2 9 j:qn )\ 2
T = i F P
In the first case we see that
" IA? " THA? a|Al?
2 2
lim - = (1-|\*)" and lim L—m5— = (1—[A\H"lim L,
q—1 el)“ q—1 €‘A| q—1 €|>\‘
q? q? q?

14



if the latter limit exists. For the second case we consider

—a™ A2 _gntln?
eq;] [A] < eqzq [l (52)
for ¢ € (0,1). Since |\| # 0, Proposition 5.1 yields
—|A2
€,
PR
€2

as ¢ — 1. Therefore, |c|, converges to 1. It follows by (5.2) and the recursion formula that

D AP

2

L — 0 for £ (-1)" =1L
qu

For +(—1)" = 1 we obtain the same numbers as in the first case. Thus, it remains to calculate

qlAl?

. eq2

lim 5

€2

We define

eZZE
Fq(m) = e
q2

By looking at the factors 1:3% of the infinite product we easily find that F; is a strictly decreasing

function of z € (0,1), i.e. F,(z)F,(qz) < F,(qz)F,(qz) < F,(qx)F,(¢*z). Since F,(z)F,(qx) =1 — x, we
have

l—z < Fy(gz)* < 1—gqa. (5.3)
Therefore,
lim Fy(z) = lim 1-e _ V1 -z,
i 2 Fy(go)
and, henceforth,
a" A

We insert this and obtain
lim (€42 (A)[po(Y"a™)[Eg2(A)) = A™/1—[A]2

and

o [ le? +]e22(=1)™  for n even

lim (c® 2 (Vlpm("a™)le® ep(N) = X"VI=]AP

crea(—1)™ 4+ T3¢ otherwise

which is the claimed result for y = 0.
The general case can be obtained by multiplying with the factor e?X for each v and e~ *X for each v*. m

The excluded cases |Ag| = 0,1 can be obtained as the limit A — Ag of the above expressions. In our
next step we include these cases by replacing A with a function A(g) which converges to A\ as ¢ tends to
+1.
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Notice that the approximating expressions, in (i) and (ii) of the foregoing proposition, are analytic
functions in the variable |\|? and can be continued analytically to |A|> < l—iq. For a given \g = e"?|\g| €

U1(0) we introduce the function

_In2

1 Ing?
Ao for (1 — |)\02> <1—¢?
Mg) = 2
e (|Xo| +6))  otherwise
on % < ¢? < 1, where ) is a non-negative real number such that
_In2
1 In ¢*
<1—2(|>\0|+6)\)2> = 1—¢°
We explain why this is well-defined. Notice that Kk = _llr?q22 is a positive real number which tends to

infinity as ¢ tends to 1. Therefore, if the first case is not true, it is always possible to find a unique dA
such that the second case is fulfilled. The lower boundary for ¢* guarantees that [A(¢)| < 1. (If ¢* = 3,
we have k =1 and 1 — ¢% = %, i.e. [A\g] +dA = 1.) Obviously, éA converges to 0 as ¢ — 1. The worst
case for this convergence is A\g = 0, i.e. the convergence is uniformly in Ag. We collect the properties of

Ag)-

Proposition 5.3 For the function \(q) on % < ¢® < 1 which is assigned to any \g =€ Uy(0) by the
above definition the following holds.

(i) 0<[Mg) < 1.

(i) A(q) is continuous.
(iii) linil1 A(q) = Ao uniformly in Xo.

q—)
(iv) For any Ao # 0 we even have X\(q) = Ao for q sufficiently close to 1.
_ 2
1 9\ mmd? 9
(v) 1 2Aa) <1 ¢ for all Ao,

After these preparations, we prove the following

Theorem 5.4 Let (¢, x,y) be a point in SU(2) and set A\g = \/1 — 22 — y2e'¥, x = arg(z + iy). Then

we have

(i)

lim (6 (M@)ol (A@) = pmy.
(i)
Jim (e© M@)o ® ex(A@) = (elbom o).

uniformly in Ao and in the unit vector ¢ = (c1,cz) € C2.

Proor Consider the proof of Proposition 5.2. The expressions to be calculated are the same except

that the fixed number A is replaced everywhere by A(g). The expressions are linear combinations of the

—[A1?

functions —L F“(l)z‘P) and —g?
lelg” el

where the coefficients are polynomials P(q, A\, A). If we insert A(q),

2 IA2
‘Clgeqz

these coefficients assume their limits P(%1, Ao, Ag) uniformly in A\ because Ao does so. Of course, |c\2®
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2
o~ M@

assumes its limit 1 uniformly in Ao, if does so. Thus, our proof is complete if we show that

q2 5

A (a)]
8q2
—M(q)l2

;eri F,(IM@)]?) = /1 — | Xo|? and hrn1 W = 0 uniformly in Ag.
Consider (5.3) which holds for 0 < x < 1. We insert Fy(qz) = }}q’(;f) and obtain

11—z < Fy(z) < 11—z
— T
v1—qx e

This inequality also holds for = 1, if we change the < signs to <. Therefore,

Vi-—z-F@)] < (1_x)<\/11—x_\/11—qx> \/%_\/f—qx 1-2)

I z(1—q)
l—grT—qz+V1—2

T—z

We easily check that the function Il(ii;;) of z has a unique maximum on (0,1) at 29 = 1_Vq1_q. Thus,
1—xg=+/1— ¢~ Vql*q and 1 — gxg = /1 — q. Therefore,
z(1—x) 1—-y1T—9¢q
< = Zo-
1 —qx q
We obtain
1—+/1- 1-— 1-—
Vima- R < o vilog Vit
q Vi—-gr++V1—-z q
This is the uniform convergence of Fy(z) — /1 — .
K was given by k = 1an2 Obviously we have ¢2* % By [k] we denote the greatest integer less

than or equal to k. We have

@k > %forkg[ﬁ]
From (5.1) we obtain
A D 1P IR
)T ,}l(lww> = Ho=a"am

q
[r] i 1 [k]+1 1 K
< 1—¢* A2 < (1= =|\? < (1—=<\?
< Tlo-ape < (1-goe) < (1)

for all \. We insert A(¢q) and obtain

egl)\(q)P 1 K
W < (1_2)\((1)2> < Vi-¢ = J/itq/1—¢
€2
—|A<q>|2
for ¢ > L. This is the uniform convergence of W —0.m
42

Notice that <c|5wy\c> can be written in the form

(eldpaylc) = Tr|c)(cldpay = Tr &y,
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2 _
where we introduced the matrix ¢ = ( \Ccch |Cclc|22 ) If we assign to any matrix m of unit trace the
2C1 2
operator
~ 1 . . . .
M) = —r (16 () mun (e )]+ e (V) mas (62 (= 0) +
1+ (mys + ma1) e
q2

+[eg2(=A)) mar (€q2 ()] + [€q2 (=) maz <éq2(—>\)|)
in B(hg) which also has trace 1, then we obtain
Tr Mx(€)py = (c®eép(N)|pylc®ép(N).

Since any positive 2 X 2-matrix can be decomposed into the sum of at most two dyadic products |c){(c|
and the normalization factors converge to 1 (uniformly in Ag if A is replaced by A(q)), we see that for any
positive matrix m of unit trace we obtain a family Tr M, (m)py of states on A, such that

lim1 Tr Myg(m)py = Tr 10y
a—-

uniformly in (@, z,y) and m.

Now let 4 be arbitrary states on A4;. By Sections 2 and 3 we know that there is a measure dv™
on SU(2) in the first case, and a matrix measure do~ = Adv~ on SU(2), where 7 is a v~ —integrable
function with values in the positive matrices of unit trace, in the second case, such that

Yy = / Sy AV,
* su@

and
o = / Tr fz(g&fﬂy)&pxy AV gy
SU(2)

respectively. Obviously, (€,2(A(q))|py|ég2(A(q))) and Tr My (g (R(pzy))py are vE-integrable functions
which converge uniformly in (¢, z,y) if ¢ tends to +1. Therefore, we obtain by an application of the
theorem of majorized convergence that the order of integration over SU(2) and the limit ¢ — +1 can be
exchanged. The following is a simple corollary.

Theorem 5.5 Arbitrary states o+ on Ax1 can be approzimated by states on A,. We have

py = lim (g2 (A(@))lpxléq(M(@))) drfy,
=1 Jsu(2)
and
p_ = lim Tr MA(Q)(ﬁ(goxy))deV;zy.

—==1Jsu(2)
The approximation is uniformly in @i .

So far, we know how to approximate arbitrary states (or more generally arbitrary positive functionals
on Ax; by states (positive functionals normalized to the same constant at 1) on A,.

6 Conditionally positive functionals

First, let us agree on some notation. If ¢, is any conditionally positive functional on A, we denote by
U, = 1, 0&, the corresponding raised functional on F. By K! C F,i = 1,2, we denote the sets consisting
of all @ € F such that & (a) € K; for the corresponding ¢ € [—1,1]. Notice that J, o &, does not depend
on g. Consequently we can define the mappings 6 = d 0 &, and 6% = ¢’ 0 &. Since no confusion can
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arise, we will omit the subscript . The same will be done for the projections (Id —dr1) = (Id—3J1)0&,
and Py =P o &,. Notice that P_j0&_1 =Po&,, but Py o0& < Po&, and, of course, P; o £ does not
vanish on Z, unless ¢ = 1. Thus, we can omit the superscript ¢ in KX{ = K; for all ¢ and in K = Ky for
q# 1.

Notice that

F = KiseCl

*

ICl = ’Cg@cai,a
217

1 v+ v
Ky = IC%aCﬁJ;ﬁ

where we defined K2 = lin(K; - K1).
Recall Definition (2.5) of the set G. By G we denote the corresponding set of generators of F. We
denote by

for n > 2 the set of all monomials having length between 2 and n. In the sequel, we will approximate
general conditionally positive functionals on A4y; by sequences v, of conditionally positive functionals
on Ag, where ¢, — £1. The approximaton will be such that the deviation of 1,, to its limit is less than
C % for all ¢ € G,,, where C' > 0 is an appropiate constant. Then ,, converges for all a € K2, because
a € lin(G,,) for some ng. On the other hand, since the G, are finite sets, a limit, which exists for any
a € K2, can be performed uniformly on G,, (for fixed n).

By 1/J/j\E0X we denote the conditonally positive functionals

Vi = (2(A(@)lpy 0 Pleg2(Mq)))
Vrox = Tr My (m(Xo, x))px o P

on Ay, where m is a function on SU(2) with values in the positive 2 x 2-matrices of unit trace. We have

: + _ —_ St
(gl_{r} w)\ox - 5991’9 oP = 6Lpzy
lim ¢y = Trm(d, gy 0P = b4,

uniformly on SU(2). Notice, however, that the first expression differs from §,,, o P; by the functional
20" + yd"Y. We will be concerned with this problem later.
Denote by M, the set

M, - {(cpo:y) € SU@)|22 442 > Tll}

Let 14 be the conditionally positive functionals on A1y given by Hunt’s formulae

vy = / 5tpwy oPy dl’[’;.ry
SU(2)
(6.4)

Yo = / Tr m(Xos X)0pay © P dfigy,,
SU(2)
where du* are measures having no atom at identity and fulfilling the necessary conditions
+ 2, 2y g+
M* = / (2 +y7)dpgy,, < o0
SU(2)
and m is p~—integrable.
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Proposition 6.1 There are monotone sequences {qr }n>2 with —1 < ¢& < 1 and lim ¢& = +1, such
that

n—oo

n— o0 Aox

Ui(a) = lim vy (a)dpd,,

for all sequences {qn }n>2 with ¢ < g, <1 and —1 < q,, < q,,, respectively, and all a € K2.

REMARK 6.1 The dependence on q,, is hidden in the raised conditionally positive functionals \I/fo X which
vanish on I, .

PROOF Since on K2 both the projections P and P; disappear, the expressions converge by (6.4) to the
stated values, if we replace \I/fox by their limits 6%,,.

On the other hand, the limit of the integrands can be performed uniformly on G, and SU(2). We
choose ¢ such that

i x2+y2

W5, (9) = 0ay(9)] < = <

Aox pTY

n n

for all (¢, z,y) € M,,, g € G, and q,, closer to 1 than ¢*. We obtain

+ + + Mi
/ |\I/)\0X(g) - 5gomy(g)| d/”LLpzy < .
My, n

This is our claimed convergence. Of course, ¢ can be chosen monotone. m

*

Obviously, both the left- and right-hand side vanish on 1 and ¢5%-. And by Relation (e) we see that

2
also U4 (%) is approximated properly by the right-hand side. Thus, we immediately can extend the

foregoing proposition to

B+0 =Y s

Kr = K’ aC
P @ 2 2

which is precisely the set, on which P and P; coincide.

In the case when ¢ — —1 we even obtain by Relations (i) and (4)* that W_(y(*)) is approximated by
the right-hand side. Henceforth, the approximation is valid on the whole of the algebra F.

In the case when ¢ — 1 we have to add something which converges in a sufficiently uniform way to

the functional
Y+ ="

— 7(1,5@ + y(s/y) — 5/7”

Opay © P1 = Opuy o P

with » = (0, —z, —y). This functional will also be needed in order to write down the general gaulian
part.

Proposition 6.2 There are positive numbers €,, and a monotone function qo(t) on (0,1) with 0 <
qo(t) <1 and }iH(l) qo(t) =1, such that

s
(emp 1—t2(g;2+y2))(X) (9) _ 5/r( ) < —
) 9 n2

forallge GUG,, re SU(2), t < e, and all functions q(t) such that qgo(t) < q(t) < 1.

REMARK 6.2 Actually, v is a vector in R®. By r € SU(2) we mean that the components (p,z,y) of r

describe an element of SU(2) where the parameter ¢ lies in [— %, 2T).
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ProoOF First choose ¢,, such that

Stto)(te)(t) (9) 1
— @) <353

forallg e GUG,, r € SU(2), and t < ¢,. This is possible, because G U G,, is finite, g € Ky, i.e. 6(g) =0,
and r € [-m, ]3> C R?.
Then choose ¢o(t), such that

Tt —
e s D I

t 2n2

for all g € GUG,, t € (0,1), and ¢ € (go(t),1). This is possible, because the approximation of .4, is
uniform on SU(2). Of course, go(t) can be chosen monotone. m

Now we use Proposition 6.2 in order to approximate \IJ+(7(*)).

Corollary 6.3 We have
\I/+

1—22 (22 492) ) (—x
v, - lim _— ( @+2)) (—x)

d +
n—oo Jar Aox ¢
n

Homy

for all sequences {t,}n>2, and {qn}n>2 with 0 < t, < €,, and max(q,, qo(tn)) < qn < 1.

PROOF On v the difference between the first summand in the integrand and its limit = + iy can be
estimated from above by . The difference between the second summand and its limit —(x 4 iy) can
also be estimated by Therefore, the integrals over these differenes converge to 0.

On Kp the second term converges to

/ 6/7" du:}-$y
SU(2)

with 7 = (0, —z — y) which can be seen by the same estimates as for the first term. Since 6" =0 on Kp,
this limit is 0. m

We collect the results obtained so far.

Theorem 6.4 There are universal sequences {t,}n>2, and {g}n>2, such that any pair of condition-
ally positive functionals ¥y on Ayy with integral representation (6.4) can be approzimated as limits of
conditionally positive functionals on Aqi in the form

,ler
. 1-t3 (22 +y2) ) (=x)
v = am [ e 0 S0
n—oo for tn
M,

Since ¢, ¢’, and ¢ do not depent on ¢, the problem of approximating a gaufiian part on A_; is already
solved. By Proposition 6.2 we also solved the problem of approximating the functional ¢ on A;. (The
general case 7 € R? can be reduced to the case when r € SU(2).) Thus, up to this moment we are
able to express conditionally positive functionals ¢, and ¢_ on A;, and A_; having no gaufliian and
anti-gauBlian parts, respectively, by limits of conditionally positive functionals on A,.

Now we come to the last yet missing building blocks §”" and 1/) for r € R? and r € C x R? which

are needed to express the gaufiian and anti-gauffian part, respectlvely On K? we have

. <é1 + tpésy €1 + tpés >
= lim( ———= - =

0(tz)(ty)

—T t—0 t t
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and, of course,

I iy Qe

2 t—0 t2
1 Bt

W (@t M%Q) in order to express the state

If we set m =

<é1+:<ﬁé2 |.| é1+§tpé2>

1+ |of?t?
in the form Tr e m, we obtain by a proof completely analogous to that of Proposition 6.2

Proposition 6.5 There are positive numbers €,, and monotone functions q+(t) on (0,1) with q+(t)
between 0 and £1 and }ir% q+(t) = £1, such that

ot (9)
(eit ToR @99 (0 g 1
2 2 "
and
U~ (9)

1V/I=P (@ 557)) (0 1
14 Jpf22) - S
(1 +[p]*t%) - ¥, (9) ”

for all g € G, r € SU(2), t < e, and all functions q(t), such that q(t) between q4(t) and £1.

This means that the gaufiian and anti-gauBian part can be approximated by ¥+ at least on K2. Again
the statement remains true on p and in the case when ¢ — —1 it is even true on the whole algebra F.
For ¢ — 1 consider the sequence of conditionally positive functionals

+ +
W0 = w(eiw 1*t%(z2+y2))(x)_i_w(e“"“’\/PSi(Ty"’))(fx)
" 2 tnSn

on Ag,. Choose ¢, > t,+1 — 0 such that

O(tnie) (taa)(tay) (9) 0" (g) 1
p— < -,
2 2 n
and then s, > s,4+1 — 0 such that
dsnp)=sna)=sa)(@) | _ L
tnSn n’

for all g € G,,. We have

Otnp)(trm)(tny) | Oonp)canm)(cony) O
2 trSn 2
on K3. On the other hand,
3(tae) (tn ) ta) (V) Osno)(=sn)(=sn) (V)
n n n n n n = 0 = 6//7‘ (%) )
2 + tnSn (™)

Thus, the convergence is also on 3. Now we choose ¢, < g,+1 — 1 such that
’ +

¥ (e i) o0 T Ottt (9)’ <

and

‘ " tnsn

v -0
(e ) 009 (5"@(5"””)(5"”(9)’ R

for all g € {8+ B*,7,7*} UG,. Since \I/;\"Ox and ¢ are 0 on o — a* and 1, we obtain the following

22



Proposition 6.6 We have

6//7“
lim 0 = —.
n—oo 2
Up to this point we are able to split up a given conditionally positive functional on A; or A_; into
several parts, and to approximate any of these parts by sequences of conditionally positive functionals
on A,,, where g, converges to 1. We emphasized that all approximations also work if the sequence
qn is replaced by a sequence ¢/, where ¢, is closer to its limit +1 than g,. Therefore, the sequences g,
belonging to different parts of the conditionally positive functional can be chosen to be the same. We
summarize.

Theorem 6.7 For any conditionally positive functional ¢ on Ay; there is a sequence {q,} with lim g, =
n—oo

+1 and a sequence {1} of conditionally positive functionals on A, , such that

Y = lim v,

n—o0

Due to the last remark it is also always possible to find a family 1), of conditionally positive functionals
on Ay, such that

w - qli}:II:ll ¢q.

It can be shown that (for fixed q) the weak™ closed cone generated by all functionals of the form ¢ o P
(where now P runs over all projections onto K» respecting the *) consists of all conditionally positive
functionals; see [6]. Similarly, the weak™ closed cone generated by all functionals of the form o (Id — 14)
consists of all infinitesimal generators [7]. Together with Section 5 it is possible to use this in order to
obtain the principal possibility for the approximation result in this section. However, notice that we
found an explicit form of the approximation in terms of coherent states.

Appendix
A ¢—Analysis

We present the well-known results on g—analysis in a slightly modified form which is more convinient for
our purposes. The proofs of formulae are omitted if they consist in simple computation.
A.1 g—Derivative and g—integral

Definition A.1 Let ¢ € (=1,1) be a real number and Sy C C a star shaped area having 0 as star
point. By C,(Sy) we denote the space of analytic functions on Sy. We introduce the two linear mappings
dQ’fq : CW(S()) — CW(SO) by

(i) dq(f)éZL, where aifz(w) _ W

(i) [6r=[5. uher ( / Hw = [ e - gq’“wf(q"’w)-

By expanding f into a power series, we easily see that d,f and fq f are indeed in C,,(Sp).

REMARK A.1 In order to obtain the usual notions of q—derivative and q—integral we have to divide our
derivative by (1 —q) and to multiply our integral by (1 —q). By looking at the corresponding expressions

f(w) — flqw)

, and ¢"w — ¢ w) f(d*Fw
T > ) (")

we immediately see that they tend to the derivative and integral, respectively, of usual analysis as q tends
to 1.
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Theorem A.1 (Main Theorem)

(i / dof = f—f(0)

(i) d, / = 7

PrROOF By replacing the infinite sum in the definition of the integral by a finite sum and then performing
the limit, we see that

(/q dgf) (w) = f(w)— nlLHéo F(g" )

and

(a0 1) ) = s Jim g ).

From this the statements follow. m

By direct computation we obtain the following rules.

Theorem A.2 For f, g € C,(Sy) we have

(i éfi)( ) - f<z>jqi<z> n iﬂ(@g(qz)
(i) d@(z) __ de)
dyz B f(2)f(q2)
) / flz P Ow CZfz(z)g(qz) dgz = f(w)g(w) — f(0)g(0)
Theorem A.3 For the non-negative powers of z we obtain
(0 dy(z) = (1—gt)z
St
(i) /q () = g

REMARK A.2 Of course, it is possible to extend the operation of q—derivation to functions which are
analytic on an area S such that ¢S C S. In the next paragraph such functions, actually, will appear.
A.2 g¢—Exponential function and ¢—Eulerian integral

Theorem A.4 The g—exponential function.

(i) By setting

1=
k=0

we define a meromorphic function on C\{q~*|k € Ny}.
(i) On U1(0) we have

I3

o0
= z::l—q (1—4%)

k=0
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(iii) e is different from O everywhere. By setting

oo

)" = Jla-d¢2)

k=0

we define a transcendent function.

Proor Consider the power series in (ii). Clearly, its radius of convergence is 1. (We have 1|_z(lk < 1qu|K
for k > K and for any z € U;(0) we can find K € Ny, such that % < 1.) We find

z _ 9% _ z
e, —eq zey.
and consequently
ot = ieqz _ 1 1 eqk+1z
a 1—219 11—z 1—qgkz1

Since lim egkﬂz =1, we have that egkﬂz is different from zero for almost all k. Therefore, we find

k—o0

oo
62
i = Jim e = Tl
k—oo — z
T eq k=0 q

Now let z be with |2| > 1 and 2z # ¢~ %,k € Ny. We can find K € N such that ¢%|z| < 1. Therefore,
we see by using

that e is analytic on the given domain.

Now suppose that e is 0 for some z. By the recursion formula we see that 0 must be an accumulation
point of zeros. Therefore, the function has to assume the value 0 at 0 in contradiction to 62 = 1. Thus,
we can define the reciprocal of ef on the whole complex plain. Since this function assumes the value 0

for z = ¢~*, this function cannot be a polynomial. It must be transcendent. m

Using the recursion formula and our derivation rule (ii), we obtain

Corollary A.5 The operation of q-derivation can be performed for e; and its reciprocal at any point of
their domains. We obtain

() T = G
(i) L) = @

REMARK A.3 Suppose that f and f are two (non-vanishing) solutions of the q—differential equation ().
It is not difficult to see that their quotient must be a constant. Therefore, e is the only solution of (i),
fulfilling €9 = 1. A similar statement is true for (ii).

REMARK A.4 Notice that the usual form of the ¢—exponential is given by

i 2 — -z
R R

This function converges pointwise to the exponential for ¢ — 1.

25



Now we can describe the g—factorial [k],! = (1 —¢)--- (1 — ¢*) by a ¢—Eulerian integral. (To obtain
the usual definition one has to divide by (1 — ¢)*.)

Theorem A.6 We have

lzk
/Owdqz = (1—gq)(1—g.

€q

PrROOF We prove the statement by induction. Since

1 z
o = e - =,
0

qz
€q

the statement is true for k = 0.
Now suppose that it is true for £ > 0. We obtain

bkt ! k+1 1
| St = = [ e e i
0o €q 0
1
= [—zk+1(62)_1](1)+/0 (dg2" ) (e%) " dyz
k

1
_ 0+(1—qk+1)/ = dyz.
0 €q

This proves the statement for £+ 1. m
Now we show an estimate which will be useful in the next appendix.

Proposition A.7 For all w € [0,1] and k € Ny we have

,wk+1 ,warl /w Zk wk:+1 warl
0

< —d,z < < .
el T (1—gFth)ed” el 1T T (1—gktl) T 1—g¢

PROOF By the power series representation we see that e is a strictly increasing function on [0,1).

Notice also that ( fq o) (w) is a monotone functional for positive w. This yields immediately the two

inner estimates. The outer estimates are obvious. m

B The representation p, as a representation on a Hilbert space of analytic
functions

In this appendix we generalize the representation of the relation
aa* —qa*a = 1

given in [1] to a representation of A, unitarily equivalent to po (cf. also [2]). We will show that the scalar
product stated in [1] turns indeed out to be the scalar product of the underlying Hilbert space. (The
authors of [1] only showed that their scalar product exisits on a special orthonormal basis and yields the
correct values. The proof of existence on arbitrary vectors was left out.) However, notice that o and o*
fulfill the slightly modified commutation rule

aa* — g?a*a B
Tiog Ot

Now consider the representation py on the Hilbert space hy with orthonormal basis {ej}ren,. We
introduce the g—coherent states as eigenvectors of pg(«). It is easy to check that they must be of the form

€q2(/\) = Z\/l—q2-~-\/1—q2k

er with [\ <1, (B.1)




where A is the eigenvalue. Under pg(a*) these vectors behave like

a®es () = E 1 — 2(k+1),
Po( )q() = \/ \/l—q% q k41
1 & \F de 2 (\
_ XZ Qk)ek —_ q( )
k=

V1i-¢? \/l—q%(l_q

The scalar product of two such vectors is given by

g2

(e(Wle@(N) = el
Now we ask how to build up the identity operator out of terms of the form |e,2(X))(eg2(N)].

We write A = |\|e?? in polar coordinates and intergate over . For fixed |A| the double sum is
absolutely convergent and no problem can arise. We obtain

2 . |>\|2k
/0 leq (IA1€")) (eqz (| Ale™))] ZI ek e 2,€><€k|~

). (1—gq

If we now could perform the ¢?>-Eulerian integral (see Appendix A) with respect to the variable |\|?
in order to eliminate ¢?>factorial in the denominator, we would obtaine a representation of the identity.
However, in order to perform the ¢?-integral the integrand has to be evaluated at |A\|?> = 1 where the sum
is no longer norm convergent. On the other hand, due to Proposition A.7 we have for w € [0,1)

w2k
2 d d |A‘ o] \/O %dq2|)\|2
. i iy d¢ o2
A S IRCYESTE: = Sl

e oL (1 _ 2k (ex].
ql\ P q*) - (1—¢*)

It is easy to see that

27
. ; . dcpd2|)\|
LIULHH/ / leqz(IAe"?)) {eq2 (IA]e™) = 1

in the strong topology. Notice that the order of integrals does not matter. Using the notation

2m
Jrovaa = o [ [T e dpdalr,

|eq )| 2 _
/ W A2\ = 1.

Obviously, this remains true if in the integrand \ is replaced by .
Consider the Hilbert space Ht of analytic functions which is defined by assuming that

we obtain

{ - }
1 2k
1=a" ) 1en,

forms an orthonormal basis. Notice that the scalar products for different ¢ € (—1,1) induce the same
topology. Therefore, Ht consists of all power series with square summable coefficients. The scalar product
of two elements f, g € Hy can be obtained as
FNgA) o
/ —ne et
€,
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By
fehy — f(z) = (ep2(Z)|f) € He

we obviously define a Hilbert space isomorphism. For the representation operators in this image we
obtain

po(a)f(z) = (egz(@)lpo(a@™)f) = (po(a)eg(2)|f)
2f(2)
po(a) f(z) = (po(a*)eq(2)|f)
df
- dqzz(z>

po(YNf(z) = flgz).

The g—coherent state belonging to the eigenvalue \ is given by the g—exponential

(e2(Z)|e2(N)) = eé?.

Let ¢ = (f|po|f) be a state with GNS-representation py. (Notice that by irreducibilty any non-
vanishing vector in hg is cyclic for pg.) Since ¢ is hermitian and py does not distinguish between v and
~*, it is sufficient to know its values on a*"y™ for n,m € Ny. We obtain

pla™y™) = /mznf(qmz)dizz.
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