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Preface

In these notes we treat problems related to that part of quantum probability dealing with
the theory of dilations of semigroups of completely positive mappings on a unital C*—algebra
(CP-semigroups). Our main tool is the theory of Hilbert modules, which so far has not yet
drawn so much attention in quantum probabilty. We hope that these notes demonstrate
that the use of Hilbert modules allows, firstly, to rephrase known results in a simple way
(for instance, a reformulation of quantum stochastic calculus on Fock spaces) furnished with
new effective proofs which allow easily to generalize the range of applicability (for instance,
extension of results well-known for the algebra B(G) of operators on a Hilbert space G
to more general C*—algebras) and, secondly, to find new useful and interesting structures
leading to powerful results which cannot even be formulated without Hilbert modules (in
the first place, product systems of Hilbert modules).

The choice of subjects is entirely personal and represents the major part of the author’s
contributions to quantum probability by using Hilbert modules. The material is arranged
in an introduction, four parts, each of which with an own introduction, and five appendices.

Although in Part I we give a thorough introduction to Hilbert modules including full
proofs, this is not a book on Hilbert modules. The presentation of the material (which may
be considered as the author’s only contribution in Chapters 1/ — 4, except possibly the no-
tion of von Neumann modules [Ske0Ob] which seems to be new) is adapted precisely to the
quantum probabilist’s needs. Basic knowledge of C*—algebras and a few elementary prop-
erties of von Neumann algebras (like, for instance, in Murphy [Mur90]) are sufficient, and
starting from this level these notes are self-contained, although some experience in quantum
probability should be helpful. In Chapter 5 of Part T we introduce the notion of completely
positive definite kernels (being a generalization of both positive definite kernels and com-
pletely positive mappings) and completely positive definite semigroups (CPD-semigroups)
[BBLS00]. These notions, crucial for Part I1I, may be considered as the first original result.

Using Hilbert modules, in the first place, means to provide a representation space for an
algebra to act on. So far, this is a property which Hilbert modules have in common with
Hilbert spaces. However, often the algebra of all operators on a Hilbert space is too simple
(or better too big in order that the structure we are interested in extends to it), and it is not

always easy to decide whether a concrete operator belongs to a distinguished subalgebra of
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B(G) or not. Considering algebras of (adjointable) operators on Hilbert modules has the
advantage that, although still allowing for sufficiently many interesting C*-algebras, much
of the simplicity of the Hilbert space case is preserved. The most important representation

modules (but by far not all) are Fock modules which we consider in Part II. Starting from

Pimsner’s [Pim97] and Speicher’s [Spe98| full Fock module, we discuss the time ordered
Fock module [BS00], the symmetric Fock module [Ske98a] (including the realization from
[AS00al, /ASO0b] of the square of white noise introduced in Accardi, Lu and Volovich [ALV99)])
and the relation, discovered in [AS98], to interacting Fock spaces as introduced in Accardi,

Lu and Volovich [ALV97].

Part IIIl about tensor product systems of Hilbert modules [BS00] may be considered as
the heart of these notes. In some sense it is related to every other part. The most important
product system consists of time ordered Fock modules (treated in detail in Part II) and by
Section [14.1 any dilation on a Hilbert module (i.e. also the dilation constructed in Part
IV) leads to a product system [Ske00Oa| and, thus, the classification of product systems is
in some sense also a classification of dilations. In Chapter [15 we give a summary of solved
and some interesting open problems related to product systems. In particular, the open
problems show that these notes cannot be more than the beginning of a theory of product

systems of Hilbert modules.

While Part IIT is “purely module” (it can not be formulated without Hilbert modules),
Part IV, where we present the quantum stochastic calculus on the full Fock module from
[Ske00d], is among the results which are generalizations of well-known quantum probabilistic
methods to Hilbert modules. It demonstrates how effectively results for operators on Hilbert
spaces can be rephrased and simplified by using Hilbert modules, and then generalize easily

to arbitrary C*—algebras.

The appendices serve different purposes. Appendix Al (Banach spaces, pre-C*—algebras,
inductive limits), Appendix B (functions with values in Banach spaces) and Appendix [E
contain preliminary material which does not belong to Part I or material which is, although
well-known, difficult to find in literature in a condensed form. These appendices are included
for the reader’s convenience and to fix notations. Appendix (C (on Hilbert modules over
x—algebras with the very flexible algebraic notion of positivity from [AS98]) and Appendix
Dl (the construction from [Ske98al] of a full Fock module describing a concrete quantum
physical model) contain original material which we did not want to omit, but which would

somehow interrupt the main text too much if included there.

We would like to mention that (with exception of a few words in Section [17.2) we do
not tackle problems related to notions of quantum stochastic independence. If we intend to

give a “round picture” of this subject this would fill another book.
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How to read this book? Some parts are more or less independent of each other and
it is not necessary to read them all. The expert in Hilbert modules need not read most
of Part I (although we hope that also the expert will find some suprising proofs of well-
known statements). We collect all non-standard notions in Appendix E. Much of Part I
is illustrated in form of examples, which point directly to our applications. In particular,
there are two series of examples, one related to matrices of Hilbert modules (being crucial
for product systems) and the other related to modules over B(G) (building the bridge to
existing work in the framework of Hilbert spaces) which we refer to throughout the remaining
parts. As it is sometimes tedious to follow all references, also the contents of these examples
is collected in Appendix Elin a condensed form.

The full Fock module in Chapter |6 is the basis for all other Fock modules in Part 1I.
The reader who is interested only in the quantum stochastic calculus in Part IV, needs to
read only Chapter 6. The reader interested only in product systems needs to read also
Chapter [7l on the time ordered Fock module (the most important product system). Also
Chapter 5 from Part [ on CPD-semigroups is indispensable for product systems. On the
other hand, if the reader is interested only in product systems for their own sake but not
so much in dilations, then he may skip Chapter 12 which deals mainly with aspects coming
explicitly from CP-semigroups. The remainder of Part [IIlis independent of all what follows.
Chapter 8 deals with symmetric Fock modules and the square of white noise. Chapter 9
illuminates the close relationship between interacting Fock spaces and full Fock modules.
In both chapters the modules are no longer modules over C*—algebras, and it is necessary
to know Appendix [C where we provide the appropriate generalizations.

In any case we assume that notions from Appendix B, where we introduce all functions

spaces in these notes and some lattices related to interval partitions, are known.
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Introduction

Quantum probability is a generalization of classical probability theory, designed to include
also the description of quantum physical systems. The descriptive idea is simple. We re-
place a probability space by a commutative x—algebra of (measurable) functions on the
probability space and the probability measure gives rise to a state on this algebra. Events,
i.e. (measurable) subsets of the probability space, are represented by indicator functions,
which are (more or less) the projections in our algebra. Allowing the algebra to be non-
commutative (and, thus, forgetting about the underlying space) we are in the situation of
quantum physics where the observable quantities are represented by (self-adjoint) elements
of a x—algebra, and where expectation values of the observables are computed with the help
of a state. For instance, we obtain the probability that in a measurement of an observable
we measure an eigenvalue A of that observable just by evaluating the state at the projection
onto the eigenspace of that eigenvalue.

Apart from this purely descriptive idea (to replace a space by an algebra of functions on
the space is the basis for many noncommutative generalizations like noncomutative topology,
noncommutative geometry, etc.), real quantum probability starts when probabilistic ideas
come into the game. A typical situation in classical probability (in some sense the starting
point of modern classical probability) is the famous experiment by Brown who observed in
the microscope a particle moving on the surface of a liquid under the influence of the thermal
movement of the molecules of the liquid. The situation is typical in a two-fold sense.

Firstly, we are interested in the movement of the observed particle and not so much in the
thermal environment. In other words, we observe a small subsystem of a bigger system, and
we are satisfyied by knowing only the evolution of the small subsystem. So, there should
be a prescription how to come from the big system to the small subsystem. In classical
probability this prescription is conditioning onto the subsystem (see Example 4.4.14) and
it is one of the striking features that conditioning is always possible, independently of the
concrete nature of the system and its subsystem. The quantum analogue is a conditional
expectation from the algebra describing the big system onto the subalgebra corresponding to
the small subsystem (which should leave invariant the state). There are two problems with

this idea. On the one hand, it is no longer true that such a (state preserving) conditional
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expectation from an algebra onto a subalgebra always exists. On the other hand, the
properties of conditional expectations are too narrow to include all interesting (physical!)
examples. For instance, existence of a conditional expectation My = My ® My — My ® 1
preserving a state ¢ on M, implies that ¢ = ¥; ® 15 is a tensor product of states 1); on
M. Thus, many authors prefer to use transition expectations fulfilling weaker conditions
(cf. Section [14.2).

Secondly, although in principle the evolution of the whole system is deterministic (be-
cause the microscopic laws of nature, be it classical or quantum, are deterministic), we can
never get hold of a complete description of the whole system, because it is too complex.
Here, classically, the strategy is to describe the big system by a probabilistic model. In
other words, one may say that the system is in a certain state only with a certain proba-
bility. The micro physical differential equations decribing the precise evolution of the whole
system transform into stochastic differential equations (or Langevin equations). These equa-
tions must be solved, if we are interested in data of the reservoir (for instance, the photon
statistics of the electro magnetic field in thermal equilibrium). After conditioning onto the
the small subsystem we obtain the equations for the small system (the master equations
which takes into account only the average influence of the environment). These are suf-
ficient, if we are interested only in data of the small subsystem (for instance, in the level
statistics of an atom in the electro magnetic field).

The probabilistic models which describe the whole system are motivated by the idea
that states of thermal equilibrium are states of maximal dissorder (or entropy). Such con-
siderations lead to stochastic processes as integrators (representing the average effect of the
heat bath on the particle) which have independent increments (i.e. the differential in the
Langevin equation driving the particle are stochastically independent of what happened
before) and the distribution of the single increment should be interpretable as a stochas-
tic sum of many independent and identically distributed micro effects, i.e. the distribution
should be, for instance, some central limit distribution. It is noteworthy that the notion
of independence in quantum probabilty (and, thus, what the central limit distibutions of
differentials in quantum stochastic differential equations can be) is, unlike the classical case,
far from being unique.

It is not our intention to give a detailed account of all these aspects nor to give a complete
list of references, and we content ourselves with the preceding very rough outline of some
of the basic ideas. For more detailed introductions from very different points of view we
recommend the monographs by Meyer [Mey93| and Parthasarathy [Par92] and the references
therein. An effective way to come from concrete physical systems to the situation described

before is the stochastic limit which has a form very much like a central limit procedure; see
the monograph by Accardi, Lu and Volovich [ALVO01].
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Unlike in classical probability, where we have essentially one notion of independence
(which determines to some extent the possible distributions of the integrators in the Lange-
vin equation), in quantum probability there is a still increasing number of concrete inde-
pendences. As we wrote in the preface we will not consider these interesting questions.

The mathematical abstraction of the preceding considerations is the setting of dilation
theory. An introduction can be found in Chapter 10. However, before we start describing
in greater detail how dilations led us directly to product systems of Hilbert modules, the
central notion in these notes, we would like to mention that our investigations started from
applications (the interpretation of the QFED-module as full Fock module as described in
Appendix D)) and lead back to them (be it the calculus on the full Fock module in Part
IV, be it the classification of full Fock modules by their associated product systems as in
Example [14.1.4, or be it the interpretation of interacting Fock spaces like that of the square

of white noise as Hilbert module in Chapters 8 and [9).

Let us denote by B a unital C*—algebra which stands for the observables of the small
subsystem. Being only a subsystem subject to interaction with the whole system, B is
a typical example for an open system. It is a general ansatz used by many authors (we
mention only Davies [Dav76]) that the reduced dynamics of the subsystem is described
by a unital CP-semigroup T on B. (Other names are quantum dynamical semigroup, or
Markovian semigroup (which sometimes is only required to be positive), and sometimes the
word conservative is used instead of unital.) Often (for instance, in the example of the
QED-module which we consider in Appendix D)) it can be shown from first principles that
the reduced dynamics has this form and also in the classical case it is possible to describe a
(stationary) classical Markov process (for instance, a diffusion) by a unital CP-semigroup
(see, for instance, the introduction of Bhat and Parthasarathy [BP94]).

The whole system is described on a unital C*—algebra (or sometimes a pre-C*—algebra)
A, its time evolution by an Fy—semigroup 9 on A. (Many authors require automorphism
groups instead of unital endomorphisms. However, in this case A comes along with a future
subalgebra which is left invariant by the automorphisms to times ¢ > 0, thus, giving rise to
an endomorphism semigroup on the future. We do not comment on this and refer the reader
to the literature, e.g. Arveson [Arv96].) Considering B as a subalgebra of A means to embed
B with a monomorphism i: B — A. (We could directly identify B as a subalgebra of A,
however, we find it more convenient to have the freedom to consider different embeddings
i.) The conditioning is provided by an ezpectation p: A — B such that iop: A — i(B) is
a conditional expectation (see Section [4.4). We speak of a dilation of T, if po ¥, 0i = T,.

(This means that Diagram (10.1.1) in Chapter 10, where we give an introduction to dilation,
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commutes. )

In this set-up there are at least two possibilities of how Hilbert modules (right modules
over B with a B—valued inner product; see Chapter [I) come into the game. Both are based
on the generalization of the GNS-construction for a state on a C*—algebra A to a GNS-
construction for a completely positive mapping between C*—algebras A and B (see Section
4.1). The result is a Hilbert A-B-module E (a Hilbert module with a representation of
A) and a cyclic vector £ € E such that the completely positive mapping is recovered as a
matriz element a — (£, a&) with the cyclic vector.

If we start with a dilation (i.e. if we know the big system), then the first possibility to
obtain a Hilbert module is by GNS-construction for the expectation p (being in the first
place completely positive). The algebra A may or may not be representated faithfully on
the GNS-module E and the image of A in the algebra B*(FE) of all (adjointable) operators
on E may or may not be all of B*(F). In these notes we will concentrate on the case
where both assertions are true, in other words, where A = B%(E). By construction E has
a unit vector & (i.e. (£,€) = 1). The most general Ey—semigroups which we consider (not
necessarily coming from a dilation) are Ey—semigroups on B*(E) where E is some Hilbert
module F with a unit vector £ in Section 14.1.

More interesting is the situation where we start with a CP-semigroup 71" on B and ask
whether it is possible to construct a dilation of 7T'. In other words, we want to construct a
big system with a time evolution into which we can embed the small one, giving us back
the correct evolution of the small system. Here we are concerned with a whole family E,
of GNS-modules with cyclic vectors ft, one for each T;. Each GNS-module is a Hilbert

B-B-module so that we may construct the tensor product
E, ®...0F,

which is again a Hilbert B-B-module. Fixing the sum ¢t =t¢, + ... + t;, one can show that
these tensor products form an inductive system and the inductive limits E; (over finer and
finer partitions of [0,¢]) for all ¢ fulfill

Es ®Et - Es—l—t'

In this way we met in Bhat and Skeide [BS00] product systems of Hilbert modules, a key
notion for these notes. We explain this fully in Section [11.3/ for slightly more general C'PD-
semigroups (a multi index version of CP-semigroup introduced in [BBLS00]; see below).
The unit vectors ft survive the inductive limit and give rise to a family of vectors & € FE;
which fulfill

gs @ft = fert-
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We call such a family a unit. We recover the CP-semigroup as T;(b) = (&, b&;).

For Hilbert spaces the notion of product systems and units was introduced by Arveson
[Arv89a]. For Hilbert modules it seems to have appeared first in [BS00] and the constructions
of [Arv89a] and [BS00] are, in fact, very different. We study product systems in Part III
and also comment on the relation to Arveson systems in more detail.

Once the notion is established, it is natural to try a classification by analogy with
Arveson’s. He defines as type I a product system which is generated (i.e. spanned in a
suitable sense) by its units and he shows [Arv89a] that all type I Arveson systems are
symmetric Fock spaces I'(L*([0,¢], $)) and the units hy = ¢ (Lo 5)e' are exponential vectors
of indicator functions times a scaling. The analogue for Hilbert modules is the time ordered
Fock module [BS00], i.e. the analogue of the Guichardet picture of the symmetric Fock
space. (A direct generaliztion of the symmetric Fock space is not possible.) We discuss
the time ordered Fock module in Chapter [7/ and find its (continuous) units, which (as
shown in [LS00b]) may again be understood as exponential units with a (considerably more
complicated) rescaling by a semigroup ¢’ in B (3 € B). However, before we can show the
analogue of Arveson’s result we need some more preparation.

The crucial object in Arveson’s proof is the covariance function, a (C—valued) kernel
on the set of units sending a pair hy, h; of units to the derivative of the semigroup (hs, hy)
at t = 0. It is well-known that this kernel is conditionally positive definite (because it is
the derivative of a semigroup under Schur product of positive definite kernels. The matrix
elements (&, &) (for two units &, & in a product system of modules) will in general not form
a semigroup in B. However, the definition of tensor product (see Section 4.2) and unit are

born to make the mappings
T b (6 06)

a semigroup on B. Inspired by a (slightly weaker) definition in Accardi and Kozyrev [AK99]
we define in Chapter 5 completely positive definite kernels with values in the bounded map-
pings on B and semigroups of such (CPD-semigroups). We characterize the generators of
(uniformly continuous) CPD-semigroups as those kernels which are conditionally completely
positive definite. Many statements about completely positive definite kernels are straight-
forward translations from statements about completely positive mappings on M, (B). Sur-
prisingly, the concrete form of the generator of a CPD-semigroup (in other words, the
substitute for Arveson’s covariance function) cannot be obtained by direct generalization
of the Christensen-Evans generator for CP-semigroups and the proof of the conjecture in
Theorem 5.4.14] has to wait until Section [13.3. There we also show that type I product
systems of Hilbert modules generated (in a suitable weak topology) by their units (in the

sense of Proposition [11.2.3) are time ordered Fock modules. (To be precise we show this
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for von Neumann algebras and von Neumann modules. In the remaining cases we have
inclusion as a strongly dense subset. See Chapter [3| for details on the involved topologies.)

The preceding results (discovvered in [BBLS00]) cannot be more than the very beginning
of a classification of product systems. A detailed summary of what we have achieved and a
lot of natural questions, either with partial answers (for instance, a preliminary definition
of type II product systems) or still totally open, can be found in Chapter [15.

Considering product systems as the most important new idea, we mention only very
briefly further results and refer the reader to the introductions of those parts where they
appear. Starting from a product system with a unital unit (i.e. a unit consisting of unit
vectors), we may embed F; as {; ® E; into Es.;. This gives rise to a second inductive limit

E with a unit vector £. Also the inductive limit fulfills a factorization, namely,
EFEoFE = E.

With this factorization we may define an Ey—semigroup ¢;: a — a @ idg, € BY(E © E;) =
B FE) on BY(E). Setting i(b) = jo(b) = &bE* and p(a) = (£, a) we find a dilation of
the unital CP-semigroup T3(b) = (&, b&:) = (£, 9 0 jo(b)€). Moreover, the representations
Ji = V¢ 0 jo fulfil the Markov property j:(1)jss+(b)j:(1) = ji o Ts(b). If the product system
and the unit are those constructed from a given unital CP-semigroup (see above), then the
ji form the weak Markov flow constructed in Bhat and Parthasarathy [BP94, BP95]. The
dilation (constructed in [BS00]) is an extension (from a subalgebra of B%(FE) to B*(E)) of
the dilation constructed in Bhat [Bha99]. Of course, the results in [BP94, BP95, Bha99| are
formulated in the language of Hilbert spaces and, as pointed out in [BS00], in general the
dilation does not extend to some B(H) (where H is some Hilbert space). This is only one
good reason to consider operators on Hilbert modules. We explain all this in Section [11.4
and Chapter [12.

The dilation constructed so far has a sort of defect. It is non-unital (unless the CP-
semigroup to be dilated is the trivial one). Instead, the unit of B evolves as an increasing
family of projections. We call such dilations weak dilations. Mathematically, there is nothing
bad in considering weak dilations, but in physical applications one is interested primarily
in unital dilations. However, in Chapter [14 (where we discuss alternative constructions of
product systems) we show with the help of product systems that any dilation on a Hilbert
module (also a unital one) is also a weak dilation, if we replace the embedding i by jo. Thus,
studying weak dilations (for instance, by their product systems) is always also a study of
other dilations. The converse question, namely, whether a weak dilation can be turned
into a unital dilation (by replacing the non-unital embedding j, by a unital one i without
changing the CP-semigroup) is an important open problem. This is related to the fact that
we may always embed B*(F) as B*(E) @ idp unitally into B*(E ® F'), whereas, an anlogue
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embedding of B*(F) fails in general. (A prominent exception of this failure are modules
over B(G) where E © F = F © F; see Section [3.4.)

In Part IVl we construct a unital dilation of a unital CP-semigroup 7T, at least in the
case, when T is uniformly continuous, with the help of the quantum stochastic calculus
developed in [SkeOOd]. In the usual way, we obtain the dilation as a cocycle perturbation
of a white noise (the time shift) on a full Fock module. Interestingly enough, also in the
module case the product system of a dilation does not change under cocycle perturbation
(Theorem [14.1.5) and the product system of a white noise always contains a central unit
(i.e. a unit commuting with B).

We close with the remark that existence of a central unit in a product system was the
crucial step in showing that type I product systems are time ordered Fock modules. In fact,
we explain in Section [13.3 that this existence is equivalent to the results by Christensen
and Evans [CET79] on the generator of uniformly continuous CP-semigroups. Thus, in the
case that, somewhen in the future, we can show existence of central units independently, we
would also find a new proof of [CET9].

Conventions and notations. By R, and Nj we denote the sets of non-negative reals and
non-negative integers, respectively, where N denotes the set n = 1,2, ... of natural numbers.
We set R = —R, and N_ = —Nj. All vector spaces are vector spaces over C, and all
functionals on a vector space are linear functionals. All algebras are algebras over C. All
modules are modules over algebras and carry a vector space structure which is compatible
with the module operation (i.e. left multiplication (b,z) +— bz and right multiplication
(z,b) — xb are bilinear mappings). If the algebra is unital, then we always assume that
the unit acts as identity on the module. A homomorphism between x—algebras, is always
a x—algebra homomorphism. If the homomorphism is not involutive, then we say algebra
homomorphism. If it respects additional structures, then we express this explicitly. (For

instance, for a homomorphism between pre-C*—algebras we say contractive homomorphism.)

All (semi-)(pre-)Hilbert modules are right modules. This convention is more or less
forced by the fact that we write a homomorphism on the left of the element on which it
acts. Consequently, all sesquilinear mappings are linear in its right argument and conjugate
linear in its first argument. A deviation from these conventions would, definitely, cause a

loss of the intuitive content of many formulae.

The prefix “pre” for an inner product space means that the space is not necessarily
complete in the topology induced by the inner product. The prefix “semi” means that the

inner product may fail to be strictly positive, in fact, it is only a semiinner product.
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By L(FE, F) we denote the space of linear mappings between vector spaces £ and F. By
B(FE, F) we denote the space of bounded linear mappings between (semi-)normed vector

spaces. B(FE, F) is itself a (semi-)normed space with ||a|| = sup [Jaz||. Without mention we
ll=l[<1

will also use this notation for elements of L(E, F') where we assign to a € L(E, F)\B(E, F)
the value ||a|| = co. By L"(E, F), LY E, F), and LY (E, F) we denote the spaces of right
linear, left linear, and bilinear (or two-sided) mappings between right modules, left mod-
ules, and bimodules (or two-sided modules), respectivly, F and F. We use similar nota-
tions for spaces B(E, F') of bounded mappings on (semi-)normed modules. By (B*(E, F))
Le(E,F) we denote the space of (bounded) adjointable mappings between (semi-)inner
product spaces. Whenever F' = E we simplify the notation to L(FE), B(E), etc.. Notice
that already in the case of an infinite-dimensional pre-Hilbert space H no two of the spaces
L(H), L*(H), B(H), B*(H) coincide. We also use double indices. For instance, L (E, F)

denotes the space of adjointable bilinear mappings between two-sided semi-Hilbert modules.

Unless stated otherwise explicitly, direct sums & and tensor products ®,® are under-
stood algebraically. We use ® exclusively to denote the tensor product of vector spaces
(i.e. tensor products over C), whereas ® denotes the (interior) tensor product of pre-Hilbert
modules. If we refer to the algebraic tensor product over an algebra B we write ©. Only
rarely we indicate the algebra by writing ©®z or ©®,. By @, etc., we denote the completions
in the natural norm. By &°, etc., we denote strong closures and it should be clear from

the context in which space of operators we take the closure.

Let E, F,G be vector spaces with a bilinear operation E x F — G, (z,y) — xy, and
let A C E, B C F. By AB we always mean the set {zy: x € A,y € B}. We do not
adopt the usual convention where AB means the linear span (or even its closure) of this set.
In fact, in many places we will have to reduce the proof of a statement to the case where
AB = span AB.



Part 1

An invitation to Hilbert modules

What are Hilbert modules? Certainly the most correct answer — and at the same time
the most boring — is to say that a Hilbert module is module over a C*-algebra B with a
B-valued inner product fulfilling certain axioms generalizing those of the inner product on a
Hilbert space (Definitions[1.1.1 and 1.2.4). More interesting answers come from applications
and will depend on them. The present introduction is a mixture. In principle, it is based
on the usual axiomatic approach, but the development of the theory is governed from the
point of view of applications and many examples point directly to them.

Our main applications are to completely positive mappings and, in particular, their
compositions. Hilbert modules (over noncommutative C*-algebras) were introduced more
or less simultaneously by Paschke [Pas73] and Rieffel [Rie74]. Already Paschke provides
us with a GNS-construction for a completelely positive mapping T: A — B resulting in a
Hilbert A-B-module E and a cyclic vector £ € E such that T'(a) = (£, af); see Section [4.1.
From this basic application it is perfectly clear that we are interested in two-sided Hilbert
modules whose structure is much richer. For instance, any right submodule of a Hilbert
B-module generated by a unit vector £ (i.e. (£,§) = 1 € B) is isomorphic to the simplest
Hilbert B—module B (with inner product (b,d') = b*b'; see Example [1.1.5)), whereas two left
multiplications on B give rise to isomorphic Hilbert B—B-module structures, if and only if
they are related by an inner automorphism of (the C*-algebra) B; see Example [1.6.7.

There is the well-known Stinespring construction for completely positive mappings. Pro-
vided that B is represented on Hilbert space G the Stinespring construction provides us
with another Hilbert space H on which A acts and a mapping L € B(G, H) such that
T(a) = L*aL. However, the Stinespring constructions for two completely positive mappings
S, T do not help us in finding the Stinespring construction for SoT', whereas its GNS-module
and cyclic vector are related to those of the single mappings simply by tensor product; see
Example 4.2.8.

Without two-sided Hilbert modules and their tensor products there would not exist Fock
modules in Part II (and consequently also not the calculus in Part IV)) nor tensor product
systems of Hilbert modules in Part [III. There is another aspect of a Hilbert A-B-module
E, namely, that of a functor which sends a representation of B on G to a representation of

Aon H=FE G G; see Remark 4.2.9. This does not only allow us to explain the relation
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between GNS- and Stinespring construction; see Remark 4.1.9. It allows us to identify E
as the subset of mappings g — x ® g in B(G, H) (for all z € E). This provides us with a
natural definition of von Neumann modules as strongly closed submodules of B(G, H); see
Chapter 3. In cases where we need self-duality (Section [1.3), for instance, for existence of
projections onto (strongly) closed submodules, von Neumann modules are a suitable choice.
Once the effort to check that operations among von Neumann modules preserve all necessary
compatibility conditions is done, they behave almost as simply as Hilbert spaces, but still
preserve all the pleasant algebraic aspects of the Hilbert module approach.

In the case when B = B(G) it is easy to see that a von Neumann module F is all of
B(G, H) and the algebra of (adjointable) operators on E is just B(H ). If, additionally, F is
a two-sided von Neumann module over B(G), then H factorizes as G ® ) (B(G) acting in
the natural way) so that £ = B(G,G ® $) = B(G) ®” $ in an obvious way. This module is
generated (as a von Neumann module) by the subset 1 ® § of centered elements (consisting
of those elements which commute with the elements of B(G)); see Section [3.4. In other
words, the structure of a two-sided von Neumann module is determined completely by its
Hilbert space $ & 1®$) of intertwiners. This is not only the reason why Arveson’s approach
to Eg—semigroups on B(G) by the tensor product system of the intertwining Hilbert spaces
was successful. We believe that it also explains why so many results on B = B(G) can be
obtained by Hilbert space techniques, whereas the same techniques fail for more general
C*-algebras or von Neumann algebras.

Our exposition is “pedestrian” and should be readable with elementary knowledge in
C*—algebra theory and very few facts about von Neumann algebras. It is based on Skeide
[Ske00Db] where we introduced von Neumann modules and on a course we gave at university
Roma II in 1999. As we want always to underline the algebraic ideas of a construction,
usually we complete or close only if this is really necessary, and in this case we usually
explain why it is necessary. In Appendix Al we collect basic material about pre-C*-algebras
and other (semi-)normed spaces. The expert in Hilbert modules should be aware of the
numerous use of pre-Hilbert modules but, in general need not read Part Il as a whole. Only
the notion of completely positive definite kernels and semigroups of such in Chapter /5 is
new. A condensed summary of essential definitions and structures in the remainder of Part
[ can be found in Appendix [E. Also the contents of two crucial series of examples spread

over Part Il can be found in this appendix.



Chapter 1

Basic definitions and results

1.1 Hilbert modules

1.1.1 Definition. Let B be a pre-C*—algebra. A pre-Hilbert B—module is a right B-module
E with a sesquilinear inner product (e,e): E' x E — B, fulfilling

(x,yby = (z,y)b (right linearity) (1.1.1a)
(x,z) >0 (positivity) (1.1.1b)
(x,2) =0<= 2 =0 (strict positivity) (1.1.1c)

for all z,y € F and b € B. If strict positivity is missing, then we speak of a semi-inner

product and a semi-Hilbert B—module.

1.1.2 Proposition. We have

(z,y) = (y,z)" (symmetry) (1.1.2a)
(xb,y) = b"(z,y). (left anti-linearity) (1.1.2b)

Proor. (1.1.2bh) follows from (1.1.2a) and (1.1.2a) follows from an investigation of the
self-adjoint elements (x + Ay, x + Ay) of B for A =1,i,—1,—i. m

1.1.3 Proposition. In a pre-Hilbert B-module E we have
(y,x) = (y, 2"y Vy e E implies x=2a"
PROOF. We have, in particular, (x — 2/, 2 — 2’) = 0, whence, v — 2’ = 0. m

1.1.4 Corollary. If E is a pre-Hilbert module over a unital pre-C*—algebra, then z1 = x
(x € E).

11
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1.1.5 Example. Any pre-C*-algebra B is a pre-Hilbert B-module with inner product
(b,b') = b*V/. If B is unital, then 1 is a module basis for B. We say B is the one-dimensional
pre-Hilbert B—module.

More generally, a right ideal [ in B is a pre-Hilbert B—module (actually, a pre-Hilbert
I-module) in the same way. This shows that we have some freedom in the choice of the
algebra I over which a B-module F with a semi-inner product is a semi-Hilbert /-module.
In fact, any ideal I in B which contains the range ideal Br := span(FE, E) is a possible choice.
We say a pre-Hilbert B-module F is full, if By is dense in B. We say FE is essential, if By is
an essential ideal in B (cf. Appendix A.7).

1.1.6 Example. Let G and H be pre-Hilbert spaces and let B C B(G) be a x—algebra
of bounded operators on G. Then any subspace E C B*(G, H), for which EB C E and
E*E C B becomes a pre-Hilbert B—module with inner product (x,y) = z*y. Positivity of
this inner product follows easily by embedding B*(G, H) into the pre-C*-algebra B*(GHH);
see Appendix |A.7. We will use often such an embedding argument to see positivity of inner

products.

1.1.7 Definition. Let <E(t))tel[.

indexing set), then also the direct sum F = € E® is a right B-module in an obvious way.
telL

be a family of semi-Hilbert B-modules (where L is some

By defining the semi-inner product

(@), (")) = 3_{=, 4,

tel

we turn E into a semi-Hilbert B—module. (Recall that direct sums are algebraic so that
the sum is only over finitely many non-zero summands.) Clearly, the semi-inner product is
inner, if and only if each of the semi-inner products on E® is inner. If L is a finite set, then

we write elements of direct sums interchangably as column or row vectors.

1.1.8 Example. Let E be a semi-Hilbert B—module. Then by E™ (n € Nj) we denote
the direct sum of n copies of E (where E° = {0}). In particular, B” comes along with a
natural pre-Hilbert B-module structure. This structure must be distinguished clearly from
the n—fold pre-C*—algebraic direct sum (also denoted by B"). Besides the different algebraic
structure (here an inner product with values in B and there a product with values in B"),
the respective norms are different for n > 2. It is, however, easy to see that the two norms

are always equivalent.

We will see in Section 3.2/ that any pre-Hilbert B—module can be embedded into a certain

closure of a direct sum of right ideals.
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1.2 Cauchy-Schwarz inequality and quotients

One of the most fundamental properties in Hilbert space theory is Cauchy-Schwarz inequality
which asserts (f, 9)(g, f) < (g, 9){f, f) for all elements f, g in a semi-Hilbert space. It allows
to divide out the kernel of a semi-inner product, it shows that a semi-Hilbert space is semi-
normed, it shows that the operator norm in B*(H) for a pre-Hilbert space H is a C*—norm,

and so on. For semi-Hilbert modules we have the following version.

1.2.1 Proposition. For all z,y, in a semi-Hilbert module we have
(z,y){y, 2) < |[{y, )| (z,z). (1.2.1)

PROOF. Suppose that (y,y) # 0. Then (1.2.1) follows by an investigation of (z, z) where

z =z — ﬁgy;?”. Making use of (1.1.1a), (L.1.1b), (1.1.2a), (1.1.2b) and the inequality

a*ba < ||b||a*a (a,b € B,b > 0), we find

(z,y)(y, z)
Iy, Il

If (y,y) = 0, however, (z,z) # 0, then (1.2.1) follows similarly by exchanging = and y.

(), 2)  {z,y)(y, y){y,v)

0= (202) = {wo) =257~ Iy, )17

< (x,z) —

The case (x,x) = (y,y) = 0 requires additional work. Like in the proof of (1.1.2a) we
investigate (x + Ay,z + A\y) for A = 1,i,—1,—i. From A = 1,—1 we conclude that the
real part of (x,y) is positive and negative, hence 0. From A = i, —i we conclude that the

imaginary part of (z,y) is positive and negative, hence 0. This implies (z,y) =0. m
1.2.2 Corollary. By, setting
2]l = V[ {z, z)]] (1.2.2)

we define a submultiplicative (i.e. ||zb|| < ||z ||b]|) seminorm on E. (1.2.2) defines a norm,

if and only iof E is a pre-Hilbert module.

1.2.3 Corollary. l|z|| = sup ||{y,z)]|.
lyll<1

ProoOF. By Cauchy-Schwarz inequality sup ||{(y, )| < ||z||. On the other hand, for ||z|| #
llylI<1

[[{z.2)|

[l

0 we have sup ||(y,z)|| > = ||z||, which, obviously, is true also for ||z|| =0. m

lyll<1

1.2.4 Definition. A Hilbert module is a pre-Hilbert module E which is complete in the
norm (1.2.2).
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1.2.5 Example. Let I be an ideal in a pre-C*—algebra. Then the C*—norm and the pre-
Hilbert module norm as in Example 1.1.5/ coincide. Therefore, I is a Hilbert module, if and
only if it is a C*—algebra.

In a direct sum of pre-Hilbert modules (E(t)) as in Definition [1.1.7 we have Hx(t)” <

teL
||z|| for all ¢ € L. In other words, the norm on a direct sum is admissible in the sense of
Appendix [A.2 and the direct sum is complete, if and only if L is a finite set and each E®

is complete.

Because right multiplication (z,b) +— xb is jointly continuous, the completion of any
pre-Hilbert B-module is a Hilbert B-module in a natural fashion. Notice, however, that
completeness of E' does not necessarily imply completeness of B. On the contrary, we will see
in Observation 1.7.5/that the range ideal By (to which we may reduce the module structure)
is very rarely complete.

Let E be a semi-Hilbert B-module and denote by Ng = {z € E: (z,z) = 0} the
subspace consisting of length-zero elements. The possibility for dividing out this subspace is

crucial for GNS-construction and tensor product; see Chapter 4.

1.2.6 Proposition. Ng is a submodule of E so that the quotient E /N is a right B—module.

E/Ng inherits an inner product which turns it into a pre-Hilbert B—module by setting

(x+Ng,y +Ng) = (z,y).

PROOF. Clearly, € Ng implies b € Ng (b € B). Let z,y € Ng. Then by Cauchy-
Schwarz inequality also x +y € Ng. Thus, Ng is, indeed, a submodule of E. Let x +n and
y + m be arbitrary representatives of x + Ng and y + Ng, respectively. Then, once again,
by Cauchy-Schwarz inequality (x +n,y+m) = (z,y) so that the value of the inner product

does not depend on the choice of the representatives. m

1.2.7 Definition. By the pre-Hilbert B-module and the Hilbert B-module associated with
E, we mean F/Ng and E/Ng, respectively.

1.3 Self-duality

We have seen that we have at hand a satisfactory substitute for Cauchy-Schwarz inequality.
Another basic tool in Hilbert space space theory is the Riesz representation theorem which
asserts that Hilbert spaces are self-dual. This means that for any continuous linear functional
¢ on a Hilbert space H there exists a (unique) element f, € H such that o f = (f,, f) for all

f € H. In other words, there exists an isometric anti-isomorphism from H to the space H’
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of all continuous linear functionals on H. Recall, however, that this result for pre-Hilbert

spaces is wrong, as also for a pre-Hilbert space H the space H' is complete.
1.3.1 Definition. Let F be a semi-Hilbert B—module. By E’ we denote the space
E' ={®: E — B|®(zb) = (P2)b, ||| < o}

of bounded right linear B—functionals (or short B—functionals) on E. By the dual module E*

we mean the subspace
E*={2": E— B (z € E)|lz*y = (z,y)}

of E'. (Obviously, ||z*|| = ||z|]. Thus, the correspondence between elements = € E and
x* € E* is one-to-one, if and only if E' is a pre-Hilbert module.)
We say a pre-Hilbert B-module E is self-dual, if E* = E’. Also here a self-dual pre-

Hilbert module is necessarily complete.

1.3.2 Example. Let I be a non-trivial ideal in a C*-algebra B. Then as explained in
Example [1.1.5, I is a pre-Hilbert B—module. Any element in the multiplier algebra M (I) of
I (see Appendix A.8) gives rise to a B—functional on I (cf. Lemma [1.7.10). In particular, if
I is non-unital, then the unit of M (I) determins a B-functional which is not in /*. Hence,
I is not self-dual.

A concrete example is that given by Paschke [Pas73] where B is the C*—algebra C[0, 1]
of continuous functions on the interval [0,1] and I is the ideal Cy[0, 1] of those functions
vanishing at 0. Clearly, B C I’ (actually B = E’). The identity mapping on [ is contained

in B, however, not in [ so that [ is not self-dual.

We see that Hilbert modules, in general, do not enjoy the property to be self-dual. As
a consequence many statements in Hilbert space theory which build on the Riesz theorem,
like existence of adjoints for bounded operators and complementability of closed subspaces,
have no counter part in Hilbert module theory. On the other hand, if we are able to solve
a problem for general Hilbert modules, then very often the solution is based on a purely
algebraic argument working on pre-Hilbert modules, which extends by routine arguments
to the completions. This is the main reason, why we decided to stay at an algebraic level.

Frank’s criterion (Theorem 2.1.13/below) shows that the lack of self-duality is caused by
the fact that the unit ball of a Hilbert module is not complete in a certain locally convex
topology. It is possible to complete the ball coherently. However, in this case it is not granted
that the inner product still takes values in B. We see that the problem of constructing self-

dual extensions, finally, is a problem of the C*—algebra under consideration. Frank [Fra97]
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has shown that for a given C*-algebra B any (pre-)Hilbert B-module allows for a self-
dual extension, if and only if B belongs to the category of monotone complete C*—algebras.
Thus, dealing with C*-algebras as ring which are not monotone complete corresponds in
some respects to dealing with the field of rational numbers instead of the complete field of
real numbers.

In these notes we do not tackle the involved problems appearing in the theory of Hilbert
modules over general monotone complete C*—algebras. We refer the reader to Frank [Fra97]
and the huge quantity of literatur quoted therein. In cases where we need self-dual Hilbert
modules we concentrate on a special subcategory of the monontone complete C*—algebras,
namely, von Neumann algebras. This leads naturally, to the notion of von Neumann mod-

ules; see Chapter [3.

1.4 Operators on Hilbert modules

We introduce several spaces of operators between Hilbert modules. Since we intend to dis-
tinguish very clearly between semi-, pre- and Hilbert modules, we are forced to do at least
once the somewhat tedious effort to state all the properties by which the spaces of operators
are distinguished in the several cases. In Appendix |A.1l we recall the basic properties of
the operator (semi-)norm on spaces of operators between (semi-)normed spaces. Here we
refer more to additional properties which arise due to an exisiting (semi-)Hilbert module
structure. As soon as we have convinced ourselves that we may divide out kernels of semi-
inner products (that is after Corollaries 1.4.3l and [1.4.4), we turn our interest to pre-Hilbert

modules.

1.4.1 Definition. Let F and F' be semi-Hilbert B—modules. A mapping a: £ — F (a
priori neither linear nor bounded) is adjointable, if there exists a mapping a*: F' — E such
that

(,a"y) = (az,y) (1.4.1)

for all z € F and y € F. By (B*E,F)) L*E,F) we denote the space of (bounded)
adjointable mappings E — F'.
We say an element a € L%(F) is self-adjoint, if it fulfills (1.4.1) with a* = a.

Let a € L(FE, F) be an arbitrary linear mapping between semi-Hilbert B—modules F and
F. Then by Corollary [1.2.3 the operator norm of a is

lal = sup flazl| = sup ||y, az)]. (142)
llell<1 [lz[|<1,]|y[[<1
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1.4.2 Corollary. If a is adjointable, then

2
la*l = llall and  lla%a] = [lal]".

PROOF. Precisely as for operators on Hilbert spaces. The first equation follows directly from
(1.4.2). For the second equation we observe that, on the one hand, ||a*al| < ||a*|| ||a]| = ||a|*.
On the other hand,

la]* = sup [laz|* = sup [[(z,a*az)|| < sup [[(y,a"ax)|| = [a"a] . m
<1 Il <1 el <1, ly<1

If a is adjointable, then so is a*. If E is a pre-Hilbert module, then a* is unique. If F
is a pre-Hilbert module, then a is B-linear, i.e. in this case we have L(E, F') C L"(E, F).
(Both assertions follow from Proposition 1.1.3.) a respects the length-zero elements, i.e.
aNg C Np. (Apply (1.4.1) to z € Ng and y = ax € F, and then use Cauchy-Schwarz
inequality.)

1.4.3 Corollary. A mapping a € L*(E, F) gives rise to a unique element in L*(E /N,
F/Np) also denoted by a.

The corollary tells us that we may divide out the length-zero elements, if we are interested
only in adjointable mappings. There is another criterion, namely Lemma |A.1.3, which tells
us that also bounded mappings between semi-normed spaces respect the kernel of the semi-

norms.

1.4.4 Corollary. A mapping a € B"(E, F) gives rise to a unique element in B"(E /N,
F/Ng) of the same norm also denoted by a.

With few exceptions, we are interested only in bounded right linear mappings or in
adjointable mappings. Therefore, we assume always that all length-zero elements have been
divided out and restrict our attention to pre-Hilbert modules.

In this case we have B*(E, F) C B"(E, F). If F is complete, then B"(E, F) (& B"(E, F))
is a Banach space, because right multiplication by elements of B is continuous. If E is
complete, then B*(E, F') is a closed subspace of B"(E, F), for if a,, € B*(E, F') converges to
a € B"(E, F), then also the adjoints a’ converge in the Banach space B"(F, E) and, clearly,
this limit is the adjoint of a. If E' and F are complete, then B*(FE, F') is a Banach subspace
of B"(E, F).

B"(E) is a normed algebra and by Corollary 1.4.2 B*(E) is pre-C*—algebra. Conse-

quently, B"(F) = B"(FE) is a Banach algebra and B*(E) = Be(F) is a C*-algebra.
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As a direct consequence of (1.4.1), an adjointable mapping a: F — F' is closeable as
densely defined mapping from E to F. (Indeed, if a sequence z,, in E converges to 0 and
ax, converges to y € F, then (1.4.1) implies y = 0.) Therefore, if E is complete, then by
the closed graph theorem we have L*(E, F) = B*(E, F'). The same is true, if F' is complete,
because in this case a* is bounded and a* + a is an isometry.

In general, we must distinguish between B"(FE, F') and B*(E, F).

1.4.5 Example. Let B have a unit. Then for the pre-Hilbert B—module B (Example 1.1.5)
we have B(B) = B (via the identification a — a1). By definition £’ = B"(E, B). However,
if an element ® has an adjoint ®* in B*(B, E), then ®z = (1, ®x) = (¢*1,z) = (y, ), where
y = ®*1 € E. In other words, & € E*. On the other hand, an element z* € E* C B"(E, B)
has an adjoint, namely, z: b — xb. Therefore, E* = B*(E,B) and E = B*(B, E). (For
non-unital B both equalities fail; see Remark [1.7.11.) In particular, if £’ # E* then
B"(E,B) # BY(E,B).

1.4.6 Example. Of course, we would like to have also an example where B"(F) # B*(E).
We follow an idea by Paschke [Pas73]. Let E and F be pre-Hilbert B—modules and let
a € B"(E,F) but a ¢ B*(E,F). (For instance, choose E like in the preceding example, set
F =B and let a = ® ¢ E*.) Then the operator

00 *

in B"(E @ F) has no adjoint. Otherwise, this adjoint would have necessarily the form (3%)

where a* was an adjoint of a.

Notice that the main ingredient in the preceding counter examples is a non-self-dual
pre-Hilbert module. By Example [1.3.2 there exist Hilbert modules which are not self-dual.
So simple completion (as in the case of pre-Hilbert spaces) is no way out.

For self-dual Hilbert modules the situation is more pleasant.

1.4.7 Proposition. Let E, F be pre-Hilbert B—modules and let A: Ex F — B be a bounded
B-sesquilinear form (i.e. A(xb,yb') = b*A(x,y)b' and ||A]| ;== sup ||A(z,y)|| < o). If

lzll<Lllyl<1
E is self-dual, then there exists a unique operator a € B"(F, E) such that A(z,y) = (z,ay).

PROOF. ®,: x — A(x,y)* defines an element of £/ = E*, so that there is a unique vector
Yo € F fulfiling A(z,y)* = (y,,z). Clearly, a: y — y, defines an element of B"(F, E) with
the desired properties. m
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1.4.8 Corollary. If also F is self-dual, then a is adjointable. In particular, there is a one-
to-one correspondence between bounded B-sesquilinear forms A on E x F and operators
a € B*(F, E) such that A(z,y) = (z, ay).

PROOF. Apply Proposition 1.4.7 to the bounded B-sesquilinear form A*(y,x) := A(z,y)*
on F' x E. Then the resulting operator a* € B"(F, F) is the adjoint of a. m

1.4.9 Definition. The x—strong topology on B*(E, F') is the locally convex Hausdorff topol-

ogy generated by the two families a — [jaz|| (x € E) and a — ||a*y|| (y € F) of semi-norms.

A net a, converges in the x—strong topology, if and only if a, and a, converge strongly.
Clearly, B%(E, F) is complete in the *strong topology, because a * strong Cauchy net
converges in L¢(E, F) and L%(E, F) = BY(E, F).

The x—strong topology should not be confused with the strict topology; see Definition
1.7.15. It coincides, however, with the strict topology on bounded subsets; see Proposition
1.7.16.

The following example is the first in a whole series of examples concering matrices with
entries in a Hilbert module. It also illustrates that it is often useful to interpret a x—algebra

as an algebra of operators on a Hilbert module.

1.4.10 Example. Let E be pre-Hilbert B-module. It is easy to see that L*(E") =
M, (L*(E)) where M,(A) denotes the s—algbebra of n x n-matrices with entries in a
s—algebra A and a matrix in M, (L*(E)) acts on a vector X = (xy,...,2,) € E™ in the
obvious way. If £ is complete, then by Example [1.2.5/so is £, and we find M, (B*(E)) =
M, (LY(E)) = L*(E™) = B*(E™). In particular, M, (B*(E™)) is a C*—algebra. If E is not
complete, then a bounded element A in L%(E™) extends to E" and, of course, the oper-
ator norm of A is the same on both spaces E® and E". Therefore, B*(E") is the dense
pre-C*-subalgebra of B*(E") = M,(B*(E)) consisting of those A € M,(B*(E)) which
leave invariant E™. In other words, B*(E") = M,(B%(F)). We identify these algebras as
pre-C*—algebras, thus, norming M, (B*(E)).

If E = B (B unital), then B*(B) = B (Example[1.4.5). We recover the well-known result
that for a unital C*—algebra B the matrix algbra M, (B) is also a C*—algebra without any
reference to a faithful representation of B on a Hilbert space. Additionally, we identify this
norm as a norm of operators on the Hilbert module B". (We remark that the argument
can be modified suitably, if B is a non-unital C*—algebra. In this case we identify M, (B)
as closed subalgebra of Mn(g), where B denotes the unitization of B; see Appendix [A.8.)

However, even in the case, when B is only a pre-C*—algebra, one can show that a C"*-norm
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on M,(B) is already determined completely by the requirement that it is isometric on a

single matrix entry B;; = B of M,,.

1.5 Positivity, projections, isometries and unitaries

1.5.1 Definition. We say a linear operator a on a pre-Hilbert B—module E is positive, if

(x,ax) > 0 for all z € E. In this case (by linearity and polarization) a is adjointable.

Of course, a*a is positive, if a* exists. The following Lemma due to Paschke [Pas73] shows
that for a € B*(E) this definition of positivity is compatible with the pre-C*-algebraic
definition in Appendix A.7. We repeat Lance’ elegant proof [Lan95]. Notice that, after
Definition [1.5.4, we do not need this lemma before Chapter 5.

1.5.2 Lemma. Let E be a pre-Hilbert B-module and let a € B"(E). Then the following

conditions are equivalent.
1. a is positive in the pre—C*—algebra B*(F).

2. a 1is positive according to Definition [1.5.1.

PROOF. 1= 2. a > 050 a = \/a’ where \/a € B*(E), whence (z,ax) = (\/ax, /az) > 0.

2 =1l (z,ax) > 0so (z,ax) = (ax,z). Therefore, (z,ay) = (ax,y), whence a = a*.

There exist unique positive elements a,a_ in B*(E) such that a = ay —a_ and aya_ = 0.
It follows

0 < (z,®2) = —(r,a_aa_7) = —{a_z,aa_x) < 0.

Therefore, (x,a®z) = 0 so (z,a®y) = 0 by (1.2.1), i.e. a® = 0, whence by Proposition
AT30) a_=0. m

Notice that if F is complete, then it is sufficient to require a € L"(FE), because a is
closed. A similar argument allows to generalize a well-know criterion for contractivity to

pre-Hilbert modules.
1.5.3 Lemma. A positive operator a € L*(E) is a contraction, if and only if
(x,ax) < (z,z) (1.5.1)

forallz € F.
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PRrROOF. Of course, a positive contraction fulfills (1.5.1). Conversely, let us assume that
a > 0 fulfills (1.5.1). By positivity, (x,y), = (z,ay) is a semiiner product. In particular, by
Cauchy-Schwartz inequality we have ||(y, 2)a(x, ¥)all < ||(z, 2)al| [[(y, ¥)al|, whence,

Kz a)|® < (1w, az) | 1y ad)l < Nl a) |Gy, o)

ie la| <1. m

1.5.4 Definition. A projection on a pre-Hilbert module F is a self-adjoint idempotent
p: E— E. ie. p?=p=7p"

By definition p is adjointable and, therefore, right linear. p is positive, because p*p = p,
whence, (z, px) = (pz,pxr) > 0. Obviously, ¥ = pE @ (1 —p)FE, whence, (z, pz) < (x,z). So
by Lemma [1.5.3 p is a contraction. Since ||p|| = ||[p*p|l = ||p||>, we have ||p|| = 1 or ||p|| = 0.
Clearly, p extends as a projection on E. If E is complete, then so is pE.

1.5.5 Example. If £ = @ E® is a direct sum of pre-Hilbert modules, then the canonical
tel

projection p® onto the component E® is a projection in B%(E). Moreover, each sum, finite
or infinite, of canonical projections defines a projection in B%(E) and extends as such to E.
It follows that E may be considered as the space of families ($(t)) rel. (z® € EM) for which

S ({z®, M) converges absolutely, i.e. convergence of sums over finite subsets I/ of L. To
tel

see this define ppy = > p®, let x € E and let (xn)neN be a sequence in E converging to x.

tel!
Then
|z —prz| <z —zul| + |20 — prza| + [Jpr (2, — )| -

Therefore, choosing n sufficiently big, the first and the last summand are small, and choosing
to this n the (finite) set Lo = {t € L: 2 # 0}, the middle summand is 0 for all L' > L.

From this the statement follows.

1.5.6 Example. There exist closed submodules of a Hilbert module which are not the
range of a projection. Indeed, let I be an ideal in B and suppose that there exists a
projection p in B*(B) such that pB = I. Let ® € I’ be given by ®z = b*z where b € B.
Then ¢z = dpr = (pb)*x = (pb,x) where pb € I, hence, & € I*. However, we know
from Example 1.3.2 that there are pairs B, (even complete) with b € B such that the

B-functional ® is not in [*.

1.5.7 Definition. For a subset S of a pre-Hilbert module E we define the orthogonal com-

plement of S as

St={zcE:(s,2)=0(s€9)}.
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Clearly, S+ is a submodule of E.

A submodule F of E is called complementary in E, if E = F & F*+. (In this case there
exists a projection p onto F.)

A pre-Hilbert module F is called complementary, if it is complementary in all pre-Hilbert

modules where it appears as a submodule.

Notice that this definition in the literature, usually, refers only to Hilbert modules.
However, the property of a Hilbert module to be complementary or not is not affected by

allowing to check this against pre-Hilbert modules.

1.5.8 Proposition. A Hilbert module E is complementary, if and only if it is complemen-

tary in all Hilbert modules where it appears as a submodule.

PRrOOF. There is only one direction to show. So let us assume that E is complementary in
all Hilbert modules and let F' be a pre-Hilbert module which contains E as a submodule.
Then E is a complementary submodule of F so that there exists a projection p in B(F)
such that £ = pF C F. It follows that p leaves invariant F so that we may define the
restriction p = p | F of p. We have (z,py) = (pz,y) for all z,y € F, whence a fortiori
(x,py) = (px,y) for all z,y € F, i.e. p is self-adjoint. Of course, p> = p and E = pF.

Therefore, F is complementary in F'. m

1.5.9 Proposition. Let E be a self-dual (pre-)Hilbert B—module. Then E is complemen-
tary.

PROOF. Let F' be a pre-Hilbert B-module containing E as a submodule. Let y € F'. Then
the restriction of y* to E defines a B—functional on E. Since FE is self-dual, there exists a
unique y, € E such that (y,z) = (y,, ) for all x € E. Of course, the mapping p: y — y, is
an idempotent and pF’ = E. Moreover, (y, px) = (py, pr) = (py,x) for all x,y € F (because

pz,py € E). In other words, p is a projection and E is complementary. m

In Section 3.2 we will see that von Neumann modules are always self-dual and, therefore,
complementary. Hence, if we really need projections and are not able to construct them
explicitly, then we are free to pass to von Neumann modules. We emphasize, however, that
the in many of our applications we will have all projections we need already on a purely

algebraic level.

1.5.10 Example. Let $) be a pre-Hilbert space and B a pre-C*—algebra and let 3 = BR$H
be the free right B—module generated by $ with its obvious module structure. (We explain
in Examples 3.4.6 and 14.2.13 why we prefer to write B on the left, although, here we speak
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only of a right module.) Defining an inner product via
b f0'® f)=0V(f f)

we turn )i into a pre-Hilbert module. (Positivity follows easily from the observation that if
$ is n—dimensional, then $)5 is isomorphic to B". In Section 4.3 we see another possibility,
when we identify 5 as exterior tensor product.)

Kasparov’s absorption theorem [Kas8()| asserts that, whenever a Hilbert B—module E is
countably generated as Hilbert module (i.e. E' is the closed B-linear hull of countably many

of its elements), then
5 = 958 E

(cf. Definition [1.5.11) for a separable infinite-dimensional Hilbert space . This result is
crucial for K K-theory, however, we do not need it, so we omit the proof. (An elegant proof
due to Mingo and Phillips [MP84] can be found in, literally, every text book with a chapter
on Hilbert modules like e.g. [Bla86, Lan95, WO93|. Notice that the isomorphism depends
heavily on the choice of the generating subset, i.e. the identification is not canonical.) A
result by Frank [Fra99] asserts that a self-dual countably generated Hilbert module over
a unital C*-algebra B is a direct sum of a finitely generated Hilbert submodule and a
countable direct sum over finite dimensional ideals in B. This shows that self-dual Hilbert

modules are only rarely countably generated, at least, not in norm topology.

1.5.11 Definition. An isometry between pre-Hilbert B—modules F and F' is a mapping
¢: E — F which preserves inner products, i.e. (£x,&y) = (x,y). A unitary is a surjective
isometry. We say F and F' are isomorphic pre-Hilbert B-modules, if there exists a unitary
u: B — F.

1.5.12 Observation. Also isometries and unitaries extend as isometries and unitaries, re-
spectively, to the completions. Moreover, if an isometry has dense range, then its extension
to the completions is a unitary. Clearly, the range of an isomtery is complete, if and only if
its domain is complete.

A unitary u is adjointable where the adjoint is u* = u™!.

Of course, if w is unitary,
then so is u*. An isometry & need not be adjointable. This follows easily from the following
proposition and the fact that there are non-complementary pre-Hilbert modules. In this case
the canonical embedding of a submodule F into a module E in which it is not complementary

is a non-adjointable isometry.
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1.5.13 Proposition. An isometry &: E — F is adjointable, if and only if there exists a
projection p € B(F') onto the submodule EE of F.

Proor. If € is adjointable, then £*¢ = id and ££* is a projection onto the range of £. So let
us assume that there exists a projection p onto the range of £. Denote by pe the mapping
F — ¢F defined by pey = py, and denote by i¢: £ — F' the canonical embedding. Then
pe € BYF,EE) and ig € BY({E, F) where p; = i¢ (and conversely). Denote by ue the
unitary uer = &x in B*(E,{E). Then

(x,ug 'py) = (puez, y) = (o, y)

so that uglp is the adjoint of £. m

1.6 Representations and two-sided Hilbert modules

Now we come to the most important objects in these notes, two-sided Hilbert modules.
They arise naturally by GNS-construction for completely positive mappings (Section 4.1)
and they may be composed by the (interior) tensor product to obtain new two-sided modules
(Section [4.2). Without tensor product there is no Fock module (Parts IIl and IV)) and no
tensor product system (Part TII).

In principle, an A-B-module E is a right B—module with a homomorphism j from 4
into the right module homomorphisms. Often two-sided Hilbert modules are defined in that
way with emphasis on the homomorphism j. In fact, it is the possibility to have more than
one homomorphism 5 on the same right module which is responsible for the flexibility in
applications. We prefer, however, to put emphasis not on the homomorphism j but on the
space as two-sided module. Usually, we will write ax (and not j(a)z) for the left action of an
element a € A. By the canonical homomorphism, we mean the mapping which sends a € A
to the operator z +— az in L"(F). Sometimes (e.g. as in Example 1.6.7) a right module has
a natural left action of A which is not that of the bimodule structure under consideration.
In this case, we will denote by ax the natural left action and by a.x the left action of the

bimodule structure.

1.6.1 Definition. A representation of a pre—C*-algebra A on a pre-Hilbert B—module F
is a homomorphism j: A — L% E) of x—algebras. A representation is contractive, if j is
a contraction (i.e. |[j]| < 1). A representation is non-degenerate, if spanj(A)E = E. A
representation is total (for a topology on E), if span j(.A)E is dense in E (in that topology).

Clearly, a representation j extends to a representation A — B%(E), if and only if it

is contractive. If A is spanned by its unitaries or quasi unitaries (for instance, if A is
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a C*-algebra), then any homomorphism A — L%(E) takes values in B*(E). If A is a
C*—algebra or spanned by its C*—subalgebras, then a representation is contractive auto-
matically; see Appendix [A.7. We will be concerned mainly with this case. If A is unital,
then a representation j is non-degenerate or total, if and only if j(1) = 1. If F is a
semi-Hilbert module, then by Corollaries 1.4.3/ and [1.4.4' a homomorphism j: A — L%(FE)
and a (contractive) algebra homomorphism j: A — B"(E) give rise to a homomorphism
j: A — L% E/Ng) and a (contractive) algebra homomorphism j: A — B"(E/Ng), re-
spectively. Therefore, often we may define representations on E/Ng by defining such on

E.

1.6.2 Definition. A (pre-)Hilbert A-B—-module E is a (pre-)Hilbert B—module and an .A-
B-module such that the canonical homomorphism defines a total (non-degenerate) repre-
sentation of A. We say F is contractive, if the canonical homomorphism is contractive.

If it is clear what A and B are, then we also say two-sided (pre-)Hilbert module. If
A = B, then we say two-sided (pre-)Hilbert B—module.

By BY(E, F) and B*"(E, F) we denote the space of bounded and of bounded ad-
jointable, respectively, two-sided (i.e. A-B-linear) mappings between pre-Hilbert .A-B-mod-

ules E and F. An isomorphism of pre-Hilbert A-B-modules is a two-sided unitary.
1.6.3 Remark. B*"(E) is the relative commutant of the image of A in B¢(E).

1.6.4 Observation. The complement of an A-B-submodule of E is again an A-B-sub-
module of E. The range pE of a projection is an .A-B-submodule, if and only if p € B**(E).
Sufficiency is clear. To see necessity, assume that apzr € pE for all x € E, a € A. In other

words, ap = pap = (pa*p)* = (a*p)* = pa.

We present some examples. Although these examples appear to be simple, they illus-
trate already essential features of the two-sided module structure and will appear in many

contexts.

1.6.5 Example. Let A be a pre-C*-algebra and let E be a pre-Hilbert B-module. The
simplest action of A on E is the trivial one ax = 0. Of course, this action is highly
degenerate. In order to have a two-sided module structure, we extend the trivial left action
of A in the only possible way to a unital left action of the unitization A of A; see Appendix
A8l Clearly, this extension turns E into a contactive pre-Hilbert A-B-module. Because
B is an ideal in g, we have a natural pre-Hilbert B-module structure on F turning it into
a pre-Hilbert A-B-module. This module, indeed, appears in unitizations of completely

positive contractions and semigroups of such; see Section [12.3.
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1.6.6 Example. Let F be a pre-Hilbert B-module. By Example1.4.10 E" is a pre-Hilbert
M, (B*(E))-B-module. If E is a pre-Hilbert A-B-module, then A has a homomorphic
image in B*(E). Therefore, M, (A) has a homomorphic image in M, (B*(E)) (of course,
acting non-degenerately on E™) so that E™ is a pre-Hilbert M,,(A)-B-module. This example
(together with Examples 1.7.6, [1.7.7, and 4.2.12.) provides us with simple proofs of results
on CP-semigroups on M, (B).

1.6.7 Example. Let B be a unital pre-C*-algebra. By the two-sided pre-Hilbert module B
we mean the one-dimensional pre-Hilbert module B (see Example [1.1.5) equipped with the
natural left multiplication b: x +— bx (x € B). However, there are many other possibilities.
Let 9 be a unital endomorphism of B. Then we define By as the pre-Hilbert B—module B,
but equipped with the left multiplication b.z = J(b)z. Observe that B still is generated by
1 as right module and that 1 intertwines 9 and id in the sense that b.1 = 19(b). Any left
multiplication on B arises in this way from a unital endomporphism ¢. Indeed, given a left
multiplication x +— b.x on B, we define ¥(b) = b.1 (i.e. b.1 = 19(b)). Then

I(OY) = (bb').1 = 0b.('.1) = b.(19(V)) = (b.1)9(b) = I(b)I(V)
and
P(b*) =b".1=(1,0".1) = (b.1,1) = (19(b),1) = ¥(b)*(1,1) = J(b)".

An automorphism of the pre-Hilbert module B is a unitary in B*(B) = B (cf. Example 1.4.5)
acting by usual multiplication on elements of B and any pre-Hilbert B-module generated
by a single unit vector is isomorphic to B. For two-sided modules the situation changes
considerably. In order that an automorphism u of the pre-Hilbert B—module B defines an

isomorphism By — By, we must have
w(b.x) = b.(ux) that is uwd(b)x = V(b)ux.

Putting x = 1, we find ud(b) = ¥'(b)u or ¥ (b) = ud(b)u*. In other words, By and By
are isomorphic two-sided pre-Hilbert modules, if and only if ¢ and ¢ are conjugate via an
inner automorphism v e u* of the pre-C*—algebra B. In general, there are non-inner auto-
morphisms, so there are non-isomorphic one-dimensional two-sided pre-Hilbert B—modules.
From here it is only a simple step to the classification of Ey—semigroups (i.e. semigroups of

unital endomorphisms) up to unitary cocycle conjugacy; see Example [11.1.3.

1.6.8 Example. Any pre- (or semi-)Hilbert module £ over a commutative algebra B has

a trivial left module structure over B where right and left multiplication are just the same.
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We denote this trivial left multiplication by b", i.e. b": x — xb, in order to distinguish it
from a possible non-trivial left multiplication. Even if B is noncommutative, the operation
b" is a well-defined element of B*(E), whenever b is in the center Cz(B) of B (cf. Definition
3.4.1). Clearly, b commutes with all a € B*(E). In Theorem 4.2.18 we will see that if F
contains a unit vector, and if B is unital, then b +— 0" is an isomorphism from Cg(B) onto
the center of B(E).

1.6.9 Example. Let B = C2, i.e. the subalgebra of diagonal matrices in the algebra of
2 x 2-matrices M,. There are precisely four left multiplications on C?, comming from the
four unital endomorphisms of C? (in the sense of Example 1.6.7), all of them giving rise to
pairwise non-isomorphic two-sided Hilbert module structures on C2. The first comming from
the identity automorphism. We denote this Hilbert module by C2. The second comming
from the flip automorphism «(2) = (22). Here we have (). = z(2) for all z € C*. We
denote this Hilbert module by C2. (Notice that the flip is an automorphism of the algebra
C? but not of the Hilbert module C?, because it is not right linear.) Finally, there are the
two endomorphisms of C? being the unital extensions of the trivial endomorphism C — {0}.
The two possibilites correspond to the choice to embed the copy of C which is annihilated
either into the first component of C2, or into the second.

Denote by e; = ([1)), ey = (‘1)) the canonical basis of C2. Let E be a two-sided pre-Hilbert
C2-module which is generated as a two-sided module by a single cyclic vector £&. Then E
decomposes into the submodules Ce;ée; (7,5 = 1,2) some of which may be {0}. If all four
spaces are non-trivial, than Ce £e; @ Ceges is isomorphic to (Ci, whereas Ce €eqy @ Cegéey
is isomorphic to C%. If some of the spaces Ce;e; are trivial, then F is at least contained in
C3 @ C2. Notice that none of the submodules Ce;&e; is isomorphic to C? as right Hilbert
module, because the inner products takes values in Ce;, whereas the inner product of C?
takes values in all of C?, independently of a possible left multiplication. This example helps

us to understand completely postive semigroups on C2.

1.6.10 Example. Let G and $) be Hilbert spaces. Then B(G,G ® 9) (cf. Example [1.1.6)
is a Hilbert B(G)-B(G)-module in an obvious way. We will see in Example 3.3.4 that any
von Neumann B(G)-B(G)-module E (Definitions 3.1.1/ and 3.3.1) must be of this form.
Example 3.3.4] is the basis to understand the relation between Arveson’s tensor product
systems of Hilbert spaces [Arv89a] and tensor product systems of Hilbert modules [BSO0]
(Example 11.1.4).

1.6.11 Example. We close with an example which comes directly from a physical prob-
lem. Let d > 3 be an integer and let P = C(R?) the C*-algebra of bounded continuous
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(C—valued) functions on R?. We write elements of P as functions h(p) of p € R% Let
Ey = C.(R? P) be the space of continuous P-valued functions on R¢ with compact sup-
port. We write elements of Fy as functions f(k) of k € R% (So, fixing k, f(k) is still a
function of p.) Ey has already a natural two-sided pre-Hilbert P—module structure where
the module operations are pointwise multiplication from the right and from the left, respec-
tively, and where the inner product of f and ¢ is just the usual Riemann-Bochner integral
[ dk f*(k)g(k); see Appendix Bl Here we need, however, a different structure. Only the
right multiplication is the natural one. The left multiplication of an element f € Ej by a

function h € P is defined as

[ f1(k) = h(p + k) f(k),

where, clearly, h(p + k) defines for each fixed k an element of P which has to be multiplied
with the value f(k) of f at this fixed k.

(f.g) = / dk F (RS (p -k + B2 1 k) g(h) (16.1)

defines a semi-inner product, where we interpret the (one-dimensional) j—function just as a
formal prescription of how to evaluate the |k|-integration in polar coordinates; see Remark
D.3.7. Finally, we divide out the kernel of this inner product and obtain a two-sided pre-
Hilbert P-module E.

This module appears in the stochastic limit for an electron coupled to a field in the
vacuum state. The inner product has been computed by Accardi and Lu [AL96]. Also
the idea to interpret it as an inner product of a Hilbert module is due to |[AL96]. The
interpretation as two-sided Hilbert module together with the correct left multiplication,
and the result that (1.6.1), indeed, defines an element of P can be found in [Ske98a]. We
explain the physical model, how the module E arises and, in particular, that all preceding
prescriptions make sense in Appendix D. In the context of this section it is noteworthy that
it is the correct left multiplication of E which made it possible to interpret the the limit

module of the stochastic limit as a Fock module over E; cf. Example 6.1.7.

1.7 Finite-rank operators and compact operators
Let E and F' be pre-Hilbert B—modules. Proceeding as in Example 1.1.5/we embed B*(F, E)
into

BA(F & ) — BYF, F) BYE,F)
B(F,E) BYE,E))
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From this embedding it follows immediately that for all a € B*(F, E) the element a*a is
positive in B*(F'), because it is positive in B*(F & E) D B*(F). In other words, B*(F, F)
with inner product (a,a’) = a*a’ is a contractive pre-Hilbert B*(E)-B(F)-module. In
Chapter 2/ we investigate such generalized matriz algebra structuctures systematically.

If we put F' = B and take also into account that £ C B%(B, E), we see that E may be
embedded into the lower left corner of B*(B @ E). Clearly, this embedding is isomteric and
respects all module operations. Now we ask for the x—subalgebra of B*(B & FE) generated
by E. Clearly, the upper right corner is E* and the upper left corner is Bg C B C B%(B).
The lower right corner consists of the span of all operators on E of the form z — x(y, z)

(x,y € E). These are the analogues of the finite rank operators on Hilbert spaces.

1.7.1 Definition. Let F and F' be pre-Hilbert B—modules. An operator of the form xy* €
BYE,F) (x € F C BYB,F),y € E C B%B,FE)) is called rank-one operator with adjoint
given by yz*. The linear span F(F, F) of all rank-one operators is called the space of finite

rank operators, its completion K(E, F') is called the Banach space of compact operators.

1.7.2 Remark. Our notation has the same advantages as Dirac’s bra(c)ket notation |x){y|
= xy*. Additionally, it makes a lot of brackets dissappear, thus leading to clearer formulae.

See, for instance the proof of Theorem 4.2.18 or Section [14.1.

1.7.3 Remark. Notice that the elements of X(E, F') can be considered as operators £ —
F', in general, only if F' is complete. Notice also that, in general, neither the finite rank
operators have finite rank in the sense of operators between linear spaces, nor the compact
operators are compact in the sense of operators between Banach spaces. (Consider, for
instance, the identity operator on £ = B, which is rank-one, if B is unital, but non-compact

as operator on the normed space B as soon as B is infinite-dimensional.)

1.7.4 Observation. Interestingly enough, both F(E, F') and X(E, F') are B*(F)-B*(E)-
modules. In particular, F(E) := F(E, E) is an ideal in B*(E) and X(F) = K(E, E)
is a closed ideal in B%(E). It follows that F(E, F) is a pre-Hilbert B%(E)-F(E)-module
(which may be considered also as a pre-Hilbert B*(E)-B*(E£)-module) and that K(E, F) is

a Hilbert B4(E)-X(FE)-module (which may be considered also as a Hilbert B*(E)-B*(E)-

module).

With these notations it is clear that

alg*(F) = (le ??;)> (1.7.1)
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is the pre-C*—subalgebra of B*(B & F) generated by E (or E*). The pre-C*-subalgebra
generated by E and B is

alg*(E,B) = (g Sf;)) . (1.7.2)

Observe that alg”(E, B) has a natural contractive representation on Br @& E. This repre-
sentation is isometric, if and only if E is essential, and, of course, the restricition of this
representation to alg”(F) is always isometric. Observe also that F(F) and K(FE) (as pre—
C*-algebras) are independent of whether we consider E as B- or as Bg—module.

Algebraically, the situation in (1.7.1) is symmetric under “exchange of coordinates”. In
particular, E* is a pre-Hilbert F(F)-module in an obvious manner. The only difference is
that now the pre-C*-algebra structure arises, by considering elements of alg*(E*) as oper-
ators on F(E) @ E*. However, the two C*—norms coincide. (To see this, close alg”(E) in
B(Br @ E) and observe that the canonical mapping alg*(E) — B*(F(E) @ E*) is faithful,
hence, isometric.) In this way, we identify Br as F(E£*). Clearly, the canonical represen-
tation of Bg on E* extends to a contractive repesentation of B. If B is unital, then this
representation is non-degenerate. (If not, then we will see in Corollary 2.1.10/ that the
representation is at least total.) The representation is isometric, if and only if F is essential.

Let E be a pre-Hilbert A-B-module. We ask, under which circumstances we can consider
E* as a pre-Hilbert B-A-module. For this the range F(F) of the inner product must be an
ideal in A, and B should act non-degenerately on E. If these requirements are fulfilled, we
say E* is the dual pre-Hilbert B—A-module of E. Obviously, A acts isometrically on F, if
and only if E* is essential. Of course, (E*)* = E. By

alg* (A, £, B) = (Z i)

we denote the pre-C*—subalgebra of B*(B® E) ® B*(A® E*) (pre-C*—algebraic direct sum)
generated by A, F, and B where the matrices in (g B ) are imbeded via the representation
id into B*(B @ E) and via the anti-representation id* into B*(A & E*).

1.7.5 Observation. Bg is rarely complete. Consider, for instance, ¥ = H* for some

infinite-dimensional Hilbert space. Here Bg = F(H) is certainly not complete.

1.7.6 Example. For the moment suppose that the pre-Hilbert A-B-module F has a dual
pre-Hilbert B-A-module E* (i.e. F(F) is an ideal in A). By Example 1.6.6/ (E*)" is a
pre-Hilbert M,,(B)-A-module. The inner product on (E*)™ is ((z%,... ,2%), (v5,... ,y5)) =

> xyf. The action of M, (B) is isometric, if E is essential. In particular, the ideal M, (Bg) =
i=1
F((E*)™) in M,,(B) is represented isometrically on (E*)".
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Define F,, = ((EF*)")*. Like E™ also F, consists of vectors X = (z1,...,2,). By
construction E, is a pre-Hilbert .A-M, (B)-module with right multiplication of B = (b;;) €

M, (B) given by (XB). =" x;b; and inner product
i=1

<($17~- ), (Y1, - ,yn)>i7j = (T, Yj)-

Therefore, the matrix with entries (z;,z;) is a positive element of M, (B). Setting E = B,
we recover the (trivial) result that the matrix with entries bjb; is positive. The left action
ofa € Aon X € E, is aX = (axy,...,ax,). If we choose A = B*(FE), we see that
BYE) C BYE,). (Of course, the action of B*(F) is faithful.) Less obvious is that we have
equality of B*(E) and B*(E,). Indeed, if B is unital, then the matrix unit e;; is an element
of M,(B). For a € B*(E,) we find from (aX)e;; = a(Xe;;) applied to X = (z,... ,z) that
the restriction of a to the i—th component of E,, coincides with the restriction to the j—th
component of E,. If B is non-unital, then we consider B or we use an approximate unit.
Finally, if F(£) is not an ideal in A and A is unital, then we use the fact that A has
an image in B?(E) so that the pre-Hilbert B*(E)-M, (B)-module E, is also a pre-Hilbert
A-M,,(B)-module. (Non-degeneracy might cause problems, if A is non-unital, but totality

is preserved in any case.)

1.7.7 Example. We extend the preceding example and set M,,,,(E) = (E,,)". It is easy
to check that also M, (F) = (E"),,. We find that the pre-Hilbert M,,(.A)-M,,(B)-module
M, (E) consists of matrices X = (24;) whose inner product is

n

(XY )i =D {wni yay).

k=1
An element of M,,(B) acts from the right on the right index (coming from F,,) and an
element of M, (A) acts from the left on the left index (coming from E™) in the usual way.
Conversely, if E,,, is a pre-Hilbert M, (A)-M,,(B)-module, then all matrix entries are
isomorphic to the same pre-Hilbert A-B-module F and E,,, = M,,,(E). (If A and B are
unital, then define @); as the matrix in M, (A) with 1 in the i—th place in the diagonal and
define P; € M,,(B) analogously. Each of these matriz entries Q); E,,, Pj inherits a pre-Hilbert
A-B-module structure by embedding A and B into that unique place in the diagonal of
M, (A) and M,,(B), respectively, where it acts non-trivially on Q;E,,,P;. As in Example
1.7.6, by appropriate use of matrix units we see that all @);E,,,P; are isomorphic to the
same pre-Hilbert A-B-module E and that E,,, = M,,,(E). The same shows to remains
true, when A and B are not necessarilly unital by appropriate use of approximate units.)
Let us set X = (0 2;) € My(E) := My, (E) for some z; € E (i = 1,...,n), and
Y correspondingly. Then the mapping T: M, (A) — M, (B), defined by setting T'(A) =
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(X, AY) acts matrix-element-wise on A, i.e.

(T(A))ij = (i, aijy;)-

T(A) may be considered as the Schur product of the matrix 7" of mappings A4 — B and the

matrix A of elements in A.

This example will help us to show in Chapter 5 that T" is completely positive for Y = X.
Here we use its first part to analyze the structure of Hilbert modules over finite-dimensional

C*—-algebras.

1.7.8 Corollary. Any pre-Hilbert M, ~M,,—module E is isomorphic to M, ($) for some
pre-Hilbert space $, and E is complete, if and only if § is complete.

It is well-known that finite-dimensional C*-algebras decompose into blocks of matrix
algebras M,,. So the following corollary covers all two-sided Hilbert modules over finite-

dimensional C*-algebras.

k ‘
1.7.9 Corollary. Let A = @ M,, and B = P M,,; be finite-dimensional C*-algebras.
i=1 j=1
Denote by p; = 1y, and q; = 1Mmj the central projections generating the ideals M,, = p;A

in A and M,,; = q;B in B, respectively. Then any pre-Hilbert A-B-module E decomposes

mto the direct sum
i?j

over the My, ~M,,,~modules E;; = p;Eq; (cf. Example 1.6.85) which may be considered also
as A-B-modules.

Observe that some of the £;; may be trivial. Specializing to diagonal algebras A = C"
and B = C™ (whence, M,, = M,,, = C) we find the generalization of Example [1.6.9.
Putting A = B = C™ we see that pre-Hilbert C"-C"-modules are given by n X n—matrices
of pre-Hilbert spaces. On the other hand, passing to the case where the blocks may be B(G)
where G is a Hilbert space of arbitrary dimension (in other words, the strong closures of A

and B are arbitrary type I von Neumann algebras), we are in the set-up of Bhat [Bha99).

We mentioned already that for unital B we have B*(B) = B. Now we want to see how
B(B) looks like, in general.

1.7.10 Lemma. For an arbitrary pre—C*—algebra B we have B*(B) = M(B) where M (B)
denotes the multiplier algebra of B.
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PROOF. See Appendix |A.8 for details about multiplier algebras and double centralizers.

Let (L, R) € M(B) be a double centralizer and b,b" € B. Then L(bV') = (Lb)b" so that
L € B"(B). Furthermore, (b, LV') = b*Lb' = (Rb*)b' = (R*b,b') where R*b = (Rb*)*. In
other words, R* is an adjoint of L so that L € B*(B). Therefore, there exists a natural
isometric embedding M (B) — B*(B).

Conversely, if a € B*(B), then (L,, R,) with L,b = ab and R,b = (a*b*)* is a double
centralizer whose image in B%() is a. In other words, the natural embedding is surjective,
hence, an isometric isomorphism of normed spaces. From the multiplication and involution

for double centralizers it follows that it is an isomorphism of pre-C*—algebras. m

1.7.11 Remark. Let a € B*(B). Clearly, a is a B-functional on the pre-Hilbert B-module
E = B which has an adjoint, namely, a*. It follows that for non-unital B the set B*(F, B)
of adjointable B—functionals on E is (usually, much) bigger than E*. As E* and E are
anti-isomorphic, for non-unital B also B*(B, E) is bigger than E.

1.7.12 Observation. Notice, however, that always E = (B, E) and, consequently, E =
K(E,B). (B has an approximate unit.) But, F(B, E) is, in general, different from E.

1.7.13 Lemma. Let E be a pre-Hilbert B-module. Then the Hilbert modules E and X(E)

have the same C*—algebra of adjointable operators.

PROOF. We have E = span(XK(E)X(E, B)), because X(E) has an approximate unit, and
K(E) = span K(E, B)X(B, E), because K(E,B)X(B,E) = EE . By the first equality, an
operator on K(E) gives rise to an operator on E, and by the second, an operator on E
gives rise to an operator on K(FE). It is clear that the two correspondences are inverse to

eachother. m
1.7.14 Corollary. M(X(E)) = BY(X(E)) = BYE).

1.7.15 Definition. We equip B%(E) with the strict topology from the multiplier algebra of
K(E), i.e. the strict topology on B*(E) is the *-strong topology on B*(K(E)).

1.7.16 Proposition. The strict topology and the x-strong topology of B*(E) coincide on

bounded subsets.

Proor. If a net a, is bounded, then in either of the topologies it is sufficient to check
convergence on dense subsets of K(E) and E, respectively. So if ay — a in the strict

topology, then (a) —a)z — 0 for all z in the dense subset span (ff(E)E) of E, and similarly
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for a§. Conversely, if ay — a *—strongly, then (a) — a)k — 0 on the dense subset F(E) of

K(E), and similarly for a}. m

1.7.17 Remark. The two topologies do, in general, not coincide. For instance, if H is a
Hilbert space then the strict topology on B(H) is just the x—o—strong topology, which is

known to be properly stronger than the x—strong topology, when H is infinite-dimensional.

Lemma [1.7.13 is a special case of a result due to Pimsner [Pim97]. After Section 4.2,
where we introduce tensor products, it is clear that our proof is just a translation of Pimser’s
original proof. Corollary[1.7.14/is a famous theorem due to Kasparov [Kas8(]. Here we prove

it by Lemma [1.7.10 without making use of the strict topology.



Chapter 2
Generalized matrix algebras

We have seen that a pre-Hilbert B—module E may be embedded into a 2 x 2-matrix which
has a natural pre-C*—algebra structure. A simple consequence was the positivity of elements
zz* € F(E) or ((z;,2;)) € M, (B).

A further advantage of such an embedding is that C*—algebras come along with a couple
of additional topologies. By restriction of these topologies to a Hilbert module contained in
such a generalized matrix algebra, we obtain immediately the analogues for Hilbert modules.
Usually, the toplogies are compatible with the decomposition into matrix elements of the
matrix algebra, so that closure of the matrix algebra in such a topology means closure of
each matrix entry independently. The closure of a C*—algebra in such a topology is, usually,
again a C*—algebra. Consequently, if we close a Hilbert B-module E in a certain topology
and B was already closed in this topology, then it follows that the closure of E is again a
Hilbert module over B. This observation is crucial in Chapter 3/ in the proof of the fact that
any Hilbert module over a von Neumann algebra allows for a self-dual extension.

The concept of embedding a Hilbert module into a C*—algebra is not new. The idea
is probably already present in Rieffel [Rie74] and appears clearly in Blecher [Ble97] in
connection with operator spaces. We comment on this aspect at the end of this chapter.

Our treatment here is an extension of Skeide [Ske00b].

2.1 Basic properties

2.1.1 Definition. Let M be an algebra with subspaces B;; (i,7 = 1,... ,n) such that

M= : : (i.e./\/lzé[)’ij)

1,j=1
B ... B

35
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We say M is a generalized matrix algebra (of order n), if the multiplication in M is compatible

with the usual matrix multiplication, i.e. if

(BB,)ij - Z bikb;cj
k=1

for all elements B = (b;;) and B’ = (b;j) in M. If M is also a normed and a Banach
algebra, then we say M is a generalized normed and a generalized Banach matrix algebra,
respectively.

If M is also a x—algebra fulfilling

i

(B*)ij =b;

then we say M is a generalized matrix x—algebra. If M is also a (pre-)C*-algebra, then we
call M a generalized matrix (pre-)C*—algebra.

A generalized matrix (*—)subalgebra of M is a collection of subspaces C;; C B;;, such that
N = (C;;) is a (+—)subalgebra of M.

2.1.2 Example. If B is a pre-C*-algebra and B;; = B, we recover the usual matrix pre—
C*—algebra M, (B) normed as in Example 1.4.10. In the sequel, we omit the word ‘gen-
eralized” and speak just of matrix algebras. If we refer to M, (B), we say a ‘usual matrix

algebra’.

2.1.3 Remark. Clearly, the subset {(b;): bij = bd;; (b€ B)} of M,(B) is a subalgebra

isomorphic to B, but not a matrix subalgebra.

2.1.4 Example. Let M be a unital pre-C*—algebra and let {py,... ,p,} be a complete set
of orthogonal projections. Then M = (piij)ij endows M with a matrix pre-C*—algebra
structure.

2.1.5 Example. Let M = (Bij)ijj be an n x n—matrix pre-C*—algebra. Then the diagonal
entries B; := B;; are pre-C*-subalgebras of M. If all B; are unital, then the entries B;; are
pre-Hilbert B,~B;-modules with inner product (b,b") = b*b" and the natural right and left
multiplications. Clearly, the pre-Hilbert module norm and the norm coming from M by
restriction coincide. Moreover, B; contains F(5;;) for all j.

Conversely, we already know that a pre-Hilbert B—module E may be embedded into the
matrix pre-C*-algebras alg™(E) or alg™ (£, B) (cf. (L.7.1), (1.7.2).)
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2.1.6 Proposition. The norm on a matriz pre-C*—algebra is admissible in the sense of
Definition|A.2.1, i.e. ||b;|| < ||B|| for all B € M;i,j=1,... n.

PROOF. Let B € M with components b;; € B;;. Then BB* has the components ) bikb}‘k €
k=1

Bij. On the other hand, if C' € M and b;; € By; C M, then bj;Cb;; = bj;c;:b;; € Bj, where

¢;i s the component of C' in B;. Combining both, we find

n

by BB by = Y bbb = > (bibig)* (bibis) = (b;i)" (b5bis),
k=1

k=1

so that
IBII 1bsl1 = 1B bisll > 116556351 = l1b3]1*
This implies || B|| > ||b;;|| no matter, whether b;; = 0 or not. m

2.1.7 Corollary. Let M be a matriz pre-C*—algebra. Then M is complete, if and only
if each B;j is complete with respect to the norm induced by the norm of M. In particular,
(Eij) = M is a matriz C* —algebra.

2.1.8 Corollary. The projections p;;: M — Bij, pi;(B) = b;; have norm 1. In particular,
if M is unital, then so are B; and we are in the situation of Example|2.1.4, where p; = 1p,
and p;;(B) = p;bp,.

2.1.9 Remark. Curiously, the unitization M is (for n > 2) not a matrix algebra, because
pij(I) is not an element of M. If we want to add a unit to a matrix algebra, then we must

add new units for each B; separately, in order to obtain again a matrix algebra.

2.1.10 Corollary. Let (U)‘>>\6A denote an approximate unit for M. Set uf = p;;(Uy).
Then

llin ul)c\ébij = (Skgégibij and 11/{11 b,;jul)g\e = 5jk6k2bij (211)

for all b;; € B;;. Moreover, (uf\i)/\eA and (uit + ...+ ui™)

Bi; and M, respectively. These are increasing, if (U ,\)

e form approximate units for

ACA s tncreasing.

ij

PrOOF. Equation (2.1.1) follows from (BC).. = zn: pik(B)pi;(C) (B,C € M) and continu-
k=1

ity of p;;. To see that also the net (u}),_, is increasing we observe that p;(B) = lim ull Bu¥

A€A

by Equation (2.1.1) and boundedness of the net (uf\’) so that p;; is a positive mapping. m

Y
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2.1.11 Corollary. Let E and F be pre-Hilbert B—modules. Then the unit ball of F(E, F')
is strongly dense in B"(E, F'), and x—strongly (hence, by Proposition [1.7.16 also strictly)
dense in the unit ball of B*(E, F).

PROOF. Let a € B"(E, F). By Corollary 2.1.10 applied to alg*(E), there exists an approx-
imate unit (u,\) for F(F) such that uyx — z for all x € E. Therefore, auyx — ax, i.e. the
net auy in F(F, F') converges strongly to a. If a is adjointable, then also uya* € F(F, E)

converges strongly to a*. m

2.1.12 Definition. The B—weak topology on a pre-Hilbert B-module E is the locally convex
Hausdorff topology generated by the family ||(z, ®)|| (z € E) of seminorms.

When interpreted as topology on E*, the B—weak topology is just the strong topology
of E' = B"(E, B) restricted to the subset E*. By Corollary 2.1.11) the unit ball of E* is
B—weakly dense in E’ and, of course, any bounded Cauchy net in E* converges to an element
of E'. We find Frank’s [Fra99] characterization of self-dual Hilbert modules.

2.1.13 Theorem. A pre-Hilbert B—module E is self-dual, if and only if the unit ball of E
s complete with respect to the B-weak topology.

2.2 Representations of matrix x—algebras

n
Let H = @ H; be a pre-Hilbert space. Like in Section [1.7, we may decompose B(H)
i=1
according to the subspaces H;. (In fact, the following discussion works, to some extent, also

for a pre-Hilbert module £ = € E;.) Clearly,

=1

BY(Hy,Hy) ... BYH,, H)

3 (P ) -

=1 Be(Hy, H,) ... B(H,, H,)

is a matrix pre-C*—algebra.

On the other hand, if IT is a (non-degenerate) representation of a matrix x—algebra M
by bounded adjointable operators on a pre-Hilbert space H, then it is easy to check that H
decomposes into the subspaces H; = span(Il(B;)H) and that II(B;;) C B*(H;, H;). Clearly,

M(Bn) ... T(By)
OM) = | -
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n

is a matrix pre-C*—subalgebra of B¢ (@ Hi> . (If I is only total, then at least H decomposes

i=1

into H;.)

2.2.1 Definition. A matrix von Neumann algebra on a Hilbert space H = @ H; is a strongly
i=1

(or weakly) closed matrix *—subalgebra M of B(@H ) Clearly, M is a von Neumann

algebra. In particular, M is unital and the unit of M is the sum of the units p; of the

diagonal von Neumann subalgebras B;; cf. Example 2.1.4.

2.2.2 Proposition. Let M = (Bij) be a matriz pre-C*—subalgebra of the von Neumann
algebra B(@ H; > Then M is strongly (weakly) closed, if and only if each B;; is strongly
(weakly) closed in B*(H;, H;).

PROOF. The mapping p;; = p; ® p; is strongly (weakly) continuous. Therefore, B(H;, H;)
is strongly (weakly) closed in B (@ Hl->. From this the statements follow. m
i=1

2.2.3 Proposition. Let M = (BZ-]-) be a strongly dense matrix pre-C*—subalgebra of a
matriz von Neumann algebra M"Y = (B;’JN) Then the unit-ball of B;; is strongly dense in
the unit-ball of B;-J]N.

PROOF. Let b be an element in the unit-ball of BZVJN. By the Kaplansky density theorem,
we may approximate b strongly by a net (B ) of elements in the unit-ball of M. Then
(pij(Bn))neN (panp]) is a net consisting of elements in the unit-ball of B;; which

converges strongly to b. m

2.2.4 Proposition. Let M be a matriz von Neumann algebra on @ H; and let b be an
i=1
element of B;;. Denote |b| = Vb*b. There exists a unique partial isometry v in B;; such that

b=wv|bl and ker(v) = ker(b).

PROOF. By polar decomposition there exists a unique partial isometry V' in M with the
claimed properties. Obviously, V' vanishes on H jL and its range is contained is in H;. This

means v :=V =p;;(V) € Bij. m

2.3 Extensions of representations

In Section 1.7/ we have embedded a pre-Hilbert B—module F into alg”(E) and alg*(E, B)

which, of course, are 2 x 2-matrix pre-C*-subalgebras of B*(B & F). In these matrix
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algebras the 22-corner F(E) is the smallest possible. In this section we are interested in the

2 x 2-matrix pre-C*—subalgebra

B E
MUE) = (E B“(E))

of BB & FE) and its representations. (M(FE) is maximal in the sense that for unital
B we have M(E) = B“(B @& FE).) Like any pre-C*-algebra, M(F) admits an isometric
total representation on a pre-Hilbert space. By the preceding section the representation
decomposes into subspaces H; and Hs such that the representation maps the 21—corner to
a subset of B*(H;, Hs). Therefore, any pre-Hilbert module can be considered as a space of

operators not on, but between two pre-Hilbert spaces. However, also

M (E) = 5 E
 \E B(E)

is a matrix algebra in an obvious manner, and also the elements of M"(E) act as operators
on B® E. These operators are still bounded, but not necessarily adjointable. Therefore, we
turn M"(F) into a normed algebra by identifying it as a matrix subalgebra of B"(B @ F).
(Also here we have that M"(E) = B"(B® E), if B is unital.)

The goal of this section is two-fold. Firstly, we want to construct a representation of
M(FE) in a canonical fashion. More precisely, we associate with any representation 7 of B on
a pre-Hilbert G a pre-Hilbert space H and a representation I of M(E) on G® H. Secondly,
we extend II to a representation of M"(FE) also on G & H. Moreover, II turns out to be
contractive, if 7 is contractive, and to be isometric, if 7 is isometric. For reasons which we
explain in Remark 4.1.9, we call the restriction n of Il to F the Stinespring representation of
E associated with the representation 7, and the restriction p of IT to B*(E) the Stinespring
representation of B?(F) associated with F and the representation .

We will recover the pre-Hilbert space H in Example 4.2.3|just as the tensor product of £
and the pre-Hilbert B-C-module G. This and other parts of the constructions for M(E) can
be shown by purely C*—algebraic methods, like uniqueness of complete C*—norms. However,
dealing with M"(E), we leave the C*—framework for a moment, and it is necessary to go
back directly to the level of Hilbert spaces. The basic tool is the cyclic decompositon of the
representation m. Of course, this elementary technique can be applied also directly to the

case M(E).

2.3.1 Definition. Let m be a representation of a pre-C*—-algebra B on a Hilbert space G.
A cyclic decomposition of (7, ) is a pair (GO, (Gay 9o)ae A) consisting of a subspace G such

that 7(B)Gy = {0} and a family (G., ga)aca Where the G,, are subspaces of G invariant for
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7 such that G = Gy ® @ G, and vectors g, € G, such that 7(B)g, = G,. We say G, is a
acA
cyclic subspace and g, is a cyclic vector for G,.
Any representation on a Hilbert space admits a cyclic decomposition. (Set Gy =
(7(B)G)* and restrict to Gg. Then apply Zorn’s lemma to the partially ordered set of
families of mutually orthogonal closed subspaces invariant for m where each subspace is gen-

erated by 7(B) and one of its vectors.) If B is unital, then the restriction of 7 to €@ G, is
acA
non-degenerate, because g, € G,.

Let 7 be a representation of B on a pre-Hilbert space GG. Denote by (GO, (Gas ga)aeA) a
cyclic decomposition of the extension 7 of 7 to G. Then any vector in G may be approxi-

mated by vectors in Gy @ @ G,. We define a sesquilinear form on F ® G by setting
acA

(r@g,2'®@4g) = (g9,7((z,2"))d). (2.3.1)

2.3.2 Proposition. The sesquilinear form defined by (2.3.1)) is positive. Henceforth, E®G

1s a semi-Hilbert space.

PROOF. We have to show that Y. (g;, 7({z;,2;))g;) > 0 for all choices of n € N, z; € E
ij=1
and g; € G (i=1,... ,n). Each g, is the (norm) limit of a sequence (glm) whoose members

have the form g = g + > 7(b"*)g, where the sum runs (for fixed ¢ and m) only over

finitely many o € A. Of course, the g € Gy do not contribute to (2.3.1). We find

S (o m(Gra)as) = Tim S0 3 g w2 )

3,j=1 1,7=1 a,a’

:JEEOZ@m (Z%bm‘”zij ) >zo..

By H=F®G := E®G/Ngge (and in agreement with Definition 4.2.1) we denote the
pre-Hilbert space associated with F ® G. We set

TO©g=1®g+ Npgc-
With each z € E we associate a mapping
Ly:g—x0g.
This mapping is bounded, because

IZogll* = (g, 7((z,2))g) < llgll* Nm({z,2))l, (2.3.2)
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and it has an adjoint

Ly:y©g—n((z,y)g

(which, therefore, is well-defined, because it has an adjoint L,). In other words, L, €
BY(G, H).

2.3.3 Definition. We define mappings n: £ — B*(G,H), n(z) = L, and n*: E* —
BY(H,G), n*(x*) = L. Of course, H = span(n(E)G). We refer to the pair (H,n) as
the Stinespring representation of E associated with .
2.3.4 Proposition. 1. If  is a contraction (an isometry), then so is 1.

2. We have w({x,2’)) = n*(z*)n(z’") and n(xb) = n(z)m(b).

PROOF. 1. follows from (2.3.2) and 2. follows checking it with inner products, for instance,

<g7 L;L$'g/> = <Lxgv Lz’g/> = <I ®g, ' © g/> = <g,7T(<{L',fI)/>)g/>. n

Let a be an element of B*(E). We associate with a a mapping p(a): v ® g — ax ® g
on E®G. From (z ® g,az’ ® ¢') = (a*r ® g,2' ® ¢g') we see that p(a) has an adjoint. By
Corollary 1.4.3, it induces a mapping p(a) on H with adjoint p(a*). Clearly, the mapping

p: a+ p(a) defines a non-degenerate unital representation of B*(E) by possibly unbounded

o
nop

(acting matrix element-wise) defines a (non-degenerate, if 7 is) representation of M(E) by

operators in L*(H). Moreover,

possibly unbounded operators in L*(G @ H).

2.3.5 Proposition. If 7 is contractive (isometric), then so are p and I1.

PROOF. We need to show only the statement for p (in particular, that p maps into B¢(H)),
because for n (and, consequently, for n*) we know it already from Proposition 2.3.4, and the
norm of an element in B*(H;, H;) is the same when considered as element of B*(H; & Hs).

If 7 is a contraction, then we may do the same construction, however, starting from a
representation of B on G and E. Then E® G contains H as a dense subspace and the new p
coincides with the old one on the subspace H. In other words, p extends to a representation
of the C*-algebra B*(E) on E ® G. Therefore, it must be a contraction. If 7 is isometric,

then the representation of B*(F) is faithful and, therefore, isometric. m
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2.3.6 Definition. We refer to the pair (H,p) as the Stinespring representation of B*(E)
associated with w. If F is a pre-Hilbert 4-B-module, then by p4 we mean the represen-
tation A — BY(E) — B*(H) of A on H. We refer to the pair (H,p4) as the Stinespring
representation of A associated with E and 7. If we are interested in both n and p, then we

refer also to the triple (H,n, p) as the Stinespring representations.

This is the first of our goals. As we mentioned, we used heavily C*—arguments. Now let
a be in B"(E). As before, we can define the mapping p(a)z®g — ar®g on E®G. However,
because we do not necessarily have an adjoint, we cannot easily conclude that this mapping

respects the kernel Nggi. Appealing to Corollary 1.4.4, we must show contractivity first.

2.3.7 Lemma. If 7 is contractive (isometric), then so is p: a + p(a).

Proor. We use the notations as introduced before Proposition 2.3.2. For simplicity, we
assume that 7 = 7 (i.e. G = () and that B is unital (if necessary, by adding a unit). Then
Go = {0} and g, € G,. Observe that (x @ 7(b)ga, ¥’ @ (b )gu) is 0, if @ # /. We conclude
that also £ ® G decomposes into orthogonal subspaces H, = span(F ® G,). Clearly, H , is

invariant for p SO that
lp(a)]| = sup [|p(a) T H,||.
a€EA

Observe that @ 7(b)g — 2b® g € Npgg and that, by right linearity of a, p respects this

relation. Since
H, =span(E® G,) =span(E @ 7(B)ga) = E ® go + Nesa,

we have

lp(a) TH,||=  sup  [laz ® gall
z2€E, ||z®ga||<1

Let h = L,g, € H. Let L, = vy/7((z,2)) be the polar decomposition in B(G, H) of L,
according to Proposition 2.2.4. Set g = \/7({z,7))ga € G4. Then ||h| = |g|| and h = vg.
By Proposition 2.2.3 v may be approximated by operators L, where y is in the unit-ball of

E and, of course, g may be approximated by elements in G, with norm not greater than
llgl|. We find

lp(a) 1 Ho[ = sup |[p(a)h]
h=2®g, g€Gq
l=]I<1, |lgl| <1
so that
lp(a)|| = sup  |lpla)h]|=  sup Jlaz®gl|<  sup oz @g| = |lall.
acA a€A, geGq lz]I<1, |lg]|<1
h=2®g, g€Ga l=)| <1, [lgl| <1

=<1, [lgll<1
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Now it is clear that we may divide out Nggq and obtain a contractive representation p”

of B"(E) by operators on H. If 7 is isometric, then

lall = sup [laz| = sup [[p"(a)Le|| = sup  [[p(a)"h]| < lp"(a)]]
lzll<1 lell<1 h=Lag
=<1, [lglI<1

shows that p" (and, therefore, also p) is an isometry, too. m
2.3.8 Remark. Notice that it was the cyclic decomposition which enabled us in the preced-
ing proof to reduce the supremum over linear combinations of tensors x ® g to the supremum

over elementary tensors. Hence, also the following results, which are rather corollaries of

Lemma 2.3.7, may be considered as consequences of the cyclic decomposition.

Henceforth, we assume all representations of B to be contractions. Recall that this is

automatic, if B is a C*—algebra.

2.3.9 Theorem. Let F1, Es, ... be pre-Hilbert B—modules, and let m be a contractive rep-

resentation of B. Denote H; = E; © GG. Then the there exist unique contractive mappings
P B (B, Ej) — B(H;, Hj),

fulfilling pl;(a)x © g = ax © g. If 7 is isometric, then so are the pj;.
The correspondence is functorial in the sense that py;(a)p};(a’) = pj,(aa’). Moreover, if

a is adjointable, then so is pj;(a) and pf;(a)* = p;(a”).

PRrOOF. Construct the Stinespring representation of E; @ E; (and E; & E; & Ej, respec-
tively) associated with 7, and apply Lemma 2.3.7 to B"(E; ¢ E;) (and B"(E; & E; & Ej),

respectively). Then restrict to the respective matrix entries of these matrix algebras. m
2.3.10 Corollary. For any a € B"(E,, Ey) we have

(az,ax) < HaH2 (x,x).

Proor. This follows by considering both x and a as elements of B(G & Hy, & H,) via

Stinespring representation of E; & Fs for some faithful representation 7 of 5. m

2.3.11 Theorem. Let E be a pre-Hilbert B—module and and 7 a representation of B on
a pre-Hilbert space GG. Then the representation 11 of M on G & H extends to a unique

e
n p

representation

of M"(E) on G& H.
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Proor. We have only to extend n*. This follows as in the proof of Theorem 2.3.9 in the
case By = B and Fy; = E, together with the observation that Bo® G C G (= G, if 7 is

non-degenerate) via the isometry b ® g — m(b)g. =

2.3.12 Observation. If 7 is total, then 7’ is the unique mapping E' — B*(H, G), (extend-
ing n*) and fulfilling

m(Px) = 7' (®)L,
for all ® € £’ and x € E. In particular,
(Px)*(®x) < ||D| (,z).

In other words, if a pre-Hilbert module is represented as a submodule of B(G, H), then E’
may be identified as a subset of B*(H, ). This observation is crucial in the next chapter,

when we show that von Neumann modules are self-dual.

Representations of Hilbert modules. So far, we showed how to extend a representation
7 of the 11-corner B to a representation IT of M(FE) or, more generally, of alg*(B, E, A), if E
is a pre-Hilbert A-B-module. By duality, most of the results apply also to an extension of a
representation p of A. The question remains, what could be a representation n of E (defined
intrinsically, without reference to B or A), and how does it extend to a representation of
alg”(B, E, A)? Without proofs we recall the results from Skeide [Ske00b].

A representation of a pre-Hilbert A-B-module E (if A is not specified, then we put
A = BYFE)) from a pre-Hilbert space G to a pre-Hilbert space H is a linear mapping
n: E — BYG, H), fulfilling

n(xy*z) = n(x)n(y)n(x).

It turns out that a representation 7 extends (as a representation on G @ H) to the ideal in
M(E) generated by E. (We just send (x,y) to n(z)*n(y) and zy* to n(x)n(y)*, and show
that the linear extensions of these mappings are well-definded.) A result from [Ske0Ob]
asserts the representation extends further to alg*(B, E,.A), if and only if 1 is completely
bounded.

Complete boundedness is a notion in the theory of operator spaces and, in fact, Blecher
[Ble97] showed that Hilbert modules form a particularly well-behaved subclass of operator
spaces. Operator spaces are Banach spaces not characterized by a single norm, but by a

whole family of norms. We do not give more details. We only mention that both tensor
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products of Hilbert modules, which we discuss in Chapter 4, are closely related to operator
spaces. The tensor product (often, refered to as interior tensor product) is the Haagerup
tensor product of operator spaces, and the exterior tensor product of F with M, provides

us with the characterizing family of norms, turning £ into an operator space.



Chapter 3

Von Neumann modules and centered

modules

Von Neumann algebras are strongly closed x—subalgebras of the algebra B(G) of all bounded
operators on a Hilbert space G. In the preceding chapter we have learned that any pre-
Hilbert module can be represented as a submodule of the space B(G, H) of all bounded
operators between two Hilbert spaces G and H. It is natural to introduce von Neumann

modules as strongly closed submodules of B(G, H).

By Propositions 2.2.2 and 2.2.4, fundamental properties of von Neumann algebras, like
the Kaplanski density theorem or polar decompostion, turn directly over to von Neumann
modules. In von Neumann modules we have a substitute for orthonormal bases (Theorem
3.2.5) and von Neumann modules are self-dual (Theorem [3.2.11). The algebra of bounded
right module homomorphisms on a von Neumann module is itself a von Neumann algebra
(Proposition [3.1.3).

Particularly simple are von Neumann modules over B(G). In this case the module is
necessarily the whole space B(G, H); see Example[3.1.2. If we have, additionally, a (normal)
left action of B(G), then H can be written as G ® $ and the module is B(G,G ® $) with
natural left action; see Example 3.3.4. This module is generated by all elements which
commute with B(G). This observation will help us to understand why for the study of CP-
semigroups on B(G) it sufficient to consider Arveson’s tensor product systems of Hilbert
spaces [Arv89al, instead of tensor product systems of B(G)-modules (Example 11.1.4). We
are lead to the notion of centered module. In Example 4.2.13 we see that centered modules

are particularly well-behaved under tensor product.

A Wr—algebra is a C*—algebra with a pre-dual Banach space; see Sakai [Sak71]. Like von
Neumann algebras, which may be considered as concrete W*-algebras, also von Neumann

modules may be considered as concrete W*-modules, in the sense that they have a pre-

47



48 Chapter 3. Von Neumann modules and centered modules

dual, and that any WW*—module has a representation as von Neumann module. The abstract
approach is used already in the first paper by Paschke [Pas73] and exploited systematically,
for instance, in [Sch96]. The concrete operator approach from Skeide [SkeOOb], as we use it
here, seems to be slightly more direct and elementary. It suits also better to see the relation

to existing works on dilation theory in Part III.

3.1 Basic properties

In this chapter B C B(G) is always a von Neumann algebra acting non-degenerately on
a Hilbert space GG, unless stated otherwise explicitly. For a Hilbert module E over B we
use the notations of Section 2.3/ with the exception that we denote by H the Hilbert space
E ©® G. We always identify = € F with L, € B(G, H) and we always identify a € B"(E)
with the element in p"(a) € B(H).

3.1.1 Definition. A von Neumann B-module is a pre-Hilbert B-module E for which M(E)
is a matrix von Neumann algebra on G & H. The strong topology on FE is the relative strong
topology of M(E).

3.1.2 Example. Let B = B(G). Then E is necessarily all of B(G, H). Indeed, B(G)
contains all rank-one operators. Since F is a right B—module, this implies that F(G, EOG) C
E which, clearly, is a strongly dense subset of B(G, H). Moreover, as B"(E) C B(H) and,

on the other hand, each a € B(H) gives rise to an element in B*(FE), we conclude that

Br(E) = BY(E) = B(H).

3.1.3 Proposition. E is a von Neumann module, if and only if E is strongly closed in

B(G, H). In particular, if E is strongly closed, then B*(E) is a von Neumann algebra.

PrOOF. We need only to show one direction. So assume that F is strongly closed in
B(G, H). By Proposition 2.2.2 we see that closing M(FE), actually, means closing B*(E) in
B(H), because all other ‘matrix entries’ already are strongly closed. On the other hand, the

strong closure M(E)" of M(E) is a matrix s—algebra. Therefore, an element a in the von

Naumann algebra B“(E)S on H acts as a right linear mapping on F, and a* is its adjoint.
We conclude that a € B*(F) and, henceforth, B*(E) is strongly closed. m

Notice that the strong topology is the locally convex Hausdorff topology on E which is
generated by the family  — +/(g, (z,2)g) (g € G) of seminorms. However, the knowledge
of this more intrinsic description does not help us to decide whether E is a von Neumann
module. For that it is necessary to identify the space in which F should be closed. Theorem

3.2.17 provides us with the intrinsic criterion of self-duality, a purely algebraic property.
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3.1.4 Example. Let $ be a Hilbert space, and let B be a x—subalgebra of M, acting
non-degenerately on C". Then the Stinespring representation of the pre-Hilbert B-module
= B9 (as in Example 1.5.10) is given by n(b@ f): v — bv® f (v € C"). Clearly, n(95)
is a strongly closed subset of B(C",C" ® §). Therefore, Hpz is a von Neumann B-module.
We easily see that generally a pre-Hilbert module over a finite-dimensional C*—algebra is a

von Neumann module, if and only if it is a Hilbert module.

3.1.5 Proposition. The B-functionals are strongly continuous mappings £ — B. For all
x € E the mapping B*(E) — E,a — ax is strongly continuous. For all a € B"(FE) the

mapping E — E,x — ax 1s strongly continuous.

ProOF. All assertions follow from the fact that multiplication in B(G @ H) is separately

strongly continuous. m

3.1.6 Proposition. A bounded net (aa)aeA of elements in B"(E) converges srongly in
B(H), if and only if agxg is a Cauchy net in H for all x € E and g € G, or equivalently,
if agx is a strong Cauchy net in E for all x € E.

PRroOOF. For a bounded net it is sufficient to check strong convergence on the dense subset
span(EG) of H. m

3.1.7 Theorem. Let E be a von Neumann B-module and a a self-adjoint element of B*(E).
There ezists a projection-valued function Ex: R — BY(E) fulfilling A < p = E\ < E,,
Ey\io = E\ (strongly), E_joj-0 =0, Ejq =1 and

//\dE)\ = Q.

The integral is the norm limit of Riemann sums. E) is called the spectral resolution of identity

associated with a.

ProoOF. This is a direct translation of the corresponding statement for an operator in B(H );
see e.g. [RSN82]. We only have to recognize that E) is a strong limit of polynomials in a.

This guarantees that £, € B(H) may be interpreted as an element of B(F). m

3.1.8 Corollary. Let E be a von Neumann B-module and a a self-adjoint element of B*(E)
with spectral resolution of identity Ey. Let Q: B*(E) — B be a normal bounded mapping.
Then with the operator-valued measure p(d\) = Q(Exiqrn — E)) the moments Q(a™) of a
may be be computed by

Q(a") = /)\”u(dA).
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3.2 Quasi orthonormal systems and self-duality

3.2.1 Definition. A quasi orthonormal system is a family (65, p/g) of pairs consisting of

peB
an element eg € EY and a projection pg € B such that

(es,e5) = ppdppr-

We say the family is orthonormal, if pg = 1 for all 5 € B.

3.2.2 Proposition. Let (65,]95) be a quasi orthonormal system. Then the increasing

BeB

e e*)
(Z A6 B/CB,#B' <00

BeB’

net

of projections converges strongly to a projection pg in B*(E). We call pg the projection

associated with (@ﬁ,pﬂ)ﬁeB.

PRroOOF. Clear, since B*(E) is a von Neumann algebra. m

3.2.3 Definition. A quasi orthonormal system (e@, pg) is called complete, if pg = 1.

BEB
3.2.4 Example. Notice that the cardinality of a complete quasi orthonormal system is
not unique. For instance, for the von Neumann module B we may choose (1,1) as well
as (pﬂ,pg) seB for an arbitrary decomposition of 1 into orthogonal projections pg. This
example also shows that the number of coefficients with respect to a quasi orthonormal
system (for overcountable B) need not be countable.

As another example consider £ = B(G, G) where G is an infinite-dimensional separable
Hilbert space. Because G = G™ for all n € N we find £ = E". Clearly, (1, 1) is a complete
E in E™, is a complete orthonormal systgr.ﬁ for E™. This shows that even the cardinality of
a complete orthonormal system is not unique. In particular, as £ has complete orthonormal
systems of any order n € N, it is, in general, not possible to guaranty that an orthonormal

system of E,, of order m < n can be extended to a complete orthonormal system of order n.

3.2.5 Theorem. Any von Neumann B-module E admits a complete quasi orthonormal

system.

PROOF. An application of Zorn’s lemma tells us that the partially oredered set consisting

of all quasi orthonormal systems has a maximal element. Let (eﬁ,pﬁ) 5eB be a maximal
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quasi orthonormal system. If (eg,pg) seB is not complete, then E5 = (1 — pg)FE is non-
trivial. We choose x € E3 different from 0. Since ppes = e5 and (1 — pg)z = x, we have
(z,eg) = ((eg,x))* = 0 for all § € B. By Proposition 2.2.4 x = v |z| where v € E is a
partial isometry. Then also (eg, pg) seB enlarged by (v, |v|) is a quasi orthonormal system.

This contradicts maximality of (eg, p@) seps ™

3.2.6 Corollary. Let (eﬁ,pg)ﬂeB be a complete quasi orthonormal system for . Letx € E.
Then bs = (e, x) are unique elements in pgl3 such that

T = Z egbg and Z bizbs = Z bspebs = (x, 7).
BEB BEB BEB
Conversely, if bg € B and M > 0 such that
Z bzpﬁb/g <M
peB’
for all finite subsets B’ of B, then
> esbs
BeB

exists and is an element of E.

ProoOF. This is an immediate consequence of Proposition 3.1.5/ and of the order complete-

ness of the von Neumann algebra B. =

3.2.7 Corollary. The unit-ball of F(E) is strongly dense in the unit-ball of B*(E).

3.2.8 Definition. Let (Eﬁ) be a family of von Neumann modules over a von Neumann

BeB
algebra B C B(G) and denote £ = @ Ej. Then setting Hg = Es© G and H = EG G, we
peB
have H = @ Hj in an obvious manner. By the von Neumann module direct sum E” = @s Eg
BeB BB

we mean the strong closure of E in B(G, H).

Of course, by Proposition [3.1.5/ the canonical projections £ — Ej3 extend to projections

ps € BY(E") onto Ez and 3 ps = 1 in the strong topology. By a proof very similar to
BeB

that of Corollary 3.2.6/ we obtain a characterization of elements of E by their components

in Eﬁ.

3.2.9 Proposition. Let x € E°. Then xg = ppx are unique elements in Eg such that

x = Zxﬁ and Z<ZL‘5,ZE3> = (z, ).

BeB BeB
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Conversely, if xg € Eg and M > 0 such that

Z <ZL’5, $/3> <M

BeB’

for all finite subsets B’ of B, then

> s

BeB

. . =t
exists and is an element of E".

3.2.10 Theorem. Let E be a von Neumann B-module with a complete quasi orthonormal
system (eg,pg)ﬁeB. Denote by Hg a Hilbert space with an orthonormal basis (e’ﬂ)ﬂeB. For
h € Hg and b € B identify b ® h with the mapping g — bg @ h in B(G,G ® Hg). Then E

15 a complemented submodule of the strong closure of B ® Hp.

PROOF. E is the closure of the direct sum over all pgBB. (Notice that this is the von

Neumann module direct sum and not the von Neumann algebra direct sum. The former is

a subset of B (G, P G), whereas the latter is a subset of B (@ G, P G) .) We consider
peB peEB  BeB

the right ideal psB as a subset of B so that @S ppB is contained in @s B and @S(l —pp)B
BeB BEB BeB
is its complement. We establish the claimed isomorphism by sending the f—th summand to

e/’g QRB. =
3.2.11 Theorem. Any von Neumann B-module E is self-dual.

PROOF. Recall from Corollary 2.3.12 that £’ may be identified as a subspace of B(H, G)
containing £*. The matrix element By, of the von Neumann matrix subalgebra of B(G® H)
generated by E’ is a von Neumann module (not necessarily over B) containing E'* D E.
Clearly, a complete quasi orthonormal system (eﬁ,pg) 3eB for E/ is a quasi orthonormal
system also for By;. This implies

D (Peg)(Pep)” < o0

BeB
for all ® € E'. In particular, if we set bg = (Peg)*, then x¢ = > egbs is an element of E.

BeB
Taking into account Proposition [3.1.5, we find

(xp,x) = (Z(a:,e@b/g)* = Z Degleg, z) = dx
BeB BEB

for all z € E. (The equation is to be understood weakly, because the * is only weakly

continuous.) Henceforth, ® =z} € E*. =
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3.2.12 Corollary. A subset S of a von Neumann module E is strongly total, if and only if
(s,x) =0 for all s € S implies x = 0.

PrROOF. The von Neumann submodule of F generated by S is self-dual and, therefore,
complementary, by Proposition 1.5.9. So either S is strongly total so that, of course, (s, z) =
0 for all s € S implies z = 0 by (1.1.1c), or S is not strongly total from which we conclude
that there exists a non- zero element x in the complement of this submodule for which
(s,zy=0forallse€ S. m

Besides the general results on self-dual Hilbert modules like Propositions 1.4.7, 1.5.9,

the following Hahn-Banach type extensions are of some interest.

3.2.13 Proposition. Let B be a von Neumann algebra of operators on a Hilbert space
G. Let F be a strongly dense B-submodule of a von Neumann B-module E. Then any
B-functional ® on F extends to a (unique) B-functional ® on E. Moreover, ||®| = ||®]|.

PROOF. The closed subspace of H generated by F'G is H. (Otherwise, F' was not strongly
dense in E.) By Corollary 2.3.12 ® may be identified with an element of B(H,G). Of
course, ¢ acts stronlgy continuously on F' (see proof of Proposition 3.1.5) so that also the

range of the strong extension ® of ® to E is B. Clearly, ||| = ||®|. =

3.2.14 Theorem. Any B-functional ® on a B-submodule F' of a von Neumann B-module
E may be extended norm preservingly and uniquely to a B-functional on E vanishing on
Ft.

PROOF. The strong closure F of F is a von Neumann module, and by Proposition [3.2.13
® extends uniquely to a B—functional ® on F°. Since F is self-dual, hence, complementary,
there exists a projection in B*(E) onto F'. The B-functional ®p has all the claimed

properties and is, of course, determined uniquely. m

3.2.15 Corollary. Let Ey, Es be von Neumann B-modules and F a B-submodule of Ej.
An arbitrary mapping a in B"(F, Es) extends uniquely to a mapping in B(Ey, Ey) having

the same norm and vanishing on F*.

We close with some results on the relation to W*—modules.
3.2.16 Proposition. A von Neumann module has a pre-dual.

PROOF. Like for von Neumann algebras. The predual of B*(G & H) is the space L' (G ¢ H)
of trace class operators on G& H. The pre-dual of a strongly closed subspace FE is the Banach
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space L'(G @ H)/N where N is the Banach subspace {f € L'(G @ H): f(E) = {0}} of
LI(G ©H). m

3.2.17 Theorem. Let E be a pre-Hilbert module over a W*—algebra B. For any normal
representation m of B on G denote by n, the Stinespring representation associated with .

Then the following conditions are equivalent.

1. n.(E) is a von Neumann 7(B)—module for some faithful normal representation m of

B.

2. n.(F) is a von Neumann 7(B)—module for every faithful normal representation 7 of

B.

3. E is self-dual.

ProoOF. Clearly, 2 = 1.

1 = 3. Suppose 7,(FE) is a von Neumann 7(8B)-module and, therefore, self-dual. Let ®
be a B-functional on E. Then ¢ = o ® on! is a m(B)-functional on 7, (FE). Since n,(FE)
is self-dual, we find a unique x € E, such that ¢ = n*(z*). Clearly, ® = 7 1opon, = z*
so that also E is self-dual.

3 = 2. We conclude indirectly. If n,(E) is not a von Neumann 7(B)-module, then it
is not strongly closed. Therefore, there exists an element ¢* in the strong closure of 7, (E)
which is not an element of n,(E). Clearly, ¢ = (¢*)* is an element of n,(E)" which gives
rise to a B—functional ® = 7 'opon, on E. If ® is in E*, then p = ro®on_ ! is in n,(E)*

which contradicts our assumption. Consequently, F is not self-dual. m

3.2.18 Corollary. Let E be Hilbert module over a W*—algebra B. Then E' is a self-dual
Hilbert B-module.

The W*—version of Theorem 3.2.5, Proposition 3.2.16, and Corollary [3.2.18| are already
due to Paschke [Pas73]. We remark, however, that Paschke proceeds somehow conversely.
First, he shows that E’ is a self-dual Hilbert B-module, and then that it has a complete

quasi orthonormal system.

3.3 Two-sided von Neumann modules

If E is a von Neumann B-module with a left action of a x—algebra A4, then we know from
Proposition 3.1.5 that the action of any operator a € A on E is strongly continuous. In

particular, there is no problem to extend the action of a from a strongly dense subset of
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to all of E; cf. Proposition 3.2.13. This does, however, tell us nothing about compatibility
with an existing topology on A.

If A is a von Neumann algebra, then we are interested in whether the inner products
(x,ax’) are compatible with the normal topologies of A and B. Choosing the normal topology
instead of the strong topology, has the advantage that, in contrast with the latter, in the
former continuity can be checked on bounded subsets. This suits much better to preserve
normality in constructions like tensor product. See Appendix A.9 for basics about normal

mappings.

3.3.1 Definition. Let A, B be von Neumann algebras, and let E' be both a von Neumann
B-module and a pre-Hilbert A-B-module. We say E is a von Neumann A-B-module (or a

two-sided von Neumann module), if for all x € F
avr— (x,ax) (3.3.1)

is a normal mapping A — B.

3.3.2 Lemma. Let B be a von Neumann algebra on a Hilbert space G, let E be a von Neu-
mann B-module, and let A be a von Neumann algebra with a non-degenerate representation

on E. Then the following conditions are equivalent.

1. E is a von Neumann A-B-module.
2. All mappings a — (x,ay) are c—weakly continuous.

3. The canonical represenration p of A on H = E ® G is normal.

PROOF. 1 = 2. Each mapping a — (z,ay) can be written as a linear combination of not
more than four mappings of the form (3.3.1), which are normal by the assumption in 1, and
each o—weak functional on B (i.e. each element in the pre-dual B, of B) can be written as a
linear combination of not more than four normal states. Therefore, a — (z, ay) is o—weakly
continuous.

2 = 3. For each h € E ® G the positive functional a — (h, p(a)h) is o-weak by the
assumption in 2 and, therefore, normal (see Appendix[A.9). It follows that also p is normal.

3 = 1. Each functional a — (h, p(a)h) is normal by the assumption in 3. In particular,
the functionals a — ¢4((z, azx)) where ¢, ranges over normal functionals b — (g, bg) on B

are normal. It follows (by Appendix A.9) that the mapping (3.3.1) is normal. m

3.3.3 Corollary. Let E be a von Neumann A-B-module, and let © be an arbitrary (not
necessarily faithful) normal representation of B on a Hilbert space G. Then the canonical

representation p of A on E® G is normal.
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PROOF. Precisely as 2 = 3 in the preceding proof. m

In the remainder of these notes we construct a couple of two-sided Hilbert modules. The
preceding properties contain everything related to the normal or o—weak topology which we
need to know, in order to show that these constructions extend to von Neumann modules

in a normality preserving way.

3.3.4 Example. We know from Example3.1.2/that von Neumann B(G)-modules are neces-
sarily of the form B(G, H). Now suppose that £ is a two-sided von Neumann B(G)-module,
i.e. H carries a normal non-degenerate representation p of B(G). Therefore, there exists
another Hilbert space $) such that p is unitarily equivalent to the representation id ®1 on
G®$. In other words, F is isomorphic as a two-sided von Neumann module to B(G, G ® $)
equipped with its natural structure.

Clearly, B(G,G ® $) is the strong closure of its two-sided B(G)-submodule B(G) ®
9, where an element b ® h € B(G) ® 9 is identified with the mapping g — bg ® h in
B(G,G ® $). This module is generated by its subset 1 ® $). More precisely, if (eg)
an orthonormal basis for £, then (1 ® eg, 1)

3eB 1S

seB is a complete (quasi) orthonormal system
for E and, therefore, generating.

Of course, all z € 1 ®  commute with all elements b € B(G), i.e. bxr = xb. But also
the converse is true. To see this, we follow an observation by Arveson. In accordance with
Definition 3.4.1, we denote by Cg(g)(E) the set of all elements in £ which commute with
all b € B(G). Let z,y be two elements in Cggy(£). Then their inner product (z,y) is an
element of the commutant of B(G) in B(G) (cf. Proposition 3.4.2) and, therefore, a scalar

multiple ¢(z,y)1 of the identity. Let € Cpg)(£). Then

r = Z(l@e@(l@eﬁ,x} = Z<1®€5)6<1®65,$> = 1®Z€gc(1®€g,l’)
BeB BeB BeB

is an element of 1® . It follows that C'z(g)(£) with inner product c(e, o) is a Hilbert space
and that $ and Cp()(E) are canonically isomorphic via h — 1 ® h.

The fact that E is (even freely) generated by its Hilbert subspace Cyq)(£) together
with the following result is responsible for the possibilty to study CP-semigroups on B(G)
with the help of tensor product systems of Hilbert spaces (the centers of the GNS-modules
of each member of the semigroup; see Example 4.2.13). It also explains why a calculus on
a symmetric or full Fock space tensorized with an initial space G is successful in dilation
theory of such semigroups; cf. the discussion in Section [17.1. For instance, GRT(L*(R,)) is

nothing but the space H of the Stinespring representation for the symmetric Fock module
B(G) @T(LA(Ry)) .
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3.3.5 Proposition. Let E; = B(G,G ® $;) (i = 1,2) be arbitrary two-sided von Neumann
B(G)-modules. Then the mapping

ar—al$H

is a linear isometric bijection from B (B Ey) to B($H1,92). The mapping is functorial
and respects adjoints, isometry and, hence, unitarity. For E; = FE5 this mapping is an

isomomorphism of von Neumann algebras.

PRrROOF. If a is two-sided, then it sends elements in Cpey(E1) to elements in Cyq)(Eo).
Therefore, the restriction to 1 = Cge)(E1), indeed, defines a mapping in B($1, H2).
Conversely, an operator on B(£)1, $2) extends via ampliation to an operator in B(G ® $q,
G ® 92) = B*(FE1, Fy) which, clearly, is two-sided. Of course, these indentifications are

inverses of each other. The remaining statements are obvious. m

3.3.6 Remark. Interpreted in terms of B*(E) = B(G ® $), the preceding proposition is
nothing but the well-known result that the commutant of B(G)®1 in B(G®$H) is 1RB(9H).
Of course, B(G ® ) = B(G) @ B($H). (B(G) @ B(H) contains the strongly dense subset
F(G®9).) In other words, B(G ® ) = span® (B(G)B*""(E)). Nothing like this is true for

two-sided von Neumann B-modules over more general von Neumann algebras B C B(G).

3.4 Centered Hilbert modules

Motivated by Example [3.3.4, which shows that two-sided von Neumann B(G)-modules are
generated by those elements which commute with B(G), we use this property to define
centered modules. Centered modules were introduced in [Ske98a], because they behave
particularly well with respect to tensor products; see Proposition 4.2.15. Centered von
Neumann modules admit centered complete quasi orthonormal systems and normality of

left multiplication is automatic.
3.4.1 Definition. The B—center of a B-B-module E is the linear subspace
Cp(E)={z € E:ab=0bzx (b€ B)}.

of E. In particular, Cz(B) is the center of B.

3.4.2 Proposition. Let E be a pre-Hilbert B-B—module. Then

(Cs(E),Cp(E)) C Cp(B).
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PrOOF. Let z,y € Cg(F) and b € B. Then (z,y)b = (z,yb) = (z,by) = (b*z,y) =
(b y) = b(z,y). =

3.4.3 Corollary. If E is a Hilbert module and a von Neumann module, respectively, then

Cp(E) is a Hilbert Cz(B)-module and a von Neumann Cg(B)-module, respectively.

3.4.4 Corollary. FEach element in the B-linear span of Cs(E) commutes with each element

m CB(B)

3.4.5 Definition. We say a pre-Hilbert B-B-module F is a centered pre-Hilbert B-mod-
ule, Hilbert B—module and von Neumann B-module E, if E is generated by Cp(E) as a

pre-Hilbert B-module, a Hilbert B-module and a von Neumann B-module, respectively.

3.4.6 Example. Generalizing Example[3.3.4, $5 = B®$ (for some pre-Hilbert space 9; cf.
also Example [1.5.10) with its obvious left multiplication is a centered pre-Hilbert B—module

again with module basis (1 ®e . Clearly, if B C B*(G) acts non-degenerately on the
B

pre-Hilbert space GG, then $H5 © GBG:BG ® $. The centered structure is one of the reasons,
why we put B (and G, respectively) as left factor in the tensor product. (If we put this
factor on the right, then the left action has first to “commute” with elements in the factor
9. Centeredness means that this commutation is possible in a controllable way.) That our

choice of the order is the correct one becomes explicit in Example 4.2.13.

3.4.7 Proposition. Let j be a B-B-linear mapping on a B-B-module E. Then the B—cen-
ter of E is mapped to the B-center of the range of j. Consequently, if E is generated by its

B-center, then so is the range of 7.
PROOF. Obvious. m

3.4.8 Corollary. Let (eﬁ7p5)ﬁeB be a quasi orthonormal system in a centered von Neumann
B-module E. Furthermore, suppose that all eg are in Cg(E) (whence, pg € Cg(B)). Then

both the range of pp and its complement are centered von Neumann B-modules.

PROOF. pgp = > egel; and, consequently, 1 — pp are B-B-linear mappings. m

BeB
3.4.9 Theorem. Let E be a centered von Neumann B-module. Then E admits a com-
plete quasi orthonormal system (eﬁ’pﬁ),@eB consisting of elements ez € Cg(E) and central

projections pg.
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PROOF. Suppose (65, pg) is not complete. By Corollary [3.4.8 we may choose a non-zero

x in Cg(F) which is orthogﬁ(ffal to all e3. Then |z| is in the center of B. Let v |x| be the polar
decomposition of z. Then also v is in Cg(F). (Indeed, let |x| g be an element in the range
of |z| and b € B. Then vb|z|g = v|z|bg = bv|z|g. If g € (Jz| G)*, then g = (1 — |v|)g, so
that vbg = vb(1 — |v|)g = v(1 — |v|)bg = 0 = bvg. We conclude that vb = bv.) The pair
(v,|v]) extends (es, pg) sep to a bigger quasi orthonormal system so that we are ready for

an application of Zorn’s lemma. wm

3.4.10 Theorem. Let E be a centered von Neumann B-module. Then E may be identified
as a complemented von Neumann B-submodule of the strong completion of B ® $ where §

1 a suitable Hilbert space in such a way that left multiplication is preserved.

PrROOF. We choose a complete orthonormal system for E which consists of elements of
Cp(E) and perform the construction according to Theorem [3.2.10. On the B-center left
multiplication, clearly, is preserved. By Proposition [3.1.5 left multiplication is strongly con-

tinuous on £ so that any extension is determined uniquely by its values on the B-center. m

3.4.11 Corollary. E is the strong closure of the pre-Hilbert B-B-module direct sum of
ideals psB of B.

3.4.12 Remark. Any (pre-)Hilbert B-module E may be considered as a submodule of a
von Neumann module. (For instance, we may embed E into the strong completion of any
faithful representation of M(E)). Similarly, if E is a centered (pre-)Hilbert B—module, then
E may be considered as a B-B-submodule of a suitable completion of B ® $) for a suitable
Hilbert space $.

3.4.13 Theorem. Any centered von Neumann module is a two-sided von Neumann module.

PROOF. E may be identified as a subset of B(G,G @ $)) where b acts from the left as an
operator on G ® $. This is nothing but the normal srepresentation 1 ® id on G ® $.

Therefore, also the compression of 1 ® id to p on £ ® G is normal. m
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Chapter 4

GNS-construction and tensor

products

One central object in these notes are two-sided Hilbert modules, the other completely pos-
itive mappings. In Section 4.1/ the two are linked together with the help of Paschke’s GNS-
construction for completely positive mappings [Pas73]. For a single completely positive
mapping there is also the well-known Stinespring construction. We recover the Stinespring
construction by doing the Stinespring representation (see Definition 2.3.3)) for the GNS-
module. Although the GNS-construction is certainly more elegant and algebraically more
satisfactory, for a single mapping there is not much what cannot be achieved also with the

help of the Stinespring construction.

The situation changes completely, if we consider compositions of two completely positive
mappings T and S to a third one SoT. In Section 4.2 we recover the GNS-module of SoT
just as (a submodule of) the tensor product of the GNS-modules of 7" and S. Starting with
the Stinespring construction for 7" and S, a similar procedure is impossible. We consider this
as the key observation which is responsible for the elegant power of the module approach
to dilation theory in Part III, where we try to realize the GNS-modules of a whole CP-

semigroup simultaneously. This leads directly to tensor product systems of Hilbert modules.

In Section 14.3] we consider the other tensor product of Hilbert modules, the so-called
exterior tensor product. As example we study the L?-spaces of “functions” with values in a
Hilbert module.

Conditional expectations are special completely positive mappings. In Section 4.4 we
study their GNS-modules and present examples of how they typically appear in the remain-

der of these notes.

61
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4.1 GNS-construction

4.1.1 Definition. Let A and B be pre-C*—algebras. We call a linear mapping T7: A — B

completely positive, if
> biT(aja;)b; > 0 (4.1.1)
i,J

for all choices of finitely many a; € A, b; € B. We assume always that 7" is bounded.

Because T is bounded, it extends to a completely postive mapping A — B. Therefore,
we may write any positive element in A as a*a for suitable a € A, so that complete positivity
implies positivity. If A is a C*—algebra, then positivity in turn implies boundedness. (This

follows by the following standard argument taken from [Lan95]. Consider the series ¢ =

%4 where a, are positive elements of A fulfilling ||a,| = 1 and ||T'(a,)|| > n®. If such

n=1

a, existed, we had ||T'(c)|| > ||T(Z—’;) | > n — o0, so that ¢ € A could not be in the domain

of T'. We conclude that T" must be bounded on positive elements, hence, on all elements of
the unit-ball of A.)

4.1.2 Example. The axioms of a pre-Hilbert A-B-module E are modelled such that the
mapping T, defined by setting

T(a) = (, af) (4.1.2)
for some element ¢ in E, is completely positive (and bounded, if E' is contractive).

This example is reversed by the following GNS-construction due to Paschke [Pas73].

4.1.3 Theorem. Let T: A — B be a completely positive mapping between unital pre—
C*-algebras A and B. Then there exists a contractive pre-Hilbert A-B-module E with
a cyclic vector £ € E (i.e. E = span(AEB)) such that T has the form (4.1.2). Conversely,
if E' is another pre-Hilbert A-B-module with cyclic vector £ such that (4.1.2)) generates T,

then & — &' extends as a two-sided isomorphism E — FE'.

Proor. A® B is an A-B-module in an obvious fashion. We define a sesquilinear mapping
by setting

(a®b,d @) = b*T(a*a)V.

Clearly, this mapping is a semi-inner product which turns A ® B into a semi-Hilbert
A-B-module. Since T is bounded, the whole construction extends to the completion A, so
that E must be contractive. We set F = A® B/Ngp and £ =1 ® 1 + Nygp. Then the

pair (£, &) has the desired properties. The statement on uniqueness is obvious. m
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4.1.4 Observation. The preceding construction works also for unbounded T'. However, in

this case F is no longer contractive.

4.1.5 Corollary. We have
1. T is hermitian (i.e. T(a*) = T(a)*).
2. T = T@)].
3. T(a*b)T(b*a) < ||T(0*b)|| T(a*a).

4. T(a")T(a) < ||T||T(a"a).

4.1.6 Corollary. For a mapping T € B(A, B) the following conditions are equivalent.
1. T 1s completely positive.
2. The mapping T™ : M,(A) — M,(B), defined by setting
TW(A)y; = Tl(ay)
for A= (a;;) € My,(A), is positive for all n € N.
3. T™ s comletely positive for all n € N.

Proor. Clearly, 3 =2 = 1, and 1 = 3 follows directly from Examples 1.7.7/ and 4.1.2. m

4.1.7 Definition. We refer to the pair (E,¢) as the GNS-construction for T with cyclic
vector £ and GNS-module E .

4.1.8 Observation. ¢ is a unit vector (i.e. (£,£) = 1), if and only if T is unital.

4.1.9 Remark. Suppose B is a pre-C*—algebra of operators on some pre-Hilbert space G
and consider the Stinespring representations (H,n,p) of E and A. Then Theorem 14.1.3,
interpreted in terms of G, H and operators between these two spaces, asserts that there
exists a pre-Hilbert space H = E ® G, a representation p of A on H and a mapping
Le =n(§) € BYG, H) such that

T(a) = Lip(a) Le

and H = span(p(A)L¢G). If T is unital, then L, is an isometry.

This is the usual Stinespring construction. In other words, we have decomposed the
Stinespring construction into the GNS-construction, which does not depend on a represen-
tation of B, and the Stinespring representation of the GNS-module, which does depend on

a representation of B.
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4.1.10 Example. What are the completely positive mappings that have as GNS-module
one of the modules By for some unital endomorphism 9 on B as considered in Example1.6.77
For that the cyclic vector £ must be an element in B such that J(b)£0 spans all of B. This
is the case independently of ¢, if the right ideal in B generated by £ is all of B, for instance,
if ¢ is invertible. In particular, if £ = 1, then we establish (By, 1) as the GNS-construction
for 9. In general, the GNS-module of a completely positive mapping T'(b) = £*b¢ for some
¢ € B is contained in B. And if we pass to T o 9, then the GNS-module is contained in By.

We will see in the remainder of these notes, particularly in the following section, that
the GNS-construction is superior concerning algebraic questions due to its behaviour under
composition. Whereas, the Stinespring construction has advantages, whenever we need
the strong topology, like in Chapter I3l or in the following theorem where we investigate

unitizations of completely positive mappings.

4.1.11 Theorem. Let T': A — B be a completely positive contraction.

1. T is completely positive also as a mapping A — M (B) or, more generally, as mapping
into any pre—C*—algebra which contains the x—subalgebra of B generated by T(A) as

an ideal.

2. If B is unital, then the unital extension of T to a mapping A= Bisa completely

positive contraction, too.
3. The unital extension T of T' to a mapping A—Bisa completely positive contraction.

4. Suppose that T is strictly continuous and that B is a unital C*—algebra. Then there

exists by € B such that liin T(uy) = by for each approximate unit (u)\) ren Jor A, and

the extension of T to a mapping A—B by 1 byisa completely positive contraction.

Proor. [I. If B’ is a pre-C*—algebra containing alg"(7'(A)) as an ideal, then B’ has a
homomorphic image in M (B). Therefore, it is enough to show only the satement for B’ =
M (B). Choose an approximate unit (U“>MEM for B and replace in (4.1.1) all b; € M(B) by
biv, € B (and, of course b} by v,b;). Then (4.1.1) is the (strict) limit over p of positive
elements and, therefore, also positive.

2. Let (uA))\GA
as an algebra of operators on a pre-Hilbert space G. Consider the net {, = u)® 1 € E C
B(G,H = E®G), where E = A® B/N 45 is the same module as in the GNS-construction,

of course, without a cyclic vector, if A is non-unital. Choose g € G and define the bounded

be an approximate unit for A. Furthermore, assume that B is represented

positive functional ¢(a) = (g,T(a)g) on A. We find

1 — &gl = @((ux —ux)?),
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which is close to 0 for A, X sufficiently big, if u, approximates the standard approximate unit
for A as explained in Appendix A.7. Of course, the net (&) is bounded by ||T'||. Therefore,
&, converges strongly to an element & € B(G,H) and (£,€) € B. From p(u))é = &
we conclude that T'(uyauy) — T(a) weakly for all a € A and T'(uyuy) — (&, €), which
shows that a — T'(a), 11— (€,€) is a completely positive mapping A — B’ Now set
E = 1—-(£¢) € B’ and let E be the pre-Hilbert A-B’~module E B c B’ with left
multiplication defined by ag =0 for a € A and IE = E as in Example [1.6.5. Then E =& E
is a unit vector in £ = E @ E and the unital extension of T can be written in the form
a— (E, ag) (a € JZ() and, therefore, is a completely positive contraction.

3. Bylla — T'(a) is completely positive also as mapping into B so that we may apply 2
to that mapping.

4. Since B is unital, the strict topology of B coincides with the norm topology. Therefore,
T sends strict Cauchy nets in .4 to norm convergent nets in B (here we need completeness of
B). In particular, b; € B exists for each approximate unit and, of course, does not depend on
the particular choice. If follows that the mappings T\ defined by setting T)(a) = T (uyau,)
converge pointwise in norm for any a € A. The limit mapping is completely positive as

limit of completely positive mappings, its restriction to A is T', and its value at 1ish,. m

4.1.12 Remark. The proof of 2 shows that the GNS-construction works also for non-
unital algebras in the sense that we find a two-sided pre-Hilbert module E and a cyclic
vector £ € E” such that T(a) = (£,a€) and E = span(AEB) C E°. Alternatively, we find
pre-Hilbert B—module E with unit vector E and a representation j of A (degenerate, if £ is
not a unit vector) such that T'(a) = (£, j(a)€) and E = span(j(A)EBUEB). The situation is
improved in 4 where £ € E (not in the closure). Also here span(A¢B) may not contain all of
¢B. In any case, in 4 the canonical representation of A on E is total so that £ = span(A£B).

It is also important to notice that in 2 we temporarily considered strong closures in
order to assure existence of some strong limits. However, after the construction everything
reduces again to the pre-C*—algebras with which we started. This enabled us to formulate
the statement in 2 purely algebraic without any reference to a representation space.

Of course, the results can be applied also to a completely positive mapping 7" which is

not necessarily contractive, by considering the contraction 7'/ ||T|| rather than 7" itself.

4.1.13 Proposition. Let T': A — B be a normal completely positive mapping between von
Neumann algebras A and B. Then the strong closure E= of the GNS-module E is a von

Neumann A-B-module.

PROOF. Let B act on a Hilbert space G and set H = F ®G. By Lemma3.3.2]it is sufficient

to show that the representation p of A on H is normal. So let (a,\) be a bounded increasing
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net in A. This net converges strongly to some a € A. Then for each b € A also the net
(b*a,\b) is bounded and increasing, and it converges strongly to b*ab, because multiplication
in A is separately strongly continuous. Since 7' is normal, we have liin T(b*axb) = T(b*ab)
strongly. Let g € G be a unit vector and define the normal state (g, eg) on B. Then for
f=0®14Nygp) ®©g € E® G we have

lmn(f, plax) f) = lim(g, T4 axb)g) = (0. T(F*ab)g)) = (fop(@)f)  (4.13)

where f ranges over all vectors of the form x ® g which form a total subset, if b and g range
over A and G, respectively. Therefore, as explained in Appendix A.9, liin play) = p(a) in
the strong topology. m

4.1.14 Remark. This proposition asserts as a special application that the Stinespring con-
struction of a normal completely positive mapping results in a normal representation. Of
course, the separation of the Stinespring construction into the construction of the GNS-
module E” and the Stinespring representation in the sense of Definition [2.3.6 leads to much

more general statements in connection with Theorem [3.2.17 and Corollary 3.3.3.

4.1.15 Example. Let T be a normal completely positive mapping on B(G). By Example
3.3.4 we know that the (von Neumann) GNS-module E has the form B(G,G ® 9) for
being the central Hilbert space. Expanding the cyclic vector £ = > bg ® e for some ONB

BeB
(eg)ﬁeB of §, we see that T'(b) = > bjsbbs (strong convergence). T'is unital, if and only if
BeB
> bbs = 1.
BeB

4.2 Tensor product

Let B and C be pre-C*-algebras. Furthermore, let E' be a pre-Hilbert B—module, and let
F be a contractive pre-Hilbert B-C-module. There are, at least, two different ways to see

that the sesquilinear mapping, defined by setting

(roydey) = (v (&2)Y), (4.2.1)

is a semiinner product on the right C-module £ ® F. Of course, the only property in
question is positivity.

Firstly, we know from Example [1.7.6/ that for X = (zy,... ,z,) € E, the matrix B =
(X, X) = ({z;,z;)) is positive in M,(B) and, therefore, has a square root VB in M,(B).
Thus, for Y = (y1,... ,ys) € F" C F" we see that 3 (z; @ yi, 7; @ y;) = (VBY,VBY) > 0.

ij
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Secondly, we take any faithful representation m of C on a pre-Hilbert space K and
construct the Stinespring representation (G = F ® K,n,p). In other words, we identify
elements y € F with mappings L, € B*(K,G) and B acts on L, via the representation
p of B on GG. Then we construct the Stinespring representation of E associated with the

representation p. We find
T((z®@y, 2 ®y)) = Ly Ly Ly Ly, (4.2.2)

from which positivity is immediate.

The first argument is comparably elegant, but requires C*—algebraic methods. In this
form it is limited to contractive modules, because it is necessary to extend the action of
B to all elements of B. (It is possible to apply the argument also to the non-contractive
case, roughly speaking, by (semi-)norming 5 with the operator norm by considering it
as an algebra of operators on F. Then, of course, F' becomes contractive.) The second
argument is based on elementary Hilbert space arguments like cyclic decomposition. It

applies immediately to the non-contractive case.

4.2.1 Definition. The tensor product of E and F is the pre-Hilbert C—module £ ® F =
E ® F/Nggr. For unital B, we identify always £ ® B and E (via x © b = zb), and we
identify always B ® F and F (via b ® y = by).

Often, this tensor product is refered to as the interior tensor product in contrast with
the exterior tensor product; see Section 4.3.
Observe that £ ® B = E, also if B is nonunital (and similarly for F’). This follows by

using an approximate unit.

4.2.2 Observation. Since B does not appear explicitly in the inner product (4.2.1), the
tensor product is independent of the precise “size” of B. More precisely, if B’ is another
pre—C*—algebra containing Bg as an ideal, and acting on F' via a representation such that

the action of the elements of By is the same, then £ ® F is still the same pre-Hilbert module.

4.2.3 Example. We already met the tensor product £ ® G of a pre-Hilbert B—module F
with a pre-Hilbert space GG carrying a (non-degenerate) representation of B. Clearly, G is
a pre-Hilbert B-C—module and in this interpretation the pre-Hilbert space (i.e. pre-Hilbert
C-module) E ® G, indeed, coincides with the pre-Hilbert module tensor product of E and
G.

4.2.4 Example. Let F be a pre-Hilbert B—module, and let j: B — C be a (contractive)

unital homomorphism. Then C is a (contractive) pre-Hilbert B-C-module with its natural
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pre-Hilbert C-module structure (see Example [1.1.5) and the left multiplication b.c = j(b)c.
(Obviously, C is nothing but the GNS-module of the completely positive mapping j, and 1¢
the cyclic vector.) Then E®C is called the extension of E by C. Notice that E® j(B) is just
the quotient of the semi-Hilbert j(B)-module E with semiinner product (z,z'); = j((z,2'))

and right multiplication z.j(b) = xb, by its length-zero elements.

4.2.5 Proposition. Let Ey, Ey be pre-Hilbert B-modules, let F' be a pre-Hilbert B-C—mod-
ule, and let a € B*(Ey, Ey). Then

a@id:zOyr—ar®y
defines an operator on E1 © F — FEy ® F with adjoint a* @ id. If F' is contractive, then

laoid| < faf.

PROOF. One easily checks that a* ® id is, indeed, an adjoint of a ® id. Therefore, by
Corollary 1.4.3/ a ® id is a well defined element of L%(Ey, Ey). If F' is contractive, then we
may complete. Therefore, the norm of the element a*a ®id cannot be bigger than the norm
of a*a in the C*~algebra B*(E}). m

4.2.6 Corollary. Let x € E C BB, E). Then z ®id: y — x ®y is a mapping F =
BOF — EGF, and x*®id: 'Oy — (x,2')y is its adjoint. If x is a unit vector, then z®id
is an isometry. In particular, (z*®id)(z®id) = z*z®id = idp and (z©id)(z*©id) = zx*©id

is a projection onto the range of x ®id. If F' is contractive, then ||z @ id| < ||z].

4.2.7 Corollary. Let E be a contractive pre-Hilbert A-B-module, and let F' be a contractive
pre-Hilbert B-C—module. Then E ® F is a contractive pre-Hilbert A-C—module.

PrOOF. The mapping A — B*(E) — B*(E ® F) is a composition of contractive map-
pings. m

We come to the most important application of the tensor product in these notes.
4.2.8 Example. Let T: A — B and S: B — C be completely positive contractions with
GNS-modules E and F' and with cyclic vectors & and (, respectively. (For simplicity, suppose
that all algebras are unital.) Then we have SoT'(a) = (£®(, a®() so that SoT is completely

positive by Example 4.1.2. Let G be the GNS-module of the composition S o T with cyclic
vector y. Then the mapping

X 8§OC
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extends (uniquely) as a two-sided isometric homomorphism G — E ® F. Observe that
E ® F = span(A¢B © B(C) = span(AE @ B(C) = span(AEB ® (C). By the above isometry
we may identify G as the submodule span(A¢ ® (C) of E ® F. In other words, inserting a
unit 1 in y = £ ® ¢ in between & and ¢ amounts to an isometry. Varying, instead, b € B in
Eb O (=& ®bC, we obtain a set which generates all of E©® F.

This operation is crucial in the construction of tensor product systems. We explain
immediately, why the Stinespring construction cannot do the same job. Suppose that B and
C are algebras of operators on some pre-Hilbert spaces. Then, unlike the GNS-construction,
the knowledge of the Stinespring construction for the mapping 7" does not help in finding
the Stinespring construction for S oT. What we need is the Stinespring construction for T
based on the representation of B arising from the Stinespring construction for S; cf. (4.2.2).
The GNS-construction, on the other hand, is representation free. It is sufficient to do it

once for each completely positive mapping. Yet in other words, we can formulate as follows.

4.2.9 Functoriality. A pre-Hilbert A-B-module FE is a functor sending representations
of B on F to (non-degenerate) representations of A4 on F ® F, and the composition of two
such functors is the tensor product. The Stinespring construction is a dead end for this

functoriality.

4.2.10 Example. Clearly, the tensor product of two-sided pre-Hilbert modules is associa-
tive. Applying this to Example 4.2.3, we find H=FE o (FO® K)=(E® F) ® K. In other
words, the Stinespring representation of £ ® F' allows us to identify £ ® F' as the subspace
span{L,L, (z €,y € F)} of B*(K, H); see again (4.2.2).

4.2.11 Corollary. If in Proposition 4.2.5 F 1is contractive, then the mapping a — a © id
extends to a contraction B"(Ey, Ey) — B"(E1 © F,E, © F).

PROOF. Precisely, as in the proof of Lemma 2.3.7/ we show with the help of a cyclic decom-
position of K that in order to compute the norm of the operator t ©y © k +— ax ©y © k it

is sufficient to take the supremum over elementary tensors. m

4.2.12 Example. In the first argument, showing positivity of the inner product (4.2.1)), we
interpreted > x; ©®y; € E® F as the elementary tensor X © Y € E,, ® F". Reversing this

interpretation, we show that
E,0F" 2 EOF

for all n € N.
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On the contrary, one easily checks that the mapping X ©Y — Z where X € K™Y € F},
and Z = (z;® yj)l.j establishes a two-sided isomorphism of the pre-Hilbert M, (A)-M,,(C)-
module E"® F,, and M,,,(E® F) as introduced in Example1.7.7. A generalization of these
computation rules is My(E) ® My, (F) = Mym(E © F) (via the identification (X © Y)Z.j =

> Tk © yi;) which contains the former as the special case n = m = 1 and the latter as
Ek: 1.

Of course, for X € M, (FE) the mapping A — (X, AX) is completely positive, and
sois A— (XOY,AX YY) for Y € My,,. For { = m = n and X = ((L-jxl-) (x; €
E), Y = (5ijyi) (y; € F) as in Example [1.7.7, we find that 7' (aij) — ((xi,aijxj)) and
S (bij) = ((yi, bz'jyj>) are completely positive mappings and that their Schur composition
is given by SoT": (aij) — ((xz O Y, 4T © yj>) and, therefore, also completely positive.

Setting £ = F = B, we find B, @ B" = B, B" ® B,,, = M, (B), and M,,,(B) ® M,,(B) =
Mm(B). Also here the identifications include the correct two-sided pre-Hilbert module

structure.

4.2.13 Example. For Hilbert spaces G, H, $ let E = B(G, H) be an (arbitrary) von Neu-
mann B(G)-module, and let F' = B(G,G ® ) be an (arbitrary) two-sided von Neumann
B(G)-module (cf. Examples 3.1.2/ and [3.3.4). Then the identification

rOy = (z@id)y

establishes an isomorphism F ©° F — B(G, H ® $). In particular, if E; = B(G,G ® $;)
(1 =1,2) are two-sided B(G)-modules, then

B(G,G & H1) O B(G,G&H) = B(G,GEH ®H).

Taking into account also Proposition 3.3.5, we see not only that the centers $; compose like

tensor products of Hilbert spaces, but also that this composition is associative.

In the preceding example we have symmetry of the tensor product in the sense that
E1® Fy = Ey ® Ey. However, the following example shows that this is by far not always so.
In Proposition 4.2.15/ we see that centered Hilbert modules have this symmetry. In Section

8.2 we give another example.

4.2.14 Example. Let B be unital, let £ be a pre-Hilbert B-B-module, and let I’ be pre-
Hilbert B—module. Then E has a natural pre-Hilbert B—B-module structure (extending the
B-B-module structure), and we may equip F with the pre-Hilbert B-B-module structure
as in Example 1.6.5. Then

rOy =210y = 201ly =0
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so that £ ® F' = {0}. However, if there is a vector ( € F such that ((,{) =1 € B, then
¢ ®id, defined as in Corollary 4.2.6, is an isometry F — F' @ E. Therefore, if E # {0}, then
certainly also FOFE # {0}. We see that, in general, we may not expect that FOF =2 FOE.

4.2.15 Proposition. Let E and F be centered pre-Hilbert B-modules. Then Cp(E) ®
Cy(F) C Cp(E O® F) (so that also E ® F is centered), and the mapping

FrxOY — YO (x € Cp(F),y € Cg(F)) (4.2.3)

extends to a two-sided flip isomorphism E O F — F © E.

ProoOF. The first statement is obvious. For the second statement it is sufficient to show that
(4.2.3) preserves inner products (see Remark/A.1.5). Solet z,2" € Cg(F), and y,y' € Cp(F).
By Proposition 3.4.2, (x,z’) and (y,y’) are in Cs(B). We find

(roy,2 0y) = (y,(x,2)y) = (W y)z,2") = (2,2){y,y) = Yoz,y 02 ) =

In Proposition [4.2.5 we have seen that there is a natural unital (in general, non-injective)
‘embedding’ of B*(E) into B*(E ® F) as B*(E) ® id. For B*(F) this is, in general, not
possible.

4.2.16 Example. Let B be a unital pre-C*—algebra and consider B® B. Then the attempt
to define an operator id ®b for an element b € B*(B) = B fails, if b is not in the center of 5.
Indeed, let &' € B such that b'b # bb'. Then

(101,i[deb) (o1 -1610)) = db—0b" # 0,

but ¥ ©1 — 10 = 0. If, however, b is in the center of B then id ®b is a well-defined
operator on B ® B.

4.2.17 Example. A positive example is the case, when F and F are centered. In this case,
for a € B(F) we define the operator id ®a = F(a ® id)F with the help of the flip from
Proposition 14.2.15.

The following theorem shows a general possibility.

4.2.18 Theorem. Let E be pre-Hilbert module over a unital pre—C*—algebra B with a unit
vector &, and let F be a pre-Hilbert B-C-module. Then for each a € BY4(F) the mapping
r@y — rOay extends as a well-defined mapping id ®a in B(EGF). Moreover, the mapping
a — id ®a is an isometric isomorphism from a € BY(F) onto the relative commutant of
BYE)®id in BY(E O F), independently of whether F is contractive or not. In other words,

(BY(E)®id) = ideB"(F) = BY*(F),
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PROOF. Let a be a B-C—linear mapping in B*(F"). Then
(x Oy, 2’ ©®ay) = <y, (x, $’)ay’> = <y, alx, x’)y'> = <a*y, (x, x'>y'> =(x@ay,2 Oy).

By Corollary 1.4.3) id ®a is a well-defined mapping with adjoint id ®a*. Let o' € B*(E).
Replacing in the preceding computation x by a’z, we see that id ®a and o’ ®id commute. The
embedding BY(F) — id ©B"(F) C BY(E ® F) does certainly not decrease the norm,
because (£ ® y, (id®a)(§ © ¥')) = (y,ay’). On the other hand, for z € E ® F by Example
4.2.12' we may choose n € N, X € E,,Y € F" such that z: =X oY e E, 0 F"=FEQ® F.
Set B = \/(X,X) (where we interprete elements of M, (B) as elements of M, (B*(F)), if

necessary). Then
[(id©a)zl| = [[X©aY] = [[BaY] = [aBY| < [l |BY] = llalllz]l. (4.2.4)

Therefore, a — id ®a is an isometry into (B*(F) ©@ id)’.

Conversely, let a € B*(E ® F) be in (B*(E) ©id)". Set a = (£* ®id)a(§ ©id) € B*(F).
By j(b) = £b&* we define a (degenerate, unless £ € B(B, F) is unitary) representation of B
on E. Then j(b) ®id is an element in B*(F) ®id and, therefore, commutes with a. We find

ba = (€ 0id)(j(b) Oida(¢oid) = (¢*oid)a(j(b) ©id)(E®id) = ab,

i.e. a is B-C-linear. In particular, id ®a is a well-defined element of B*(E® F). For arbitrary
x € F and y € F we find

a(zoy) = a@f0id)(0y) = (@ 0idaoy) = z0ay = (doa)(r ©y),

where z&* @id is an element of B*(E) ®id and, therefore, commutes with a. In other words,

a=id®a. m

4.2.19 Remark. Where the assumptions of Theorem 4.2.18 and Example 4.2.17| intersect

id ®a means the same operator in both cases.

4.2.20 Observation. The estimate in (4.2.4) does depend neither on existence of a unit
vector in E nor on adjointability of a. Therefore, a — id ®a always defines a contraction
BY(F) — B"(E ® F), whose range commutes with B"(FE) ® id.

4.2.21 Observation. Let E, F, I’ G be two-sided pre-Hilbert modules and let 5: F — F’
be an isometric two-sided homomorphism of two-sided pre-Hilbert modules. Then also the
mapping idOS@id: EO FO®G — E® F' ® G is an isometric two-sided homomorphism of
two-sided pre-Hilbert modules.
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Until now our considerations were at a rather algebraic level. We close this section with
some more topological results.

Recall from Appendix|C.4/that the tensor product over B of a right B—module F and a left
B-module F'is EQF := EQF/Ng where Ng = span{zb®@y—x®by}. Of course, Ng C Nggr.
We repeat a result by Lance [Lan95] which asserts that under some completeness conditions

the two tensor products coincide.

4.2.22 Proposition. Let B be a C*-algebra, let E be Hilbert B-module, and let F' be a
pre-Hilbert B-C—module. Then

E®F = EOF

PROOF. Let z =) x;®y, bein Nggr. Weshow X ®Y = X'BRY — X' ® BY for suitable

i=1
X' € E, and B € M,(B), from which z € Ng follows.
Let B = {/(X, X) and define the function

mi for0 <t < %
fm(t) -

t~ for % < t.

N

Then X f,,(B) is a Cauchy sequence and, therefore, converges to some X' € E,,. Clearly,
X'B = X. On the other hand,

IBY|I* = |(v, B*Y)[| < [Y[IB*Y || = IV VI{Y: BY)] = [IY ] |]]] = 0.
In other words, X’'BR®Y — X' @ BY =X QY. =
4.2.23 Corollary. Let E be a two-sided Hilbert module over a C*—algebra B. Then

FEo...0F = FO...0OF.

4.2.24 Proposition. Let E be a von Neumann A-B-module, and let F' be a von Neumann
B-C—module where C acts on a Hilbert space K. Then the strong closure E ©° F of E ® F
in B(K,E®F ® K) is a von Neumann A-C—module.

PROOF. Let p be the canonical representation of B on G = F®K which is normal by Lemma
3.3.2. Then by Corollary [3.3.3 the canonical representation p’ on H = FOG=EFEOFOK
associates with p is normal, too. Therefore, again by Lemma 3.3.2, £ ®° F is a two-sided

von Neumann module. m
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4.2.25 Remark. There is a simple application of Theorem 4.1.11, which allows to gener-
alize the Stinespring construction from B C B(G) for some Hilbert space G to B C B*(F)
for some Hilbert C-module F. By Point 4l of the theorem (together with Remark 4.1.12)
for a strict completely positive mapping 7" from a pre-C*—algebra into B*(F") there exists a
Hilbert module E with a cyclic vector £ such that T'(a) = (£, a) and E = span(AEB*(F)).
Then the pre-Hilbert C-module E ® F' carries the total representation a — a @ id of A,
which is strict (on bounded subsets), and £ ® id is a mapping in B*(F, E ® F) such that
T(a) = (£ ®@id)*(a ©®id)(£ ®id). This result is known as KSGNS-construction; see [Lan95].

4.3 Exterior tensor product

Besides the tensor product discussed in Section 4.2, there is a second one. This exterior
tensor product is based on the observation that the (vector space) tensor product F; ® Es
of a pre-Hilbert B,~modules E; (i = 1,2) is a B; ® Bo—module in an obvious way. Also here

there are several ways to show that the sesquilinear mapping on E; ® Fs, defined by setting

(zeyrey) = (r,2) @ (y,y), (4.3.1)

is a semi-inner product.

By Example [1.7.6/ the matrices ( Ti, Tj ) and ( Yi, Yj ) are positive and, therefore, can
be written in the form B*B with B € M, (B;) and C*C with C € M, (B,), respectively. We
find that also the matrix

(@i @z @y;) = Y (ki ®cu) (b ®cyy) € My(Br @ By)
.l
is positive.

Another possibility is to reduce the exterior tensor product to the tensor product. Con-
sider the extension Fy ® (El ® gg) of Fy by gl ® gg. Obviously, Ey ® (51 ® gg) = gl ® Ey
equipped with the (semi-)inner product defined by (4.3.1). (Actually, we should say mod-
ulo length-zero elements. However, we will see immediately that there are no length-zero
elements in B; ® F, different from 0.) On B, ® E, we have a natural (non-degenerate) left
action of gl. Then also F; ® (gl ® Fs) and F; ® Ey have the same (semi-)inner product
(again up to potential length-zero elements). Positivity of the former implies positivity of
the latter.

4.3.1 Proposition. The semi-inner product on Ey ® Ey is inner.

PROOF. Let z = ) x; ® y; be an arbitrary element of E; ® Fy. We may assume that the
x; form a (C-)linearly independent set. If (z,z) = 0, then by (1.2.1) we have (u ® v, z) =
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d(u, ;) @ (v,y;) = 0 for all w € Ey,v € E,. For an arbitrary state ¢ on By we define

)

O,: 20— > zip((v,y;)). We have (u, D,(2)) = (ild®¢)((u @ v, z)) =0 for all u € E, hence
®,(z) = 0. From linear independence of the x; we conclude that ¢((v,y;)) = 0 for all 1.

Since ¢ and v are arbitrary, we find y; =0 for all ¢, i.e. 2=0. =m

4.3.2 Definition. F;® F5 with inner product defined by (4.3.1) is called the exterior tensor
product of Fy and Ej.

Even if the B; are C*-algebras, then there are, in general, several ways to define a
C*-norm on B; ® By. Of course, also the norm on F; ® Ey depends on this choice. If one
of the algebras is nuclear (for instance, commutative or finite-dimensional), then the norm
is unique.

If the FE; are pre-Hilbert A,—B;—modules, then F;® F> is an A; ® Ao—B; @ Bo—module in an
obvious way. To see that it is a pre-Hilbert A; ® Ay—B; ® Bo—module we must check whether
the elements of A; ®.A, act as bounded operators. But this follows from the observation that
we may complete the E; and that by Proposition 4.3.1/ Fy ® F5 is contained in E,®Fs as a
submodule. Now the C*~algebras B%(F;) embed isometrically as B*(E;)®1 and 1@ B(E,),
respectively, into B*(E; ® E3). (The embeddings are contractions like any homomorphism
form a C"*-algebra into operators on an inner product space. By simple computations on
elementary tensors in E; ® Ey we see that the embedding are not norm decreasing.) As
a; € A; defines an element in B(E;), a1 ® az = (a; ® 1)(1 ® az) = (1 ® ag)(a; ® 1) defines
an operator in B*(E; ® E»).

Even if the E; are contractive, we can guarantee contractivity of E; ® Es only, if we equip
A; ® Ay with the projective C*—norm, i.e. the greatest C*—norm, or (as follows by Proposition
4.3.3) if we equip By ® By with the spatial norm, i.e. the least C*—norm. (In fact, setting
E; = B; = A;, we find immediately a counter example, by equipping B; ® By with a norm
bigger than that of A; ® As.) Recall that we obtain the spatial norm of b € B; ® By as
the operator norm of (m; ® m9)(b) where m; are arbitrary isometric representations of B; on

pre-Hilbert spaces G;.

4.3.3 Proposition. If By ® By is equipped with the spatial C*—norm, then the canonical
representation B*(E1) @ B*(Ey) — BY(E, ® Es) is an isometry for the spatial norm.

PROOF. Let (G;,m;) (i = 1,2) be isometric representations of B;. Then the Stinespring
representations (H; = E; ® Gy, p;) are isometric representations of B¢(E;) so that the repre-
sentation (H; ® Ha, p1 ® ps) of B (E;)®@B*(Es) is isometric for the spatial norm on B*(E;)®
Be(E,). By definition, the representation (G1® Gs, ™ @ m2) is an isometric representation of
By ® B,. Therefore, the Stinespring representation (H = (E; ® Ey) ® (G; ® Ga), p) is an iso-



76 Chapter 4. GNS-construction and tensor products

metric representation of B*(E; ® Fy). Obviously, (21 ®22) ® (g1 ®¢g2) — (210 1) ® (2 © g2)

defines a unitary

so that the restriction of (H,p) to B*(E;) ® B*(E>) is unitarily equivalent to p; ® po. It

follows that the operator norm of p equals that of p; ® ps and, therefore, the spatial one. m

4.3.4 Remark. The unitary equivalence of p; ® ps and p expressed in (4.3.2) allows to
identify E; ® F5 as a subset of B4(G1, Hy) ® B*(Gy, Hy) C B*(Gy ® Go, H; ® Hy) including
the correct norm. If F; are von Neumann modules, then by the von Neumann module
E1 ®° Ey over the von Neumann algebra B; ®° By on G; ® G5 we understand the strong
closure of E) ® Ey in B(Gy ® G, Hy ® Hy). The von Neumann algebras B*(F;) ®° B*(Es)
and B(E; ®° Ey) are isomorphic. Moreover, if the E; are von Neumann A;—3;—modules,
then the representation p; ® ps extends to a normal representation of the von Neumann
algebra A; ®° Ay. In other words, E; ®° F, is a von Neumann A; ®° Ay—B; ®° By—module.

4.3.5 Corollary. If (aA)
a € Ay), then (ay®1)

\ea U8 an increasing bounded net in Ay (thus, converging to some

ren defines an increasing bounded net in B*(Ey ®° Ep) such that

liinaA®1 = a® 1.

4.3.6 Remark. If the E; are pre-Hilbert C—-C—modules (i.e. pre-Hilbert spaces), then the
(interior) tensor product and the exterior tensor product both coincide with the usual tensor

product of pre-Hilbert spaces.

4.3.7 Observation. Proposition 4.3.3 has an obvious analogue for the canonical mapping
B Ey, F1) @ B*(FEy, Fy) — BYE; ® Ey, Fy @ Fy), where F; is another pair of pre-Hilbert
B;—modules. (The spatial norm on the left hand side comes by restriction from the spatial
norm on B*(E; & F1) @ BY(Ey @ F).)

4.3.8 Example. (4.3.2) defines a two-sided unitary also, when the G; are replaced by arbi-
trary pre-Hilbert B,—C,—modules. We see immediately that the matrix pre-Hilbert modules
in Example 4.2.12 have a close relation with the exterior tensor product. Indeed, we easily
see that M, (F) = E ® M,,,. So if we put in (4.3.2) £y = E, G, = F, E; = M,,, and
Go = My, then the identification M, (E) ® My, (F) = My, (E ® F) can be traced back to
Mo ® My, = M.
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4.3.9 Example. For us, the most important exterior tensor product is that of a pre-Hilbert
B-module E and a pre-Hilbert space $). By Proposition 4.3.3, g := E'® $) carries a (non-
degenerate) representation of B*(E) ® B%($) which is isometric (and, therefore, faithful)
for the spatial norm and contractive for any other norm. In particular, if F is a pre-Hilbert
A-B-module and $) a pre-Hilbert C-C-module, then $g is a pre-Hilbert A ® C—B-module.
Clearly, the prototype of a centered module 5 = B ® $ is a special case of the exterior
tensor product.

Let us choose in Observation [4.3.7 the modules £; = F} = E, and Fr, = B, = C, Ey = §).
We find that for all f € $

defr@g — x(f,9)

is a mapping in B*()g, F) with with norm || f|| and with adjoint (id ® f): = — z® f. Clearly,
these mappings extend to the completion and, in the case of a von Neumann algebra B on
a Hilbert space G to the strong closures of F in B(G, H) (with H = E ® G) and of Hg in
B(G,H®$H). If v e BY(H) is an isometry, then

(do(f))(r®vg) = (def*)(z® g). (4.3.3)

Let E, E' be two-sided pre-Hilbert modules and let $, %’ be pre-Hilbert spaces. Then
the unitary in (4.3.2) (extended to modules as explained in Example 4.3.8) tells us that

NE© 9% = (H R 9 )per. In particular, we have a natural left multiplication by elements

of B*(H ® H').

We close our discussion of the exterior tensor product by looking at Example 4.3.9, when
9 =L*(M,%, ) = L*(M) for some measure space (M, Y, ) (usually, R with the Lebesgue

measure). We use the notions of Appendix B about function spaces.

4.3.10 Definition. By L?(M, E) we denote the (contractive) Hilbert B*(E) ® B(L?*(M))-
B-module (where B(E) ® B(L?*(M)) denotes the completed spatial tensor product of pre-
C*-algebras.) obtained from F ® L*(M) by norm completion.

By Proposition 4.3.3| the canonical representation of B(E) ® B(L*(M)) on L*(M, E)
is faithful. If F is a contractive pre-Hilbert A-B-module, then L?*(M, E) is a (contrac-
tive, of course) Hilbert A-B-module, via the canonical homomorphisms A — B(E) —
B(E) ® B(L*(M)). In the sequel, we assume that E and B are complete.

4.3.11 Observation. By Example 4.3.9 we have L*(M, E\) ® L?*(M,, E5) = L*(M; x
My, E1®E5). So operators in B(L?(M; x Ms)), in particular, multiplication operators like in-
dicator functions to measurable subsets of M; x M, act naturally on L?*(My, E))®OL*(My, Es).
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Clearly, the integrable simple functions (M, E') may be identified with the subspace
E® & (M) of E® L*(M). Since €y(M) is dense in L*(M), €y(M, E) is dense in L*(M, E).
By the estimate

Joll* = | [taterz@hman] < [ oo uta (434)

for z € €, we see that the Bochner square integrable functions L% (M, E) are contained in
L*(M, E) and that (z,y) = [(x(t),y(t)) for z,y € LE(M, E) in the sense of Example B.1.9.
We use this notation for all z,y € L*(M, E), although the following example shows that, in
general, L*(E, M) is bigger than L%(M, E).

If 1 is finite, then by Paragraph B.1.14 and (4.3.4) we find the estimate

Izl < zlly < [l v/ (M) (4.3.5)

4.3.12 Example. By Example B.1.10, L%(M, E) is a Banach L>*°(M,B*(E))-L>(M, B)-
module. By Corollary 2.3.10, L?*(M, E) is at least a left Banach L>*(M,B%(E))-module
and, similarly, by a simple application of Lemma B.1.6, the canonical representation of
L>®(M,B*(E)) on L?*(M, E) is isometric. In other words, L>°(M, B%(E)) = B*(E)® L>*(M)
is a C*-subalgebra of B*(L*(M, E)). (We may identify L>(M, B*(F)) and B*(E)® L>(M),
because the latter is a dense subspace of the former, and because the commutative C*—al-
gebra L*°(M) is nuclear, i.e. there is one and only one C*—norm on the tensor product.)
Nothing like this is true for the right action of L>°(M,B). We consider ¢*(B(G)) (i.e.
L*(N, B(@)) equipped with the counting measure on N) where G is a Hilbert space with an
ONB (en)neN. Let (C”)neN be a sequence in C converging to 0, but not square summable, and
let x € (?(B(@G)) be the function defined by z(n) = ¢,p, where p, is the projection onto Ce,,.

Observe that ||z||* = 1> |cn|2an — max |¢,|> < oo and that > |cn|2an — max ¢, > —
neN n>N n>N

0 for N — 0o so that z is a norm limit of step functions. Now let b € ¢=(B(G)) =
L=(N, B(G)) be the function defined by setting b(n) = enet. Then ||zb]|* = ||p1]| 3 |ea|* =
neN

oo. Therefore, xb is not in £*(B(G)) and a fortiori not in £%(B(G)). Consequently, z cannot
be in ¢%(B(G)) either, because otherwise xb would be in (%(B(G)).

Even if not all x € L?(M, E) are Bochner square integrable, we still could hope that
all x are represented (at least p—a.e.) by a function (measurable in a suitable sense) with

values in £. However, also this is not true, in general. We borrow the following Example
from Hellmich [HelO1].

4.3.13 Example. Let I = [0, 1] and consider the Hilbert B(L*(I))-module L* (I, B(L*(I)))
as a subset of B(L*(I),L*(I x I)). The function K(s,t) = |s — t|7% defines an operator
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K sending the function f: I — C to the function Kf: [ x I — C defined by setting
(Kf)(s,t) = K(s,t)f(s). For f € L*(I) an application of Fubini’s theroem yields

1 1
KfP = | ds | at|s—t? 2
1K f] / / s — 1% [£(s)]

- /Olds |f(s)\2[/osdt(s—t)$+/Sldt(t—s)5}
=3 [ s 1S OF W5+ VTTS) < 417

In other words, K is an element of B(L?(I), L*(I x I)). We show that K € L?(I, B(L*(I))).
To that goal let S. = {(s,t) € I xI: |s—t| > e} (1 > ¢ > 0) and set K. = I K.
Obviously, (K — K.)? = K? — K2 so that ||(K — K.)f||* = |Kf]|* — || K.f||>. We find

1

1 s—e 1—€
KEf)? = [ d 2 dt(s—t): d 2 dt(t—s):
1K f) / S 1£(s) / H(s— )t t / SIEP [ dt—s)

~2 [ s \f(s)\Q(f—\/E)H/OEds )P (VT = vE)

and, therefore,

(K — K)f|> = 2/0 ds | f(s)” (min(v/5, V&) +min(v/1 — 5,v2)) < 42| f]*.

Clearly, K. € L?(I,B(L*(I))) so that also K = lim K. € L?(I,B(L*(I))). However, none
of the operators K; mapping f(s) to (K;f)(s) = (K f)(s,t) is bounded on L*(I), because

the function s — K(s,t) is not essentially bounded.

Any measure preserving transformation 7 on M (i.e. a bijection 7: M — M such that
po(S) = u(S) for all S € X)) gives rise to a unitary us: f — fogon Ey(M) which extends
to a unitary (also denoted by us) on L?(M). By Example 4.3.9, id ®uy is a unitary on
E ® L*(M) which extends to a unitary on L?(M, E) (also denoted by u,). Obviously, u;
commutes with all operators of the form a ® 1 where a € B*(F). In other words, if F is a
Hilbert A-B-module, then u, is A-B-linear. For the mappings id @ f* (f € L*(M)) we find

(id@(us f))uy = idf*. (4.3.6)

We use the same symbol for the restriction of u, to L*(K, E) where K € X. In this case,
we consider uy as isometry L*(K, F) — L*(K', E) where K’ € 3 can be any set such that
7 1(K) C K'. (This follows from us Il i = Is-1()uy, where the multiplication operator I x
is the (L>°(M, B*(E))-B-linear) projection from L?(M, E) onto the submodule L*(K, E).)
In particular, u, is a unitary L*(K, F) — L*(sY(K), E). If 771(K) C K, then u, defines
an isometric endomorphism of L?(K, FE). Equation (4.3.6) remains true for the subset K.

If K’ does not contain all of 77}(K), then we still may consider the partial isometry I g ..
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4.3.14 Example. Let G be a locally compact group equipped with the right Haar measure h
on B(G). Then by definition of the Haar measure, for all g € G the right shift 7,: h +— hg™!
is a measure preserving transformation on §. Moreover, 7, 0 7, = 74,. In other words,
g — Uy, is a unitary representation of § on L*(G, E).

For the real line with the Lebesgue measure we use a special notation. By the time
shift s, on L*(R, E) we mean (the extension of) the mapping z — sz (¢ € R) where
[s;z](s) = x(s — t) (from simple functions to all of L*(R, E)). Obviously, s; is the unitary
uy, comming from the right shift 7: s — s —¢ on R. As 7;'(R.) C Ry for all ¢t €
R, , we find that the unitary representation s = (St> er Of Roon L*(R, E) restricts to a
representation of R, by isometries on L?*(R,, E). Following our convention, we do not
distinguish between the unitary s; on L?(R, E), its restriction to L?(R, E) and the unitaries

8; € BY(L?*(K, E), L*(K+t, E)) for some Borel set K where K+t = 7, 1(K) = {s+t: s € K}.

4.3.15 Proposition. s is strongly continuous on L*(R, E) (and, consequently, on any sub-
module L*(K, E)).

PROOF. s is bounded, so it is sufficient to check the statement for elements I}, 4 € &(R),
because by Appendix B.2 G(R) is dense in L*(R) and £ ® L*(R) is dense in L*(R, E). For
|t| < (s —r) we have ‘JT irs]+t — A ] ‘2 = II; for a suitable union I of two intervals where
A(I) < 2t. From this it follows that s, g — [}, q fort — 0. m

Among other (dense) submodules of E—valued functions contained in L*(R, E) the most
important for us is the space C.(R, E) of continuous function with compact support. Clearly,
C.(R,E) C L% (R, E) so that the inner product (z,y) = [(x(t),y(t)) dt makes sense as a
Bochner integral. However, we may understand it also as Riemann integral as discussed in
Appendix B.1. Clearly, C.(R, B) is invariant under left and right multiplication by elements
in C(R, BY(F)) C L2.(R, B*(FE)), although by Example [4.3.12/ right multiplication may act

unboundedly. Notice that s, leaves invariant C.(R, E') and all other dense submodules of
L*(R, E) considered so far.

4.3.16 Definition. Let E C B(G, H) be a von Neumann B-module where B is a von Neu-
mann algebra on a Hilbert space G and H = E® G. By L**(M, F) we denote the von Neu-
mann B*(E) ®° B(L*(M))-B-module F ®° L*(M) C B(G,H® L*(M)) = B(G,L*(M, H))
(where BY(E) @° B(L*(M)) = B*(L**(M, E)) is the tensor product of von Neumann alge-
bras, i.e. the strong closure of the spatial tensor product in B(H @ L*(M)).)

All operators on L%(M, E) described so far extend strongly continuously to L?*(M, E).
Proposition 4.3.15 remains true in the strong topology of B(G, L*(R, E)) by the same rea-
soning. Additionally, we have the strongly dense submodule C3(R, E) of strongly contin-
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uous functions with compact support which is invariant under the action of functions in
C*(R, B*(E)). Now the inner product may be understood as Bochner or Riemann integral
in the weak sense, i.e. (g, (z,2')g") = [(g,(z(t),2'(t))g') dt for all g,¢' € G.

4.4 Conditional expectations

Unital completely positive mappings may be considered as a generalization of the notion
of a state on a unital *—algebra A, that is a linear functional ¢: A — C which is unital
(i.e. (1) = 1) and positivity preserving (i.e. @ > 0 implies ¢(a) > 0), to mappings on
A with values in another x—algebra B. But this is not the only thinkable possibility for a
generalization.

On the one hand, we can consider unital mappings 7': A — B which are just positive, not
necessarily completely positive. Under such weak conditions we are not able to guarantee
that the B—valued inner product induced by T on A extends to the right B-module A ® B.
Also constructions like the tensor product are no longer possible. Remarkably enough, in
the framework of von Neumann algebras there exist quite a lot of deep results on semigroups
of unital positive mappings on a von Neumann with an invariant (faithful, normal) weight;
see e.g. [GL99] and related works. The basis for our applications are GNS-construction
and tensor product. Consequently, we do not tackle the difficult problems arround positive
mappings on C*—algebras.

On the other hand, we can require additional conditions for T". For instance, if ¢ is a
state on 4, then we may define the mapping 7: A — B = C1 C A by setting T'(a) = ¢(a)1.
This mapping is a projection, it has norm 1, it is B-B-linear (because it is C-linear) and,

therefore it is completely positive.

4.4.1 Definition. Let A be a pre-C*—algebra and let B be a pre-C*—subalgebra of A. A
conditional expectation is a surjective positive B-B-linear mapping ¢: A — B of norm 1.
We say a conditional expectation is faithful, if p(a*a) = 0 implies a = 0, and we say it is
essential, if its GNS-representation (p is completely positive by Remark 4.4.2!) is isometric.

Following Voiculescu [Voi95] and Speicher [Spe98|, by a x—B-algebra we understand a
unital x—algebra A with a x—subalgebra B containing the unit of .A. We use similar notions
for (pre-)C*—algebras or von Neumann algebras (if B is a von Neumann algebra). In this
case we require that the restriction of further structures from A to B gives back the correct
structures on B. A B—quantum probability space is a pair (A, ¢) of a pre-C*~B-algebra A

and a conditional expectation onto B.
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4.4.2 Remark. From positivity and B-B-linearity we conclude that a conditional expec-
tation ¢: A — B is completely positive. By Theorem 4.1.11(3) also the unital extension
Q: A= Bis completely positive and has norm 1. If we identify the new units of A and g,
then we still have that B C A and it is easy to check that ¢ is a conditional expectation
onto B.

4.4.3 Remark. A conditional expectation is a projection onto B. (For unital B this follows
from surjectivitiy and the observation that ¢(1) is a central projection such that p(B) =
©(1)B. For non-unital B we apply this to ¢ as in Remark 4.4.2.) Conversely, one can show

that any norm-one projection is a conditional expectation; see e.g. [Tak79].

4.4.4 Remark. Let B be unital. Then for any a € A for which ¢ > 15 and |[ja| < 1
we have p(a) = 1g. (Indeed, 15 = ¢(15) < p(a) = p(1palp) < ||la|]|1s < 1z, whence
0 < ¢(a) —15 <0.) In particular, if A is unital, then p(14) = 15.

4.4.5 Observation. Let (E,¢) denote the GNS-construction of . From Hb§ fb”
B(b*b) — G(b*)b— b*3(b) + b*b = 0 for all b € B, we conclude that b = £b. In particular, if B
is unital, then we have af = a€lg for all a € A (because (z,a) = (z,af)1p = (x,allg) for
all z € E), so that F = A€ is a pre-Hilbert A-B-module with a cyclic unit vector £ = 5 15
such that p(a) = (£, af). Moreover, b§ = &b for all b € B. For unital B we refer, as usual,
to the pair (F, &) as the GNS-construction of ¢.
Notice that in the GNS-construction for a conditional expectation, we may start with
A (instead of A ® B) and turn it into a semi-Hilbert B-module with semiinner product
(a,a’y = p(a*a’). This is more similar to the GNS-construction for states. We see that also
in this sense the conditional expectations are that generalization of states which behaves

most similar to states.

4.4.6 Example. Let A be a pre-C*-algebra with a projection p. Then the compression
@, a +— pap is a conditional expectation onto the unital pre-C*-subalgebra pAp of A.
Obviously, the GNS-module is just Ap (i.e. the left ideal in A generated by p), and the
cyclic vector is p. The ideal span(Ap.A) in A generated by p consists precisely of the

finite-rank operators on Ap.

4.4.7 Proposition. ¢, is faithful, if and only if p = 1, whence ¢, = id4.

PRroOOF. If p =1, then there is nothing to show. Thus, suppose that p is not a unit for A.
If A is unital, then for p, =1 — p # 0 we find ¢, (pip1) = 0 so that ¢, is not faithful.
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If A is non-unital, we consider p, = 1 —p € A and find again that ¢,(p p,) = 0. By
Cauchy-Schwartz inequalitiy we conclude that ¢, ((a —ap)*(a —ap)) = p,((a*ap,)*pL) = 0.
If ¢, was faithful, then this implies a = ap for all a € A contradicting the assumption that

p is not a unit for A. m

4.4.8 Proposition. ¢, is essential, if and only if the ideal span(.Ap.A) generated by p is

essential.

PROOF. ¢, is essential, if and only if for all @ # 0 in A there exists a’p in the GNS-module
Ap of ¢, such that aa’p # 0 (in A). If this condition is fulfilled, then by Proposition
A 7.3(1) aa’pa’™ # 0, so that span(Ap.A) is essential. On the other hand, if there exists
a € A different from 0 such that aa’p = 0 for all @’ € A, then ac = 0 for all ¢ € span(ApA)
so that span(ApA) is not essential. m

4.4.9 Example. We show that an algebraic version of ‘essential’ is not sufficient. Consider
the x—algebra C(z) of polynomials in one self-adjoint indeterminate. By p — p(x) we define
a homomorphism from C(z) into the C*-algebra of continuous functions on the subset
{0} U[1,2] of R. Denote by A the image of C(z) under this homomorphism. Furthermore,
choose the ideal I in A consisting of all functions which vanish at 0. Clearly, I separates
the points of A. But, the completion of A contains just all continuous functions. These are
no longer separated by I as o, € C({0} U [1,2]) and ¢l oy = 0 for all ¢ € I. Another way
to say this is that the conditional expectation ¢: A — I defined by [p(f)](x) = f(z) — f(0)

(being a homomorphism extending to A, the norm of ¢ is 1) is faithful, but not essential.

4.4.10 Example. Let E be a pre-Hilbert A-B-module where A is a pre-C*-algebra with
a unital C*—subalgebra B, and let £ be a unit vector in E. Then ¢(a) = (£, a&) defines a
conditional expectation, if and only if & commutes with all b € B.

On the other hand, if E is a pre-Hilbert B—module, then for any unit vector £ € F
we define a faithful representation j(b) = £b¢* of B on E and & intertwines j(b) and b, i.e.
J(b)¢ = £b. Observe that E is a pre-Hilbert B—B—module via j, if and only if £ is isomorphic
to B. Indeed, if j acts non-degenerately, then for all x € E we have x = j(1)x = £(, x).
Therefore, £ — 1 extends as a two-sided isomorphism E — B. In general, p := j(1) = ££*
is only a projection.

By Example 4.4.6, ¢,(a) = pap = j((£, a&)) defines a conditional expectation B*(E) —
J(B). We could tend to identify B with j(B). (Then ¢, maybe considered as a conditional
expectation B*(E) — B.) However, if E is the pre-Hilbert A-B-module considered before,
then we have to distinguish clearly between the action of B C A (which, for instance, is
unital, if 15 = 14) and j(B).
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4.4.11 Example. We obtain an extension of Example 14.4.10, if we replace B by a pre-
Hilbert B-C—module F, in the following sense. Let again £ be a unit vector in £. Then
a — (£*®id)a(€ ®id) defines a conditional expectation B*(E® F) — B*(F) (cf. the proof of
Theorem 4.2.18). We denote this conditional expectation by ¢, ® id, because its restriction
to B(E) © B4 (F), indeed, maps a ® a’ to p,(a)a’. Also here we may embed B*(F) (in
general, not unit preservingly) into B*(E ® F) via k: a — (£ ® id)a({* ® id). We find
(pp ®@id) ok =id and ko (¢, ® id) = @peid-

In general, unlike for operators on the tensor product of Hilbert spaces we do not have
the possibility to embed B*(F') into B*(E® F') unitally. For this it is (more or less) necessary
that E is already a left B*(F')-module. In order that ¢, ®id defines a conditional expectation
onto this subalgebra, it is necessary and sufficient that £ ® id commutes with B*(F).

On the contrary, if F is a two-sided pre-Hilbert B-module, and if ( is a unit vec-
tor in the center of F' (whence, ( € B*(B,F) and (* are B-B-linear mappings), then
id®(C,e(): a+— (id®(*)a(id ©C) defines a conditionally expectation B*(E ® F) — B*(E).
Here a — [(id ©(¢, o¢))(a)] ®id is, indeed, a conditional expectation B*(E® F) — B*(E)®
id C BY(E © F), whereas, @igeccr is a conditional expectation B*(E ® F) — BY(E) ® ((*.

4.4.12 Example. We consider the centered pre-Hilbert B—module $H3 = B® $) for a unital
pre—C*—algebra B and for some pre-Hilbert space $ and choose a vector 2 € §. Then
w=1®Q is in Cp(HE) such that by setting p(a) = (w,aw) we define a conditional
expectation ¢: B(9Hz) — B. Clearly, $i is the GNS-module of ¢ and w its cyclic vector.
(Observe that B*($)p) contains B @ B*($)) as a strongly dense subalgebra.)

Notice that here B C B*($g) contains the unit of B*(Hg). Now set p = ww* € B*(Hp).

*

Then ¢, = pap = wyp(a)w* = j o p(a) where j(b) = w*bw is another faithful but (by
Proposition [4.4.7) usually non-unital representation of 5 on E. So again the operators b and
j(b) on E are, in general, very much different. However, notice that bj(1) = j(1)b = j(b).
Let assume that B C B(G), where G is some pre-Hilbert space, and do the Stinespring
representation so that any element a € B%($)p) may be identified with an operator on
G ® 9. In this identification we have p = j(15) = id ®QQ*, whereas 15 = id ®id. Notice
that p = ww* shows clearly that p leaves invariant E, whereas this statement appears
already less clear, if we write only p = id ®Q€Q*. Finally, if we start with a submodule
E C 95 C BY(G,G ® 9H), then invarince of F under p = id ®QQ* appears to be unclear,
whereas the statement is clear for p = ww*, as soon as w € E. (This criterion is sufficient,
but not necessary. This follows immediately by considering Cz = B with a submodule
E = ¢B where ¢ is a central projection. Then w = 1 is not in E, but p = 1, clearly, leaves

invariant E.)
If B = B(G) where G and $) are Hilbert space G, then (by strong closure) we obtain the
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usual conditional expectation : ’B“(YJ_BS) = B(G®H) — B =B(G). By Example 3.3.4,
Proposition [4.1.13, and Observation 4.4.5 it follows that all normal conditional expectations
from B(H) onto a von Neumann subalgebra isomorphic to B(G) containing the unit of
B(H) must be of the stated form.

4.4.13 Example. Let GG be a Hilbert space with ONB (ei)iez and consider the two-sided

von Neumann B(G)-module £ = Gy = B(G,G @ G). By € = Y (e; ® e;)e} we define
a unit vector in E. The range of the mapping ¢: B(G) — B(G) de%ienzed by setting ¢(a) =
(€,a8) = > ei(es, ae;)el is the commutative subalgebra C, of B(G) consisting of all elements
of the forrllfzc = > cieie} ((¢;) € €°°). Observe that C. contains the unit of B(G). Embedding
C. C B(G), we Zseefa that ¢ is a conditional expectation. One can show that, if G is infinite-
dimensional and separable, then all commutative von Neumann subalgebras (containing the
unit of B(G)) onto which there exists a (normal) conditional expectation are of the form C.
for a suitable ONB of G; see Stormer [Sto72].

As two-sided von Neumann B(G)-module, E is generated by £. (Indeed, eje;&e;ef =
(e; ® e;)e; so that the strongly closed submodule of E generated by ¢ contains a dense
subset of the finite-rank operators and, hence, all of E.) However, E is not (the strong
closure of) the GNS-module of ¢, because the B(G)-C.—submodule of E generated by & is
the strongly closed span of operators of the form (e; ® e;)ef. Therefore, (the strong closure
of) the GNS-module is the exterior tensor product G ®’C, with the natural action B(G) ®id

of B(G) and, of course, £ = > e; ® (e;ef).

€T

4.4.14 Example. After having investigated conditional expectations from B(H), in some
sense the most noncommutative case, to B(G) and to a commutative algebra C., we come
to the purely commutative case, describing the procedure of conditioning in classical prob-
ability.

Let (M,%,pn) and (M', %' 1) be probability spaces such that M = M, ¥/ C X, and
' = p [ X Since the simple functions (M) on M’ are contained in the simple function
E(M) on M, we find that L>°(M’) is a (von Neumann) subalgebra of the (von Neumann)
algebra L>°(M). Obviously, 1 = Iy, = Iy € L®(M') C L*>®(M). Since p is a probability
measure, we have €y(M) = &(M) and similarly for M’. Tt follows that also L?(M') C L*(M).
By Example B.1.10/ the canonical representations of L>(M")) on L*(M()) are isometric.

Denote by p € B(L*(M)) the projection onto L?(M’). Besides having norm 1 and
being (completely) positive, the mapping ¢,: B(L*(M)) — B(L*(M')) leaves invariant
L®(M') (indeed, for ¢» € L>®(M') and f € L*(M’') we have pypf = pibf = of) so
that the range of ¢, [ L>(M) contains L>(M’), and (by a similar computation) ¢, is
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L>°(M")-L>°(M')-linear. If we show now that ¢, maps into L>(M’), then we establish
¢, as a conditional expectation and, additionally, we see that the GNS-module of ¢, is
B(L?>(M"), L*(M)) with the canonical mapping i: L*(M’') — L?(M) as cyclic vector. How-
ever, to see this property, we need to work slightly more.

Let ¢ € L®(M). Then py: S — [¢1p(x) p(dx) is a (C-valued) measure on (M',%'),
absolutely continuous with respect to y'. Therefore, by the Radon-Nikodym theorem there
exists a unique element @(¢)) € L>(M’) such that i, (S) = [[(¥)](x) ¢/ (dzx). Obviously, ¢
is a conditional expectation. We show that ¢ = ¢,. An operator a on L*(M’) is determined
by the matrix elements (f, ag) where f,g € L*(M’). Tt is even sufficient to compute (f, ag)
only for f = Is,g = Iy where either S = 5" € ¥ or SNS" = 0. We find (f, p,(¢)g) =
(fo1bg) = dssr [g(x) plde) = dssr [{lp()](x) g (dx) = (f, 0(1)g).

The preceding construction depends on the measure p. It enters the Radon-Nikodym
derivative, but also the projection p changes with u, because p determins which pairs
of elements in L?(M) are orthogonal. However, L>*(M) is determined by p only up to
equivalence of measures (two measures p and v are equivalent, if each is absolutely con-
tinuous with respect to the other). We see that there are many conditional expectations
L>(M) — L*>®(M'). However, by definition of ¢ we see that ¢ leaves invariant the state
ot 0= [P(x) p(de), ie. 0, () = @, 0 p(1). Equality of ¢ and ¢, also shows that ¢ is
determined uniquely by this invariance condition.



Chapter 5
Kernels

Until now we presented more or less well-known results on Hilbert modules, maybe, in a
new presentation, particularly suitable for our applications. Now we start presenting new
results. The results in this chapter appeared probably first in Barreto, Bhat, Liebscher and
Skeide [BBLS00].

Positive definite kernels on some set S with values in C (i.e. functions k: S x S — C
such that > k%% ¢; > 0 for all choices of finitely many ¢; € C,0; € S) are well-established
objects. Tzlfere are basically two important results on such kernels.

One is the Kolmogorov decomposition which provides us with a Hilbert space H and an
embedding i: S — H (unique, if the set i(5) is total) such that k%" = (i(s),i(s’)). Literally
every dilation theorem in older literature, be it the Stinespring construction for a single com-
pletely positive mapping, be it the reconstruction theorem for quantum stochastic processes
from Accardi, Frigerio and Lewis [AFL82], be it the Daniell-Kolmogorov construction for
classical Markov processes, or be it the construction of the weak dilation of a CP-semigroup
in Bhat and Parthasarathy [BP94, BP95], start by writing down ad hoc a positive definite
kernel, and then show that the Hilbert space obtained by Kolmogorv decomposition carries
the desired structures (for instance, the Stinespring representation in the Stinespring con-
struction; cf. Remark [4.1.9). It is not always easy to establish that the kernel in question is
positive definite. For instance, the construction of a weak Markov flow by Belavkin [Bel85]
(as for the rest, being very similar to that of [BP94]) starts with the assumption that the
kernel be positive definite.

The other main result is that the Schur product of two positive definite kernels (i.e. the
pointwise product on S x S) is again positive definite. Semigroups of such kernels were stud-
ied, for instance, in Guichardet [Gui72] or Parthasarathy and Schmidt [PS72]. The kernel
¢ obtained by (pointwise) derivative at ¢ = 0 of such a semigroup is conditionally positive
definite (> ¢;(7#%c; > 0 for all choices of finitely many ¢; € C,0; € S such that ) ¢; = 0),

2,7
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and any such kernel defines a positive definite semigroup via (pointwise) exponential.

The goal of this chapter is to find suitable generalizations of the preceding notions to
the B—valued case. Suitable means, of course, that we will have plenty of occasions to see
these notions at work. Positive definite B-valued kernels together with the Kolmogorov
decomposition generalize easily (Section 5.1). They are, however, not sufficient, mainly, be-
cause for noncommutative B the pointwise product of two kernels does not preserve positive
definiteness. For this reason we have to pass to completely positive definite kernels (Section
5.2). These kernels take values in the bounded mappings on the C*—algebra B, fulfilling a
condition closely related to complete positivity. Instead of the pointwise product of elements
in B we consider the composition (pointwise on S x S) of mappings on B. Also here we
have a Kolmogorov decomposition for a completely positive definite kernel, we may consider
Schur semigroups of such (CPD-semigroups) and their generators (Section [5.4).

Both completely positive mappings and completely positive definite kernels have realiza-
tions as matriz elements with vectors of a suitably constructed two-sided Hilbert module.
In both cases we can understand the composition of two such objects in terms of the ten-
sor product of the underlying Hilbert modules (GNS-modules or Kolmogorov modules). In
fact, we find the results for completely positive definite kernels by reducing the problems to
completely positive mappings (between n x n—matrix algebras) with the help of Lemmata
5.2.1land 5.4.6, and then applying the crucial Examples 1.7.7 and 4.2.12. In both cases the
tensor product plays a distinguished role. An attempt to realize a whole semigroup, be it
of mappings or of kernels, on the same Hilbert module, leads us directly to the notion of
tensor product systems of Hilbert modules. We follow this idea in Part III.

It is a feature of CPD-semigroups on S that they restrict to (and are straightforward
generalizations of) CP-semigroups, when S = {s} consists of a single element. Sometimes,
the proofs of analogue statements are straightforward analogues. However, often they are
not. In this chapter we put emphasis on the first type of statements which, therefore, will
help us in Part III to analyze product systems. To prove the other type of statements we
have to wait for Part [IL

Although slightly different, our notion of completely positive definite kernels is inspired
very much by the corresponding notion in Accardi and Kozyrev [AK99]. The idea to consider
CP-semigroups on M,,(B) (of which the CPD-semigroups “generated” by certain exponential

units as explained in Section [7.3 are a direct generalization) is entirely due to [AK99].
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5.1 Positive definite kernels

5.1.1 Definition. Let S be a set and let B be a pre-C*—algebra. A B-valued kernel or short
kernel on S is a mapping €: S x S — B. We say a kernel ¢ is positive definite, if

> B by > 0 (5.1.1)

o,0'eS

for all choices of b, € B (0 € S) where only finitely many b, are different from 0.

5.1.2 Observation. Condition (5.1.1) is equivalent to
> breib; > 0 (5.1.2)
1,

for all choices of finitely many o; € S,b; € B. To see this, define b, (o € 5) to be the sum
over all b; for which o; = 0. Then (5.1.2) transforms into (5.1.1). The converse direction is

trivial.

5.1.3 Proposition. Let B be a unital pre-C*—algebra and let € be a positive definite B—
valued kernel on S. Then there exists a pre-Hilbert B-module E and a mapping i: S — FE
such that

and E = span(@'(S)B). Moreover, if (E',i') is another pair with these properties, then

i(o) — i'(0) establishes an isomorphism E — F'.

PROOF. Let Si denote the free right B—module generated by S (i.e. @ B = {(ba)aes: b, €

ces
B,#{o € S: b, # 0} < oo} or, in other words, Sc ® B where Sc is a vector space with basis

S). Then by (5.1.1)
((bo), (W) = > vpe't,
o,0’'€S

defines a semiinner product on Sg. We set £ = Sg/Ng, and i(c) = (500/1)0, . ¢+ Nsy. Then

the pair (£, i) has all desired properties. Uniqueness is clear. m

5.1.4 Remark. If B is non-unital, then we still may construct £ as before as a quotient of
Sc ® B, but we do not have the mapping ¢. We have, however, a mapping i:SxB—>FE ,
sending (0, b) to (6,,:b) res

and uniqueness properties.

o~

+Ng,, such that b*¢7'b = (i(c,b),i(0", V') with similar cyclicity
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5.1.5 Definition. We refer to the pair (F, ) as the Kolmogorov decomposition for £ and to

E' as its Kolmogorov module.

5.1.6 Example. For C—valued positive definite kernels we recover the usual Kolmogorov
decomposition. For instance, usual proofs of the Stinespring construction for a completely
positive mapping 7: A — B%(G) start with a Kolmogorov decomposition for the kernel
((a,g), (a’,g’)) — (g,T(a*a’)g’) on A x G and obtain in this way the pre-Hilbert space
H = F ® G where E is the GNS-module of T’; c¢f. Remark [4.1.9.

For B = B*(F) for some pre-Hilbert C-module F' we recover the Kolmogorov decom-
position in the sense of Murphy [Mur97]. He recovers the module £ ® F' of the KSGNS-
construction for a completely positive mapping 7: A — B*(F) (cf. Remark 4.2.25) as
Kolmogorov decomposition for the kernel ((a,y), (¢,y')) — (y,T(a*a’)y’) on A x F.

5.2 Completely positive definite kernels

For C-—valued kernels there is a positivity preserving product, namely, the Schur product
which consists in multiplying two kernels pointwise. For non-commutative B this operation
is also possible, but will, in general, not preserve positive definiteness. It turns out that
we have to consider kernels which take as values mappings between algebras rather than
kernels with values in algebras. Then the pointwise multiplication in the Schur product is
replaced by pointwise composition of mappings. Of course, this includes the usual Schur

product of C—valued kernels, if we interpret z € C as mapping w — zw on C.

5.2.1 Lemma. Let S be a set and let R: S x S — B(A, B) be a kernel with values in the
bounded mappings between pre-C*—algebras A and B. Then the following conditions are

equivalent.

1. We have

N b (afag)b; > 0

.3

for all choices of finitely many o; € S, a; € A, b; € B.
2. The kernel €: (A x S) x (Ax S) — B with €297 = g9 (a*a) is positive definite.
3. The mapping

* 0,04 * i .
a — g biR7°% (a; aa;)b;
0]

1s completely positive for all choices of finitely many o; € S, a; € A, b; € B.
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4. For all choices o1, ... ,0, € S (n € N) the mapping
&™) () — (8797 (ay))
from M, (A) to M, (B) is completely positive.
5. For all choices oy,... ,0, €S (n € N) the mapping &™) is positive.
Moreover, each of these conditions implies the following conditions.

6. The mapping

a — Z b: R (a)byr
o,0’'€S
is completely positive for all choices of b, € B (o € S) where only finitely many b, are
different from 0.

7. The mapping

o Y W
o,0'eS
is completely positive for all choices of ay € A (o0 € S) where only finitely many a,

are different from 0.

Proor. 1l and 2 are equivalent by Observation |5.1.2.

3 means

D> Bib A7 (af agouag)biBe > 0 (5.2.1)
klEK i jel
for all finite sets I, K and a;, ay € A and b;, 5, € B. To seel3 = 1l we choose K consisting of
only one element and we replace «y, and 3, by an approximate unit for A and an approximate
unit for B, respectively. By a similar procedure we see 3 = 6 and 3/ = 7.
To see 1l = 3, we choose P = I x K, 0( ) = 04, Q@ k) = a;, and b py = b;B,. Then

(5.2.1) transforms into

> bR (anag)by > 0,

p,qEP

which is true by (1.
To see 2 = 4, we do the Kolmogorov decomposition (E,/z\) for the kernel € in the sense of

~

Remark 5.1.4l If A and B are unital, then we set z; =i(1,0;,1) € E (j=1,... ,n). Then
the mapping in 4/ is completely positive by Example 1.7.7. If A and B are not necessarily
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unital, then we set x; = g(u,\, 0;,v,) for some approximate units (u,\) and (v“) for A and
B, respectively, and we obtain the mapping in 4 as limit (pointwise in norm of M, (B)) of
completely positive mappings.

4l and 5| are equivalent by an application of Corollary 4.1.6/ to K.

To see 5 = I we apply /5l to the positive element A = (aja;) € M,(A) which means that
<B,ﬁ(”)(A)B> is positive for all B = (by,... ,b,) € B" and, therefore, implies1. m

5.2.2 Definition. We call a kernel R: S x S — B(A, B) completely positive definite, if it
fulfills one of the Conditions [I — 5 in Lemma 5.2.1. By Kgs(A, B) we denote the set of
completely positive definite kernel on S from A to B. If A = B, then we write Kg(B). A
kernel fulfilling Condition 6/ and Condition [7 in Lemma 5.2.1] is called completely positive

definite for B and completely positive definite for A, respectively.

5.2.3 Theorem. Let A and B be unital, and let R be in Ks(A,B). Then there exists a
contractive pre-Hilbert A-B—module E and a mapping i: S — E such that

R77(a) = (i(0),ai(d")),

and E = span(Ai(S)B). Moreover, if (E',i') is another pair with these properties, then
i(o) — (o) establishes an isomorphism E — E'.

Conversely, if E is a contractive pre-Hilbert A-B-module and S a collection of elements
of E, then R defined by setting 877 (a) = (0, ac’) is completely positive definite.

5.2.4 Corollary. A kernel & € Ks(A,B) is hermitian, i.e. 827 (a*) = R77(a)*. (This

remains true, also if A and B are not necessarily unital.)

Proor orF THEOREM 5.2.3. By Proposition 5.1.3 we may do the Kolmogorov decompo-
sition for the kernel € and obtain a pre-Hilbert B—module E with an embedding 7;. We

have
(ie(a’, "), ip(aa”, 0")) = (ie(a*d’,0"),ie(a”,c")).

Therefore, by Corollary 1.4.3 setting ai¢(a’, 0') = i¢(ad’,0’) we define a left action of A on
E. This action is non-degenerate, because A is unital, and the unit acts as unit on E. It
is contractive, because all mappings 827 are bounded, so that in the whole construction
we may assume that A is complete. Setting i(0) = i¢(1,0), the pair (£,4) has the desired
properties.

The converse direction follows from Example 1.7.7. m
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5.2.5 Definition. We refer to the pair (£, ) as the Kolmogorov decomposition for f and to

E' as its Kolmogorov module.

5.2.6 Observation. If B is a von Neumann algebra, then we may pass to the strong closure
E°. Tt is not necessary that also A is a von Neumann algebra, and also if A is a von Neumann
algebra, then E’ need not be a two-sided von Neumann module. We see, however, like in
Proposition 4.1.13 that for normal kernels (i.e. all mappings 877 are oweak) E’ is a von

Neumann A-B-module.

Our notion of completely positive definite kernels differs from that given by Accardi and
Kozyrev [AK99]. Their completely positive definite kernels fulfill only our requirement for
kernels completely positive definite for B. The weaker requirement in [AK99] is compensated
by an additional property of their concrete kernel which is mirrored in the assumptions of

the following result.

5.2.7 Lemma. Let A and B be unital, and let R: S x S — B(A, B) be completely positive
definite for B. Let (E, i) denote the Kolmogorov decomposition for the positive definite kernel
£77" = R29'(1). Assume that for each a € A, o € S there exist (possibly uncountably many)

o' €8, by € B such that x,, = Y i(0')by exists in E° in the strong topology (comming
o'eS
from some faithful representation of B) and fulfills

(i(0"), 200) = £7(a)

for all 0" € S. Then R is completely positive definite and E° contains the Kolmogorov

decomposition for R as a strongly dense subset.

PROOF. The assumptions guarantee that (like in the proof of Theorem 5.2.3) E° carries a
contractive strongly total representation of A which fulfills and is determined by ai(c) =
Zq,. Therefore, by the second part of Theorem 15.2.3 the kernel & is completely positive

definite. Now the remaining statements are clear. m

5.2.8 Remark. The assumptions are fulfilled, for instance, whenever E is a centered mod-
ule. This is the case in [AK99] where A = B = B(G) and the kernel is that of central
exponential units on the symmetric Fock module I*(L*(R, B(G)) = B(G,G & I'(L*(R)));
see Remark [8.1.7.

Starting from a kernel 8 € Kg(.A, B) we may always achieve the assumption to be fulfilled
by passing to a kernel on the set A x S or any subset of A x S generating the Kolmogorov

decomposition of K as right module.
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5.3 Partial order of kernels

We say, a completely positive mapping T dominates another S, if the difference T'— S is also
completely positive. In this case, we write T > S. Obviously, > defines a partial order. As
shown by Arveson [Arv69] in the case of B((G) and extended by Paschke [Pas73| to arbitrary
von Neumann algebras, there is an order isomorphism from the set of all completely positive
mappings dominated by a fixed completely positive mapping 7" and certain mappings on
the GNS-module of T" (or the representation space of the Stinespring representation in the
case of B(G)).

In this section we extend these notions and the result to kernels and their Kolmogorov
decomposition. Theorem 5.3.3 is the basis for Theorem [13.4.3] which provides us with a
powerful tool to establish whether a dilation of a completely positive semigroup is its GNS-

dilation. In Lemma 5.3.2 we need self-duality. So we stay with von Neumann modules.

5.3.1 Definition. We say, a kernel £ on S from A to B dominates another kernel £, if the
difference £ — £ is in g (A, B). For R € Ks(A, B) we denote by Dg = {£ € Ks(A,B): & >
£} the set of all completely positive definite kernels dominated by f.

5.3.2 Lemma. Let A be a unital C*—algebra, let B be a von Neumann algebra on a Hilbert
space G, and let & > £ be kernels in Kg(A,B). Let (E,i) denote the Kolmogorov decom-
position for K. Then there exists a unique positive contraction w € B“’b“(ES) such that
£79 (a) = (i(0),wai(c")).

PROOF. Let (F,j) denote the GNS-construction for £. As 8 — £ is completely positive,

the mapping v: i(0) — j(o) extends to an A-B-linear contraction £ — F. Indeed, for
r =Y agi(ox)by we find
k

(x,x) — (ve,vYy) = Zb;(ﬁ"’“‘” — L7 (ayap)by > 0,
ke,
such that ||z|| > |lvz||. By Proposition 3.1.5/ v extends further to a contraction = — F.
Since von Neumann modules are self-dual, v has an adjoint v* € B4(F", E). Since adjoints

of bilinear mappings and compositions among them are bilinear, too, it follows that also w =

v*v is bilinear. Of course, (i(c), wai(c’)) = (i(0),v*vai(d’")) = (j(0),aj(0’)) = £77 (a). m

5.3.3 Theorem. Let S be a set, let A be a unital C*—algebra, let B be a von Neumann
algebra on a Hilbert space G, and let 8 be a kernel in Kg(A,B). Denote by (E,i) the
Kolmogorov decomposition of 8. Then the mapping O : w — £, with

£57(a) = (i(0),wai(0"))
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establishes an order isomorphism from the positive part of the unit ball in 23“’17”(FS) onto
Dg.

Moreover, if (F,7) is another pair such that £ (a) = (j(c),aj(c")), then O is still a
surjective order homomorphism. It is injective, if and only if (F,j) is (unitarily equivalent

to) the Kolmogorov decomposition of K.

PROOF. Let us start with the more general (F, 7). Clearly, O is order preserving. As £ C F
and BY(E") = pB*(F’)p € B*(F") where p is the projection onto E, Lemma 5.3.2 tells us
that © is surjective. If p is non-trivial, then O is certainly not injective, because £, = £;.
Otherwise, it is injective, because the elements j(o) are strongly total, hence, separate the
elements of B(F"). It remains to show that in the latter case also the inverse O~ is order

preserving. But this follows from Lemma 1.5.2. =

5.3.4 Remark. By restriction to completely positive mappings (i.e. #5S = 1) we obtain
Paschke’s result [Pas73]. Passing to B = B(G) and doing the Stinespring construction, we
find Arveson’s result [Arv69].

We close with a reconstruction result which is a direct generalization from [AK99]. The
proof is very much the same, but notation and generality differ considerably. Also here it
is a very hidden domination property which keeps things working. But Observation 5.3.6
shows that it is different from the situation discribed before.

If T: A— Ais a completely positive mapping, then with 8 € Kg(.A, B) also the kernel
Ko T is completely positive definite. This is a special case of Theorem 5.4.2, but can also
easily be seen directly. More generally, let (E,i) be the Kolmogorov decomposition of £
and define the kernel Rz € Kg(B*(E"), B) by setting 857 (a) = (i(0), ai(c")). Then for any
completely positive mapping T: A — B*(E") also the kernel Rz o T is in Kg(A, B). If T'is
unital, then &7 (1) = REU/ o T(1). Under the assumptions of Lemma 5.2.7/ we have also

the converse result.

5.3.5 Lemma. Let R, £ be kernels in Ks(A,B) such that K fulfills the assumptions of
Lemma [5.2.7 and 87 (1) = £7°(1). Then there exists a unique unital completely pos-
itive mapping T: A — B*(E’), such that £ = RgoT.

PROOF. Recall that i(S) generates E as a right module. Let x = > i(0;)b; be an arbitray
element in E. Then (because £ is completely positive)

HZb*SUz aj |CL|| HZZ)*EUZ O'] |CL|| sz*ﬁalq

for all a € A. In other words, the B-sesquilinear form A, on F defined, by setting
Aq(i(0),i(0") = £77(a), fulfills ||Aq(z,z)|| < |la||||z||>. If a > 0, then so is Ay(z,z).

2
lall fll
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By (1.2.1) we find ||A.(x,y)|| < |la| [|z] ||y|]|. Since all @ € A can be written as a linear
combination of not more than four positive elements, it follows that A, is bounded for
all a. By Corollary 1.4.8 there is a unique operator T'(a) € B*(E’) such that £ (a) =
A (i(o),i(0") = (i(0), T(a)i(c")) = ﬁgal o T'(a). Complete positivity of T" follows directly

from completely positive definiteness of £. m

5.3.6 Observation. If A acts faithfully on E, then certainly £ # £, because id =T com-
pletetely positive implies ||id =7'|| = ||]1 — T'(1)|| = 0.

5.4 Schur product and semigroups of kernels

Now we come to products, or better, compositions of kernels. The following definition
generalizes the Schur product of a matrix of mappings and a matrix as discussed in Example
1.7.7.

5.4.1 Definition. Let R € Kg(A,B) and let £ € Kg(B,C). Then the Schur product of £
and £ is the kernel £o & € Kg(A,C), defined by setting (£ o 8)77 (a) = £77 0 &7 (a).

5.4.2 Theorem. If R and £ are completely positive definite, then so is £ o K.

PrOOF. If all algebras are unital, then this follows directly from Theorem /5.2.3 and Ex-
ample 4.2.12. Indeed, by the forward direction of Theorem 5.2.3/ we have the Kolmogorov
decompositions (E,i) and (F, j) for 8 and £, respectively. Like in Example 4.2.12/ we find
£57 0 877 (a) = (i(0) ® j(0),ai(c’) ® j(o')) from which (£ o K)% is completely positive
definite by the backward direction of Theorem 5.2.3. If the algebras are not necessarily
unital, then (as in the proof of 2 = 4/ in Lemma [5.2.1) we may apply the same argument,
replacing (o) by Z(u,\, 0,v,) (and similarly for j) and approximating in this way £ o & by

completely positive definite kernels. m

5.4.3 Observation. The proof shows that, like the GNS-construction of completely pos-
itive mappings, the Kolmogorov decomposition of the composition £ o & can be obtained
from those for K and £. More precisely, we obtain it as the two-sided submodule of £ ® F
generated by {i(c) ® j(0): o € S} and the embedding i ® j: o +— i(0) ® j(o).

5.4.4 Definition. A family (%) of kernels on S from B to B is called a (uniformly con-

teR4
0,0’

tinuous) Schur semigroup of kernels, if for all o,¢0” € S the mappings T7° form a (uniformly
continuous) semigroup on B; see Definition A.5.1. A (uniformly continuous) CPD-semigroup of
kernels, is a (uniformly continuous) Schur semigroup of completely positive definite kernels.

In a similar manner we define Schur Cy—semigroups and CPD-Cy—semigroups.
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Like for CP-semigroups, the generators of (uniformly continuous) CPD-semigroups can

be characterized by a conditional positivity condition.

5.4.5 Definition. A kernel £ on S from B to B is called conditionally completely positive
definite, if

> b (aja;)b; > 0 (5.4.1)

i’j

for all choices of finitely many o; € S, a;,b; € B such that > a;b; = 0.
5.4.6 Lemma. For a kernel £ on S from B to B the following conditions are equivalent.

1. £ is conditionally completely positive definite.

2. For all choices 01,... ,0, € S (n € N) the mapping
E(n)Z (CLZ]) — (,So-i’aj (aw))

on M, (B) is conditionally completely positive, i.e. for all A* B* € M,(B) such that
S AFBE = 0 we have Y B £™ (A=A B > 0.
k .

PROOF. By Lemma [1.5.2 an element (b;;) € M,(B) is positive, if and only if Y- b7b;b; > 0
,J

for all by,... ,b, € B. Therefore, Condition 2| is equivalent to
S el i > 0
Z'7j7p7q7k7é77‘

for all 04,... 00 € S, by,... b, € B (n € N), and finitely many (af;) € M,(A), (b)) €

k k . .
M,,(B) such that Z a;by; = 0 for all 4, 5. Assume that [1'is true, choose b; € B, and choose

ak, bk € B such that Zak bk, = 0 for all r;i. Then Y af, (3 bkb;) = 0 for all r and 1
p,k )

rpa rpYpi

implies that ) bfb’;jﬁ"l’ “a(af*al,)bi;b; > 0 for each r separately. (Formally, we pass to
1,3,0,0,k,£
indices (p, k) and set o(, k) = 0, as in the proof of Lemma [5.2.1.) Summing over r we find

2.
Conversely, assume that 2 is true and choose a;,b; € B such that >  a;b; = 0. Set

arp = 01,0, and by, = b,. Then Zarp i = 51r2ap = 0 for all r,7 and 2 implies that

the matrix (Y b}, £ "fl(a,,parq)bqj) (Z b*S"P 71 (anag)by )” is positive. As any of the
Par
(equal) diagonal entries ) by £777(aza,)b, must be positive in B, we find 1. m
P
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5.4.7 Theorem. Let B be a unital C*—algebra and let S be a set. Then the formula
T, = et (5.4.2)

(where the exponential is that for the Schur product of kernels) establishes a one-to-one

correspondence between uniformly continuous CPD-semigroups (Tt) of positive definite

t€R+
kernels on S from B to B and hermitian (see Corollary 5.2.4]) conditionally completely

positive definite kernels on S from B to B. We say £ is the generator of X.

PRrooF. First of all, let us remark that (5.4.2) establishes a on-to-one correspondence be-
tween uniformly continuous Schur semigroups and kernels £: S x S — B(B). This follows
simply by the same statement for the uniformly continuous semigroups ‘Zf"’, and their gen-
erators £7° . So the only problem we have to deal with is positivity.

Let ¥ by a CPD-semigroup. By Lemma/5.2.1/ (4) this is equivalent to complete positivity
of the semigroup T\ on M, (B) for each choice of o1, ... ,0, € S (n € N). So let us choose
A* B* € M, (B) such that Y A*B* = 0. Then

k
%:B’f £ (A AYBY = lim %Bk T (A= AHB' > 0.
In other words, £ is conditionally completely positive and by Lemma [5.4.6 (2) £ is
conditionally completely positive definite. As limit of hermitian kernels, also £ must be
hermitian.

Conversely, let £ be hermitian and conditionally completely positive definite, so that
£ is hermitian and conditionally completely positive for each choice of oy,... ,0, € S
(n € N). We follow Evans and Lewis [EL77, Theorem 14.2 (3 = 1)] to show that T s
positive, which by Lemma 5.2.1 (5) implies that ¥; is completely positive definite.

Let A > 0 and B in M, (B) such that AB = 0. Then by Proposition(A.7.3/also vVAB = 0,
whence B*Q(”)(A)B > 0, because £ is conditionally completely positive. Let 0 < & <
HQ(") ||, whence id —e£(™ is invertible. Now let A = A* be an arbitrary self-adjoint element in
M, (B). We show that A > 0 whenever (id —£™)(A) > 0, which establishes the hermitian
mapping (id —e£™)~! as positive. We write A = A, — A_ where A, A_ are unique positive
elements fulfilling Ay A_ = 0. Therefore, A_£™(A,)A_ > 0. Hence,

0 < A_(id—e£M)(A)A_ = A_(id —eL™)(A)A_ — A_(id —e£™)(A_)A_
—eA_LM(ANAL — A +cA_LM(A)A_,

whence

AP < A A LM(ANAL < A WA A
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If A # 0, then |A_|° = [[4%] < [leA_£M(AD)A_|| < ||| |A-|° < [|A-] a
contradiction, whence A_ = 0. By Proposition [A.5.4 we have T = lim (1— Lgm)™™

which is positive as limit of compositions of positive mappings. m

By appropriate applications of Lemmata 5.2.1 and [5.4.6 to a kernel on a one-element set

S, we find the following well-known result.

5.4.8 Corollary. The formula T, = e'* establishes a one-to-one correspondence between
uniformly continuous CP-semigroups on B (i.e. semigroups of completely positive mappings

on B) and hermitian conditionally completely positive mappings L € B(B).

5.4.9 Observation. A CP-semigroup on a von Neumann algebra is normal, if and only
if its generator is o—weak. (This follows from the observation that norm limits of o—weak

mappings are o—weak.)

We find a simple consequence, by applying this argument to the CP-semigroups ‘S,g").

5.4.10 Corollary. A CPD-semigroup T on a von Neumann algebra is normal (i.e. each

mapping T?’gl is o—weak), if and only if its generator £ is o—weak.

5.4.11 Remark. It is easily possible to show first Corollary [5.4.8 as in [EL77], and then

e®™ to show the statement for CPD-semigroups. Notice, however, that

apply it to T,E") =
also in [EL77] in order to show Corollary [5.4.8, it is necessary to know at least parts of

Lemma 5.2.1 in a special case.

We say a CPD-semigroup T dominates another ¥’ (denoted by ¥ > %), if T, > ¥ for
all t € T. The following lemma reduces the analysis of the order structure of uniformly

continuous CPD-semigroups to that of the order structure of their generators.

5.4.12 Lemma. Let T and T’ be uniformly continuous CPD-semigroups on S in Kg(B)
with generators £ and £, respectively. Then T > X', if and only if £ > £'.

PROOF. Since Ty = T, we have %;TQ = 2% _ ﬁ;% — £ — g fort — 0 so that T > %'
certainly implies £ > £. Conversely, assume that £ > £'. Choose n € N and o; € S
(i = 1,...,n). From the proof of Theorem 5.4.7 we know that (1 — ££M™)~' > 0 and
(1 —eg'™)=1 > 0 for all sufficiently small & > 0. Moreover, by Theorem [5.4.2

(12801 (1 —e@™)1 = (1 — e£®)L(gm _ @®)q _ @)1 > q

because all three factors are > 0. This implies (1 — L)~ — (1 — Lg/tM)=m >  for
m sufficiently big. Letting m — oo, we find ‘Zg") > ‘ZQ(”) and further ¥ > ¥’ by Lemma
5.2.14). m
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We close this section with a conjecture (Theorem [5.4.14) for the form of the generators
of a uniformly continuous CPD-semigroup, based on the corresponding results for CP-
semigroups by Christensen and Evans [CE79] which we report in Appendix A.6. One of the
main goals of Part IIIis to prove Theorem 5.4.14.

Let B be a unital C*—algebra, let ( be an element in a pre-Hilbert B—-B—module F', and
let 5 € B. Then

L(b) = (¢, bC) +bB + 5 (5.4.3)

£ is a uniformly

is obviously conditionally completely positive and hermitian so that 7, = e!
continuous CP-semigroup. We say the generator of T" has Christensen-Evans form (or is a CE-
generator). By Theorem |A.6.3| generators £ of normal CP-semigroups 7" on a von Neumann
algebra B have the form (5.4.3) where F' is some von Neumann B-B-module. For us it will
be extremely important that F' can be chosen in a minimal way, as it follows from Lemma
A.6.1 (and its Corollary [A.6.2/ which asserts that bounded derivations with values in von
Neumann modules are inner). Therefore, we consider Lemma [A.6.1] rather than Theorem
A.6.3 (which is a corollary of lemma [A.6.1) as the main result of [CET79].

The results in [CE79] are stated for (even non-unital) C*~algebras B. However, the proof
runs (more or less) by embedding B into the bidual von Neumann algebra B**. Hence, the
inner product on F' takes values in B** and also § € B**. Ounly the combinations in (5.4.3)
remain in B. As this causes unpleasant complications in formulations of statements, usually,
we restrict to the case of von Neumann algebras.

What can be the analogue for CPD-semigroups on some set S7 Let B be a unital
C*—algebra, let (, (0 € S) be elements in a pre-Hilbert B—B-module F, and let 3, € B
(0 € S). Then the kernel £ on S defined, by setting

277 (b) = (Cy,bCor) 4 DBy + 32D (5.4.4)

is conditionally completely positive definite and hermitian. (The first summand is com-
pletely positive definite. Each of the remaining summands is conditionally completely pos-

itive definite, and the rest follows, because £ should be hermitian.)

5.4.13 Definition. A generator £ of a uniformly continuous CPD-semigroup has Christen-

sen-Evans form (or is a CE-generator), if it can be written in the form (5.4.4).

5.4.14 Theorem. Let ¥ be a normal uniformly continuous CPD-semigroup on S on a
von Neumann algebra B with generator £. Then there exist a von Neumann B-B-module
F with elements {, € F (o € S), and elements 5, € B (0 € S) such that £ has the

Christensen-Evans form in (5.4.4). Moreover, the strongly closed submodule of F' generated
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by the derivations d,(b) = b(, —(,b (see Appendiz'A.6) is determined by £ up to (two-sided)

isomorphism.

We prove this Theorem (and semigroup versions of other theorems like Theorem 5.3.3) in
Chapter [13| (after Theorem [13.3.1)) with the help of product systems. A direct generalization
of the methods of [CET9] as explained in Appendix [A.6 fails, however. This is mainly due
to the following fact.

5.4.15 Observation. Although the von Neumann module F' is determined uniquely by the
cyclicity condition in Theorem 5.4.14, the concrete choice neither of (, nor of (3, is unique.
This makes it impossible to extend to T what Lemma [A.6.1 asserts for T with a fixed

choice of 01,...,0, € S by an inductive limit over finite subsets of .S.
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Part 11

Fock modules

Fock spaces appear typically as representation spaces of central limit distributions for convo-
lutions of probability laws. For instance, the symmetric Fock space carries a representation
of the classical brownian motion (being ditributed according to the classical gaufiian law),
the full Fock space carries a representation of the free brownian motion (being distributed
according to the Wigner law, i.e. the central limit distribution of Voiculescu’s free probability
[Voi87]). The appearence of such Fock spaces in physics is typical for set-ups where we try
to understand the evolution of a small system as an irreversible evolution driven by some
reservoire or heat bath (i.e. a white noise). Nowadays, a huge quantity of new convolutions
appears in continuation, each comming along with a central limit distribution which may be
represented by creators and annihilators on some Fock like space in the vacuum state. This
lead Accardi, Lu and Volovich [ALVI7] to the notion of interacting Fock space, an abstrac-
tion with emphasis on the Ny—graduation of the space (the creators being homogeneous of
degree 1; see Appendix A.3) and on existence of a cyclic vacuum vector.

Voiculescu [Voi95] generalized free probability to operator-valued free probability and
determined the central limit distribution. Speicher [Spe98] showed that the central limit
distribution may be understood as moments of creators and annihilators on a full Fock
module (introduced independently and for completely different reasons by Pimsner [Pim97]).
For operator valued tensor independence (an independence paralleling classical independence
which works, however, only for centered B-algebras and is, therefore, very restricted) we
showed in Skeide [Ske99a| a central limit theorem and that the central limit distribution
may be realized in the same way on a symmetric Fock module.

In Accardi and Skeide [AS98| we showed that the two aspects, on the one hand, con-
volutions of probability laws, and on the other hand, operator-valued free probability, are
two sides of the same game. Creators and annihilators on an interacting Fock space may
represented by creators and annihilators on a canonically associated full Fock module. (In
some sense also the converse is true.) We discuss this in Chapter 9. The construction, being
very algebraic, makes it necessary to use the new notion of P*-algebras from Appendix (C.

Of course, it would be interesting to speak about all the probabilistic aspects mentioned
so far, and to show all the central limit theorems. Meanwhile, this would fill, however, a
further book. Therefore, (perhaps, except Section [17.2) we decided to neglect this aspect

completely. We discuss the several Fock modules on their own right.
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We understand all Fock modules as subspaces of the full Fock module, so that Chapter
6/ is indispensable for almost everything in the remainder of these notes. The reader who is
only interested in the calculus in Part IV, may skip the remaining chapters of Part II. The
time ordered Fock module is the basic example for a product system. Therefore, the reader
who is interested mainly in Part [III should read also Chapter 7. The remaining chapters
of Part II are independent of the rest of these notes. Chapter I8 about the symmetric Fock
module (roughly speaking, a subclass of the time ordered Fock modules, but with more
interesting operators) is interesting to see better the connection with existing work on the
case B = B(G). Starting from Section 8.2/ we discuss our realization of the square of white
noise relations (postulated in Accardi, Lu and Volovich [ALV99]) from Accardi and Skeide
[AS00a, 'ASOOb]. In Chapter 9 we present our results on the relation between interacting
Fock spaces and full Fock modules from Accardi and Skeide [AS98].

Contrary to our habits in Parts [Il and IIIl we, usually, assume that Fock modules F,
I, I, etc. are completed. We do so, because in our main applications completion (for the
calculus in Part V) or, at least, partial completion (for having product systems in Part III
or in Appendix [D) is necessary. By F, I, II', etc. we denote purely algebraic Fock modules
(i.e. tensor product and direct sum are algebraic). For intermediate objects we use different
notations to be introduced where they occur. Throughout Part II, B is a unital C*—algebra.
As a consequence we may or may not assume that a pre-Hilbert B—module is complete, and
all pre-Hilbert B—B-modules are contractive automatically.

The only exceptions of the preceding conventions are Section 8.2/ and Chapter 9, where

B is a P*-algebra (see Appendix [C). Here we cannot speak about completion.



Chapter 6

The full Fock module

6.1 Basic definitions

6.1.1 Definition. Let B be a unital C*—algebra and let F be a (pre-)Hilbert B-B-module.
Then the full Fock module F(E) over E is the completion of the pre-Hilbert B-B-module

o0

F(E)=PE™

n=0

where E®° = B and w = 1 € E®° is the vacuum. If B is a von Neumann algebra, then by
F?*(F) we denote the von Neumann B-B-module obtained by strong closure of F(E) in the
identification preceding Definition [3.1.1.

6.1.2 Definition. Let x € E. The creation operator (or creator) (*(x) on F(FE) is defined
by setting

C(2)e, @ 01 =202,® - Ox;

for n > 1 and ¢*(x)w = x. The annihilation operator (or annihilator) is the adjoint operator,

i.e.
g(l‘)l‘n O Or = <$7xn>$n71 (ORERNON A1

for n > 1 and 0 otherwise. Let T" € B*(E). The conservation operator (or conservator) p(T)
on F(FE) is defined by setting

p(T)an®$1:(T$n)@l'nf1@@$1

for n > 1 and 0 otherwise.
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6.1.3 Proposition. The mappings x — *(x) and T — p(T) depend B-B-linearly on their
arguments. The mapping x +— ((x) depends B-B-anti-linearly on its argument. We have
1€ (@) = ()|l = ll=]l and |lp(T)[| = 1T
We have
p(I'T') = p(T)p(T") and p(T") = p(T)’

so that T — p(T) defines an injective homomorphism of C*—algebras. Finally, we have the

relations
p(T) (x) = (Tx) {(x)p(T) = ((T"x)
U(z)0* (") = (z,2"). (6.1.1)
PROOF. The other statements being obvious, we only show ||p(T)|| = ||T|| and postpone

|¢*(x)|| = ||z|| to the more general statement in Proposition 6.2.5. We have p(T") = 0 & T®id
on F(E)=Bw @& EOF(E). Therefore, ||p(T)|| < ||T||. On the other hand, p(T) | E®' =T
so that ||p(T")|| certainly is not smaller than ||T]|. m

The first formal definitions of full Fock module are due to Pimsner [Pim97] and Speicher

Spe98|. Pimsner used the full Fock module to define the module analogue O of the Cuntz
algebras [CunT77] as the C*—algebra generated by the creators ¢*(z) (z € E). In a certain
sense, this C*—algebra is determined by the generalized Cuntz relations (6.1.1). Speicher,
who introduced also the conservation operators p(7'), considered the full Fock module as a
space for a potential quantum stochastic calculus (an idea which we realize in Part IV)). In
[Ske98a] we pointed out that one of the first full Fock modules appeared already in Accardi,
Lu [AL96] in the context of the stochastic limit of quantum field theory. We discuss this in
Appendix Dj see also Example 6.1.7.

6.1.4 Definition. For any mapping 7' € B**!(E) we define its second quantization

F(T) = 19" € B*(F(E)) (T° = id).

n€Ng

6.1.5 Example. One of the most important full Fock modules is F(L*(R, F)). In Example
4.3.14 we defined the time shift s; in B**(L?(R, F)) for some Hilbert B-B-module F. The
corresponding second quantized time shift F(s;) gives rise to the time shift automorphism
group 8 on B*(F(L*(R, E))), defined by setting

Si(a) = F(st)aF(st)".

F(s) is B-B-linear so that § leaves invariant B. By Proposition 4.3.15, § is strongly

continuous.
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By Example 4.4.10} setting E¢(a) = (w, aw), we define a conditional expectation
Eo: BY(F(E)) — B (C B*(F(E))),

the vacuum conditional expectation. Clearly, (F(E),w) is the GNS-construction for Ey.

Obviously, Eq is continuous in the strong topology of B*(F(F)) and the norm topol-
ogy of B. However, by Proposition 3.1.5 E; is also continuous in the strong topologies of
BYF(E)) C B(F(E)® G) and B C B(G), when B is represented on a Hilbert space G.
In particular, if £ is a von Neumann module, then Eq extends to a normal conditional
expectation B*(F*(E)) — B.

6.1.6 Example. Let E = B(G)®H = B(G,G @ $H) be an (arbitrary) von Neumann
B(G)-B(G)-module (with Hilbert spaces G,$). By Example 4.2.13 we find F*(E) =
B(G)® F(H) = B(G,G @ F($H)) where F($) is (in accordance with Definition [6.1.1)
the usual full Fock space over ). Moreover, F*(E) ©®° G = G ® F($). By Example 3.1.2
we have B*(F*(F)) = B(G® F($)). In other words, considering operators on the full Fock

module F°(E) ammounts to the same as considering operators on the initial space G tensor

the full Fock space over the center $ of E. This fact remains true for other Fock modules
over B(G)-modules. It fails, in general, for modules over other C*— (or von Neumann)
algebras.

Example 4.4.12 tells us that the vacuum conditional expectation on B*(F*(E)) is pre-
cisely the identity on B(G) tensor the vacuum expectation (2, Q) on F($)). Other op-
erations appearing simple in the module description, appear, however, considerably more
complicated when translated back into the Hilbert space picture. For instance, let x € E

and consider the creator £*(z) on F*(E). Expanding z = Y bs®es for some ONB (eg)
BeB
of $ as in Example 4.1.15, we see that ¢*(z) corresponds to the operator > bg ® £*(eg)
BeB
on G ® F($). In general, there is no possibility to write £*(x) as a single tensor b ® £*(h).

Similarly, expanding an operator 7' € B*(E) asT = > (1®ep)bsp (1 R@eg)* we see that
B,p'eB
p(T') corresponds to the operator ) bg s ® egejy on G @ F(9).
B,p'eB

BeB

6.1.7 Example. Let E denote the completion of the P—P—module Ej from Example/1.6.11.
Then as discussed in Appendix D! the limits of the moments of certain field operators con-

verge in the vacuum conditional expextation to the moments of suitable creators and anni-
hilators on the full Fock module F(L*(R, E)).

We mention Corollary 8.4.2 where we realize the relations of the free square of white

noise (introduced by Sniady [Sni00] as a modification of the square of white noise introduced
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by Accardi, Lu and Volovich [ALV99]) by creators and annihilators on a full Fock module
over a P*—algebra (see Appendix C).

6.2 The full Fock module as graded Banach space

In this section we apply the notions from Appendices A.2 and A.3 to a graded subspace
Fy(E) of F(F). Following [Ske98b, Ske00d] we introduce the generalized creators, which
are related to this graduation. They appear naturally, if we want to explain why Arveson’s
spectral algebra [Arv90al is the continuous time analogue of the Cuntz algebra [Cun77] in
Section 12.5 and they allow to describe most conveniently the algebraic consequences of

adaptedness in Section 6.3.

6.2.1 Definition. We define the homogeneous subspaces of F(E) by E™ = Eo" (n € Ny)
and E™ = {0} (n < 0). We denote by F,(E) and F;(FE) the algebraic direct sum and the
0*—completed direct sum, respectively, over all E™. In other words, Fi(F) consists of all
families (:c(”))nez (z™ € EM) for which ||z]|, = Y |l#™]| < oo. Since ||z| < [jz]|,, we

have F(E) C Fy(E) C Fi(E) C F(E). "

6.2.2 Definition. For n € Z we denote by B C B%(F(E)) the Banach space consisting
of all operators with offset n in the number of particles, i.e. a™ € B if o™ (E°™) C
ECm+n) - Also BY(F(E)) has a natural graded vector subspace B, with B™ (n € Z)
being the homogeneous subspaces. Any a € B*(F(FE)) allows a x—strong decomposition into

a =Y a™ with a™ € B™. We define the Banach space B, as the ¢!-completed direct
nez
sum. It consists of all a € B*(F(E)) for which |all, = 3 |[a™]| < co. Again, we have
nez

la]l < llall,, so that B, C By C Be(F(E)).

We have ¢*(z) € BW, p(T) € B® and ((x) € BEY. Obviously, BMWBM c Bltm)
so that the multiplication on B, is an even mapping. Notice also that B  B-". By
Lemma [A.3.1/ B; is a Banach x—algebra. B*(F(F)) is *—strongly complete and, therefore,

so is the closed subspace B™.

6.2.3 Definition. Let X € F(E). By the generalized creator {*(X) we mean the operator
on F(FE) defined by setting

~

FX)Y=X0Y

for Y € E®", where we identify F(E) ® E“" as a subset of F(F) in an obvious way (cf.
the proof of Proposition 6.3.1). If £*(X) has an adjoint £(X) on F(E), then we call /(X)

generalized annihilator .
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6.2.4 Remark. For Y € E®" we easily find ||(*(X )YH < [ X[}l However , *(X) is not
necessarily a bounded operator on F(FE). F(C) (a = 3)
where e, is the unit vector 19" € C®". Taking into account that m > 2 (n>k)
and 2(2a — 1) = «, we find
Xo x| = |3 2 L] = X =
ex = |3 Zk+1 ol 2 (e =

no
0

Under certain circumstances f*(X ) is bounded. For X € E™ we find
KA(X):rner ©...0 =(X,Zpim©®...0Tpi1)Tm ©...0 1
and Z(X)E@m = {0}, if m < n.
6.2.5 Proposition. Let X € E™. Then *(X) € B™ and ((X) € B™. We have
16(X)|| = |[6(X)|| = || X]||. ForT € B*(E) we have
(D) (X) = I (p(T)X)

where we consider X also as an element of F(E). Moreover, for Y € E™) we have

-~ -~ -~ A~ A~

X)) =PUX)Y) or (XOFY) = {UY)X)
depending on whether n < m or n > m. For n =m we have

UX)F(Y) = (X,Y). (6.2.1)

PROOF. We only show H@‘(X)H = || X||. This follows easily from (6.2.1), because for Y €
F(E) we have |[(X)Y[* = |{Y, (X, X)Y)|| < (X O V) = X [Y])"

6.2.6 Corollary. For X € Fi(FE) we have ||€*( )Ny = ||€( Wy = ||X||1 In particular, we
find for a € By that Hz\*(aw)H < H@(&w)“l = |law||; < |lal|; so that E*(aw) is a well-defined
element of By C B*(F(E)).

6.2.7 Corollary. Let a; € By such that t — a; is strongly continuous in B*(F(FE)). Then

both mappings t — 0*(a,w) and t — ((aqw) are || ®||, —continuous.

PROOF. By an argument very similar to the proof of Lemma |A.3.2, we see that ¢t — a; is

strongly continuous also in B;. Now the statement follows easily from Corollary 6.2.6. m

6.2.8 Remark. Fi(FE), equipped with the multiplication obtained from the multiplication
of the B-tensor algebra F,(E) (see [Ske98a]) and continuous extension in |/e||,, is a Banach
algebra. Corollary 6.2.6 tells us that ¢* and 0 are an isometric homomorphism and an

isometric (anti-linear) anti-homomorphism, respectively, into B;.
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6.3 Adaptedness
6.3.1 Proposition. Let E, F be Hilbert B-B-modules. Then

FEGF) = F(E) o (Bv© FOFEGF)) (6.3.1)
in a canonical way.

PrROOF. Let n,m >0, z;, € E (i=1,---,n),yeF, z; e EGF (j=1,---,m). We easily
check that the mapping, sending (2, ®...©x1) ® (Y © 2, © ... O 2z1) on the right-hand side
t02,0...02 OY® 2, ®...® z on the left-hand side (and sending (z, ® ... ® 1) O w
02,0...0x,and wO (YO 2, @...021) t0Y® 2, ®...O 2z1), and, of course, sending
w O w to w) extends as an isometry onto F(E® F). m

This factorization was found first for Fock spaces by Fowler [Fow95]. We used it inde-
pendently in [Ske98b] in the context of quantum stochastic calculus, in order to describe

adapted operators.

6.3.2 Definition. An operator a in B*(F(E @ F')) is called adapted to E, if there is an
operator ag € B*(F(E)) such that a = (ap ®id) in the decomposition according to (6.3.1).

Applying ar ®id to vectors of the form x ®w, we see that ag is unique and that ||ag| = ||a/|.

6.3.3 Observation. By definition, the set of all operators adapted to E is precisely
BYF(F)) ©id = BY(F(E)).

(This identification is an isomorphism of C*—algebras. The x—strong topology is, in general,
not preserved.) The identification is canonical in the sense that it identifies creators to
the same element © € E. Indeed, the creator ¢*(x) € B*(F(F)) (z € E) embedded via
(¢*(x) ©®id) into B*(F(E & F')) coincides with the creator ¢*(x) € B*(F(E & F)) where
now z is considered as an element of ¥ @ F. The x—algebra generated by all creators to
elements © € E is x—strongly dense in B*(F(F)). (To see this, it is sufficient to show

that the x—strong closure contains ww*, because then it contains F(F(F)) and by Corollary

n

2.1.11 all of B*(F(E)). So, let us choose an approximate unit u* = > viw;" for F(E) with
k=1

vy, wp € E. Then

ny
ww* = lm(1 =Y £ (w))l(w)
(-2 )

in the x—strong topology. Actually, this shows density of the ball in the ball.) Therefore,
we may identify the x—subalgebra of B*(F(E @ F')) consisting of all operators adapted to
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E with the x—strong closure in B*(F(FE @ F)) of the x—algebra generated by all creators on
F(E® F) to elements in E C E® F.

Under the above isomorphism also the Banach x—algebra B; C B*(F(FE)) coincides
(isometrically in ||e||,) with the Banach s-algebra of all elements in By C B*(F(E @ F))
which are adapted to E.

Finally, we remark that by Example 4.4.11 the central vector w in Bw @& FF © F(E @ F)
defines a conditional expectation ¢: a — (id ©w*)a(id ©w) onto B*(F(E)) C BY(F(EG F))
and that Eqg(a) = Eq o ¢(a).

6.3.4 Corollary. Let 2 € E, T € BY(E) and X € F(E). Then t*(z), {(z), p(T), *(X)
and Z(X) are adapted to E. Also the identity is adapted. Moreover, Z*(X) € B, is adapted
to E, if and only if X € F1(E).

6.3.5 Lemma. Let a € By be adapted to E and T in B*(F). Then
ap(T) = 0*(aw)p(T) (6.3.2a)

and

~

p(T)a = p(T)l(a*w). (6.3.2b)

PrROOF. As (6.3.2b) is more or less the adjoint of (6.3.2a)), it is sufficient only to prove
(6.3.24).

(6.3.2a)) follows from the observation that the range of p(T') is contained in (FOF(EGF))
and from apw = aw in the identification F(F) C F(E G F). m

6.3.6 Corollary. Let a,b € By both be adapted to E and let T, T" be in B*(F). Then

p(T)abp(T') = p(TEo(ab)T').

ProoF. By Corollary 6.2.6 we may assume that ¢ € B™ and b € B . First, suppose
—n # m. Then Ey(ab) = 0. Without loss of generality we may assume —n < m. From

Proposition [6.2.5/ and Lemma 6.3.5/ we find

p(T)abp(T") = ¢ (p(T)(a"w)bw) p(T") = 0,

because Z(a*w)bw is an element of E®™*™ and T vanishes on E. If n = m, we find
p(T)abp(T') = p(T)l(a*w)l*(bw)p(T') = p(T)Eo(ab)p(T’). Therefore, in both cases we

obtain our claimed result. m
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6.3.7 Corollary. Suppose a € B is adapted to E and T € BY(F). Then

ap(T) = Eo(a)p(T).

6.3.8 Observation. Let F' be a Hilbert B-B-module and denote F; = L?*((—o0,t], F),
E = E, = L*(R, F), and, more generally, Ex = L*(K, F) for measurable subsets K of R.
Suppose a € B*(F(F)) is adapted to Eg, . Then for all t € Ry also 8 (a) is adapted to

Eg, . This follows from the factorization

F(E) = F(Fr,) ® <Bw &> ER,@E(E)>

= F(Biwy) © <Bw & Epy @f(ER+)> ® (Bw ® Fg @f(E)),

which shows that after time shift a acts only on the very first factor. We conclude that
(St) _— restricts to a unital endomorphism semigroup, i.e. an Ey—semigroup (see Section
10.1), on B*(F(Er,)) ©id = B*(F(Er,)). Since by Example 6.1.5/ § is continuous in
the strong topology of B*(F(FE)), it is a fortiori continuous in the strong topology of
BYF(Ewr,)). Clearly, also here the extension to an Ej-semigroup on the von Neumann

algebra B*(F°(Eg,)) consists of normal mappings.



Chapter 7
The time ordered Fock module

The time ordered Fock modules were introduced in Bhat and Skeide [BS00] as the basic
examples for product systems of Hilbert modules, paralleling the fact that symmetric Fock
spaces are the basic examples of Arveson’s tensor product systems of Hilbert spaces [Arv&9a).

After defining time ordered Fock modules and establishing their basic properties like the
factorization into tensor products (Section [7.1), we investigate exponential vectors (Section
7.2). In Section [7.3 we show that the continuous units for the time ordered Fock mod-
ule are precisely the exponential units and their renormalizations (Liebscher and Skeide
[LS00Db]). This parallels completely the case of symmetric Fock spaces, except that here
the renormalization is considerably more complicated. In Section 7.4 we throw a bridge to
CPD-semigroups. In Section [7.5 we present an example from Skeide [Ske99¢] where we look

at modules over C?, the diagonal subalgebra of M.

7.1 Basic properties

As the name tells us, the construction of the time ordered Fock module is connected with
the time structure of its one-particle sector L*(R, F'). We take this into account by speaking
of the time ordered Fock module over F' rather than over L?(R, F). Additionally, we are

interested mainly in the real half-line R, and include also this in the definition.

7.1.1 Definition. By A, we denote the indicator function of the subset {(tn, coty) sty >

. > tl} of R™. Let B be a unital C*—algebra, let ' be a Hilbert B—B—module and set
E = [*(R, F). (We use also the other notations from Observation [6.3.8.) By Observation
4311 A, acts as a projection on E®" = L2(R", F©"). We call the range of A,, applied
E©™ (or some submodule) the time ordered part of E®™ (or of this submodule).

The time ordered Fock module over F is II'(F') = AF(Eg, ) C F(Eg,) where A = @ A,
n=0

is the projection onto the time ordered part of F(E). The extended time ordered Fock module is

113
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IT'(F) = AF(E). We use the notations ', (F) = AF(Ejgy) (t > 0) and T (F) = AF(Ek)
(K a measurable subset of R). If B is a von Neumann algebra on a Hilbert space GG, then
we indicate the strong closure by II'’; etc. .

The algebraic time ordered Fock module is I'(F') = AF(S(R,, F)) (where here F' maybe
only a pre-Hilbert module). Observe that I'(F) is not a subset of F(S(R,, F)) (unless F'©?

is trivial).

Definition [7.1.1/ and the factorization in Theorem [7.1.3| are due to [BS00]. The time or-
dered Fock module is a straightforward generalization to Hilbert modules of the Guichardet
picture of symmetric Fock space [Gui72] and the generalization to the higher-dimensional
case discussed by Schiirmann [Sch93] and Bhat [Bha98].

7.1.2 Observation. The time shift § leaves invariant the projection A € B*(F(E)).
It follows that § restricts to an automorphism group on B*(I'(F)) and further to an
Ey—semigroup B*(II'(F')) (of course, both strongly continuous and normal in the case of

von Neuman modules).

The following theorem is the analogue of the well-known factorization T'(L?([0, s +1])) =
C(L%([t,s + t])) ® T(L*([0,])) of the symmetric Fock space. However, in the theory of
product systems, be it of Hilbert spaces in the sense of Arveson [Arv89a] or of Hilbert
modules in the sense of Part III (of which the time ordered Fock modules show to be
the most fundamental examples), we put emphasis on the length of intervals rather than
on their absolute position on the half line. (We comment on this crucial difference in
Observation B.3.4.) Therefore, we are more interested to write the above factorization in
the form T'(L*([0,s + t])) = T(L*(]0, s])) ® T'(L*([0,¢])), where the first factor has first to
be time shifted by ¢. Adopting this way of thinking (where the time shift is encoded in the
tensor product) has enormous advantages in many formulae. We will use it consequently
throughout. Observe that, contrary to all good manners, we write the future in the first
place and the past in the second. This order is forced upon us and, in fact, we will see soon

that for Hilbert modules the order is no longer arbitrary.

7.1.3 Theorem. The mapping ug, defined by setting

[t (X © YD) (Ss - s 810t e v t1) = [F(8)Xe) Sy - 2 51) @ Yiltns ... 11)
= Xy($m—thr 51— 1) @ Yi(tns ... 1), (T.1.1)

(s+t>sn > 251 2t2>2t, > >t >0,X, € A BN Y: € A ERT
two-sided zsomorphzs L, (F) o IL(F ) — II', (F). It extends to two-sided isomorphisms
(F) a

T (F)OMy(F) — Myye nd IT(F) ©° T(F) — I3, (F), respectively. Moreover,

extends as a

ur(s+t)(id ®ust) = U(r+s)t) (urs © |d)
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PROOF. The extension properties are obvious. So let us show (7.1.1).

First, recall that the time shift F(s;) sends I onto II'; ;). Therefore, the function
usg(Xs ©Y;) is in An+mE<8?:_;” CI',,,. A simple computation (doing the integrations over
Sms - .- 81 first and involving a time shift by —t¢) shows that ug is an isometric mapping.
Of course, all uy are B—B-linear and fulfill the associativity condition.

It remains to show that ug, is surjective. E°" . is spanned by functions of the form X =

[s+t)
s, 1)@ OX 5, 4G (C1s - .-, G € F). Since we are interested in A E[ ",y only, (splitting
an interval into two, if necessary) we may restrict to the case where for eachi =1,... ,n—1

either s;41 > t; or s;11 = $;,t;41 = t;. Furthermore, (by the same argument) we may assume,
that s; > ¢, or that there exists m (1 < m < n) such that t,, <t and s,,,1 > ¢, or that
t, <t. Inthe first case we have A, X € II'y ;) so that A, X = ugt (F(s;1)A, X Ow) is in the
range of ug. Similarly, in the third case A, X € I, so that A, X = ug(w ® A,X) is in the
range of uy. In the second case we set Yo = Ay, (s, 1 © .o O X (s, 1 t001)Cmr1 € I_F[tﬁs)
and Y1 = Ap I s, 1,0Cm @ ... O I 5, 4,)C1 € I',. Again, we see that A, X = ug (F(s; Yo 0 Y7)

is in the range of ugy. m

7.1.4 Observation. Letting in the preceding computation formally s — oo, we see that
(7.1.1) defines a two-sided isomorphism u;: I''(F)OIL, (F) — IL(F). We have us4(id Qug) =
u(us @ id). In the sequel, we no longer write ug nor u; and just use the identifications
L (F)ol(F)=0I,,(F)and I'(F) ® I',(F) = I'(F). Notice that in the second identifi-
cation 8;(a) = a ®idp,(r) € BYIL(F)OIL,(F)) = BY(IL(F')). We explain this more detailed

in a more general context in Sections [11.4/ and [14.1.

7.2 Exponential vectors

In the symmetric Fock space we may define an exponential vector to any element in the

one-particle sector. In the time ordered Fock module we must be more careful.

7.2.1 Definition. Let x € G(R,, F). We define the exponential vector 1(x) € II'(F') as

o
E A,z®"
n=0

with 20 = w. (Observe that if 2 has support [0,¢] and ||z(s)|| < ¢ € Ry, then ||A,z®"|?
t"jn where ’;L—", is the volume of the set {(t,...,t1):t > t, > ... > t; > 0} so that
[ (@)]* < e < o0.)
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Let t = (t,... ,11) € Iy as defined in Appendix B.3, put ¢ty = 0, and let x = > (M, , 1)
i=1

Then we easily check

Y(r) = @b(Cn][[o,trtn_l)) ©...0 @D(Qﬂ[o,tﬁto))- (7.2.1)

7.2.2 Theorem. For allt € [0, 0] the exponential vectors to elements x € &([0,t], F') form
a total subset of 'y (F).

PrROOF. We are done, if we show that the span of all ¢)(z) contains all A, X to functions
X € L*([0,t]", F©™) chosen as in the proof of Theorem [7.1.3.

In the case when all intervals [s;,t;) appear precisely once, we may assume (possibly
after having inserted additional intervals where (; = 0) that ¢, = ¢ and that s; = ¢;_;. In
other words, (t,,...,t;) € I, and we are in the situation of (7.2.1). Replacing ¢; with \;(;
and differentiating with respect to all A; (what, of course, is possible) and evaluating at
A=\, =0 we find A, X.

For the remaing cases it is sufficient to understand X = A,(, ©...® (1 d |~ separately.
Making use of L*(R?) = L}(R;)®", we write

N N
Xn
_ ®n  _ _ ) )
ﬂ[07t)n = E[O,t) = <Zﬂ[t%,tﬁ)> = Z E[t%i%ﬂ)®...®E[tzlj\717t%>.
i=1 iy sin=1
Applying A,,, only summands with N >4, > ... > i; > 1 contribute. For all summands
where N >4, > ... > i; > 1, we are reduced to the preceding case (including the factor

(o ©...® (). Let us show that the remaining summands are negligible, if N tends to co.

For simplicity, we assume [|¢, © ... ® G| = 1. Since A, is a projection, we have
N
2 t\"* _ (N4n—1\(t\™ t\? _
X< > @ =0UIE s Y (@)=
N>ip>..>i1>1 iy yir=1
If we sum only over N >4, > ... > 4; > 1, then we miss all cases where i, = iy, for at

N+n—2
n—1

) is, maybe, bigger (because we

least one k < n — 1. If we fix k, then the remaining sum has ( ) summands. We have

N+n—2

n — 1 possibilities to choose k. So the number (n— 1) ("]

have counted some summands more than once), but certainly not smaller than the number

of omitted summands. We find

.z - = ]Cn@'-'@@”[twm)®'~®”[t“-%t“>\2

N>ip>..>i1>1  N>ip>..>i1>1 NN

< =D = FESCTUTE) S A

Clearly, this tends to 0 for N — co. m
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7.2.3 Corollary. Denote by p?* the projection onto the 0— and 1-particle sector of I'y. For
tel; set

01 01 01 01
P = Pty O OPtyyy OPy-
Then p?t — idy, strongly over the increasing net I;.

PROOF. Observe that the net p* of projections is increasing (and, of course, bounded by
idr, ). Therfore, it is sufficient to check strong convergence on the total subset of exponential
vectors ¢(x). By (7.2.1) we may even restrict to @ = (o). Splitting the interval [0, s)
into n and taking into account that the contributions orthogonal to the 0— and 1-particle
sector are of order s? (cf. (7.3.4)), our claim follows by a similar estimate as in the proof of

Proposition A.5.4. m

7.2.4 Remark. Obviously, the definition of the exponential vectors extends to elements
r € LRy, F)N L*(R,, F). Tt is also not difficult to see that it makes sense for Bochner
square integrable functions x € L%4(Ry, F'). (¢(x) depends continuously on x in L%-norm.)
It is, however, unclear, whether it is possible to define ¥ (z) for arbitrary x € L*(R,, F).
We can only say that if x € Ej 4, y € Ejq are such that ¢(x), 1(y) exist, then ¢ (s, Dy) =

Y(r) © Y(y) exists, too.

7.3 Exponential units and their renormalizations

We have seen, for instance, in the proof of Corollary [7.2.3, that the exponential vectors
& = Y(C(Loy)) play a distinguished role. They fulfill the factorization

§sO& = ot (7.3.1)

and § = w. In accordance with Definition 11.2.1 we call such a family £® = ({t) rer, @
unit. Notice that T3(b) = (&, b&;) defines a CP-semigroup on B (see Proposition 11.2.3).
Additionally, ¥(Cf) depends continuously on ¢ so that the corresponding semigroup is
uniformly continuous (cf. Theorem [11.6.7). We ask, whether there are other continuous
units £ than these exponential units. The answer is given by the following two theorems

from Liebscher and Skeide [LS00b].

7.3.1 Theorem. Let 3 € B, ( € F, and let £° = (g?)teﬂh with £ = e be the uniformly
continuous semigroup in B with generator 3. Then £°(3,¢) = (&(8, C))t€R+ with the com-
ponent &' of &(5,C) € IT'y in the n—particle sector defined as

& (tny - 1) =&, (O, 4, (O...0&, (& (7.3.2)
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(and, of course, & for n = 0), is a unit. Moreover, both functions t — & € IN(F) and
the CP-semigroup T%€) with Tt(ﬁ’g) = (&(B,€), 9&(5,€)) are uniformly continuous and the

generator of T4 s

b — ((,0¢) + 0B + 3. (7.3.3)

PROOF. For simplicity we write &(3,&) = &. € is bounded by !l so that

m 2n
e < ey I (734

In other words, the components &' are summable to a vector & € II'; with norm not bigger
than et (I81+12)

k
Of course, (& ® &)F = - ¢4 © ¢ Evaluating at a concrete tuple (ry, ... ,r1), there
=0
remains only one summand, namely, that where r, < t and r,4y > t. (If r; > ¢, then there

is nothing to show.) By (7.3.2), this remaining summand equals &¥,(ry, ... ,r1), so that &
fulfills (7.3.1). We conclude further that ||&4e — & = (& —w) @ & < ||& — w]| [|&]| so

that ¢ — & (and, therefore, also 7(%9) is continuous, because
1 —wll < & — €+ || —wl| < )y jless 1|

For the generator we have to compute %‘t:()(&, b¢;). Tt is easy to see from (7.3.4) that
the components £" for n > 2 do not contribute. For the component along the vacuum we
have %‘ t:0<§?’ beP) = bB3 + (*b. For the component in the one-particle sector we find (after

a substitution s — ¢t — s)

d t
7 <£t17 b£t1> = — ‘ / <e(tfs)ﬁ<esﬁ’ be(tfs)ﬁges[g’> ds
0 = 0

dt lt=0

t=

dt

From this the form of the generator follows. m

7.3.2 Remark. We see that the generator of T3¢ has Christensen-Evans form.

7.3.3 Remark. The exponential unit (¢ ) correspond to &(0,¢). We may consider
&(8,¢) as £(0,¢) renormalized by the semigroup €. This is motivated by the observation
that for B = C all factors e *-18 in (7.3.2) come together and give e’. The other way
round, in the noncommutative context we have to distribute the normalizing factor e?® over

the time intervals [¢;_1,t;).
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Now we show the converse of Theorem [7.3.1.

7.3.4 Theorem. Let £° be a unit such that t — & € IT'(F) is a continuous function. Then
there exist unique 8 € B and ¢ € F such that & = &(5,() as defined by (7.3.2).

PROOF. (i) & is continuous, hence, so is & = (w,&). Moreover, £2&) = &2 © & = £2., so
that £ = e is a uniformly continuous semigroup in B with a unique generator 3 € B.

(ii) As observed in a special case in [LieQ0b], any unit is determined by its components
€% and ¢'. (This follows from Corollary 7.2.3.) So we are done, if we show that ¢! has the
desired form.

(iii) For each f € L*(R,) we define the mapping f*®id as in Example 4.3.9. Recall from
(4.3.3) that ((s.f)*®id)s;z = (f*®id)x. Therefore, defining the function A(t) = (I}, 4 ®id)&;
and taking into account &1, = 0 @ ¢! + & © & = e} + s,£let? we find

As+1) = ePA(t) + A(s)e”

Observe that ¢ — () is continuous, because &} is continuous, I [0, ® id is bounded and
(I ®id)g} = (I 4q @ id)&} for all s > 0. Differentiating

T+t ¢ t
eTﬁ/ e PA(s)ds = / e PANs+T)ds = tA(T) +/ e P A(s)eTP ds
0 0

T

with respect to T', we see that A is (abitrarily) continuously differentiable.
(iv) For T' > 0 we have

2N
Zl-”[TiZ_Nl’TQ = (I, (T 7] ®id)r — [z

as N — oo for all z € Ep, . (Z ][[Tz e Nﬁ;v risi i IS an increasing net of projections
2N 2

on L*(R,) converging strongly to the projection I onto L?([0,77). Now the statement
follows by Corollary 4.3.5.) Applying this to {1 and taking into account that (I, ; ®id)&z =
eT=D0\(t — s)e’8 for s <t < T, we find

* H 1
&r = lim Z][[Tz PR o (JI[T%TQLN] ® id)&h

llm Z_”T'L 1T2N];V T22 _ZﬁA(lN)eT;Nl — llm ZﬂTl ITQN]e 21\7 BA/(O)eTQ}IlB

N—>oo N—o0

Putting ¢ = X (0), by Proposition B.4.2 the sum converges in L*-norm, hence, a fortiori
in L?-norm of Er, to the function ¢ +— e""95Ce!® which is stated for &4 in (7.3.2). m
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7.3.5 Observation. In the case of a von Neumann module F', Theorem [7.3.4/ remains true
also, if we allow & to be in the bigger space II';(F). This is so, because the construction
of the function A in step 7.3 of the proof together with all its properties, in particular, the

construction of ¢ = \'(0), works as before.

7.3.6 Remark. Fixing a semigroup £° and an element ¢ in F', Equation (7.3.2) gives more
general units. For that it is sufficient, if £2 is bounded by Ce® for suitable constants C, ¢ (so
that &' are summable). The following example shows that we may not hope to generalize

Theorem [7.3.4 to units which are continuous in a weaker topology only.

7.3.7 Example. Let F' = B = B(I'_) where we set '_ = I'(L*(R_)). Then, I'(B) = B®
II'(C) = B&T(L*(R,)), because B® B = B and I'(C) = I'(L*(R,)). We consider elements
b® f in I'(B) as operators g +— bg® f in I'¥(B) := B(I'_,I'_®I'(C)). Clearly, I'*(B) is the
strong closure of II'(B). Similarly, let II';(B) denote the strong closures B(I'_,I'_ @ II';(C))
of I'y(B). It is noteworthy that the II'; form a product system even in the algebraic sense.
To see this, observe that by Example 4.2.13 for x € I'{(B),y € II'}(B) we have x © y =
(r®id)y € '} ;. Solet z € I';,,, and let w be a unitary in II'}(B). Then (u* ® id)z is in
I} (B) such that z = (v ®id)(v* ®id)z = v © ((v* ®id)z).

Replacing everywhere the members IT';(C) of the product system I'®(C) by the members
Iy of the isomorphic product system (I';) (and keeping the notation I';(B)), we see that
units correspond to cocycles of type (H) as introduced in Liebscher [Lie00b]. An example is
the second quantized mirrored shift & = I'(r) € B(I'(L*(R_),D(L*(R- U [0,1]))) = I} (B),

where

f(s—=1t) s<0
f(=s) 0<s<t.

Tif(s) =

(Observe that time reflection on the level of time ordered Fock space is a quite terrible
operation which is most incompatible with the projection A and, therefore, cannot easily
be second quantized. Here we mean exclusively second quantization on the symmteric Fock
space. See Chapter 8.) A calculation shows that for an exponential vector ¥ (f) to a

continuous function f € L*(R,)

C(f) = }i{rg)fi(o)@b(f) = () f(0)

is only a distribution (a nonclosable operator, a boundary condition). Clearly, ¢ ¢ B.



7.4. CPD-semigroups and totalizing sets of units 121

7.4 CPD-semigroups and totalizing sets of units

Let

Ii“(F) = span{b.&, (Bn: Ca) © .. © bi&, (B1, C1)bo|
t € Jibo, ... bn, By B € By G € F Y
Then I“(F) ® I}*(F) = %, (F) by restriction of uy. (Cf. also Proposition [11.2.4.)
By U.(F) we denote the set of all contiuous units of II'(#"). Theorem [7.3.4 tells us that
U(F)=Bx F.
Let £9,€'® be two units. Obviously, also the mappings b — (&, b€!) form a semigroup

on B (of course, in general not CP; cf. again Proposition [11.2.3). If &, &, are continuous,

then so is the semigroup. Another way to say this is that the kernels

T UF) X U(F) — TPOED — e,(58,0), 06(8, "))

form a uniformly continuous CPD-semigroup ¥ of kernels on U.(F’) from B to B in the sense
of Definition [5.4.4. Similar to the proof of (7.3.3) we show that the generator £ of ¥ is given
by

OB (B) = (¢, b¢') + bB' + %D (7.4.1)

i.e. it ¥ has a CE-generator. By Theorem 5.4.7 £ is a conditionally completely positive
definite kernel. Of course, it is an easy exercise to check this directly.

Theorem [7.2.2! tells us that the tensor products

(t1 +...+t, =t) form a total subset of II';,(F). Therefore, the closed linear span of such

vectors contains also the units (5, (). But, we can specify the approximation much better

7.4.1 Lemma. Let £°(3,€),£°(F, &) be two continuous units.

1. For all 52,5 € [0,1], 3¢+ » = 1 we have

lim (£ (8, ¢) ®€%T%(5’7C’))®” = &(B+ # B, 2 + 7 ()

n—oo

in the B-weak topology.

2. For all b € B we have

lim ("€:(5,0)" = lim (€2(8,0)e")™" = &(5+b,0)

t t
n n n

in the B-weak topology.
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3. For all s, € C, s+ ' =1 we have
lim (€2 (8,0) +€(8,.())" = &b+ 56,52 + )

m norm.

7.4.2 Remark. Part [1lis a generalization from an observation by Arveson [Arv89al. Part
2l is trivial in the case B = C. We used it first together with part [ in Skeide [Ske99c| for

B = C?; see Section 7.5. Part 3is the generalization of an observation by Liebscher [Lie00al.

Proor orF LEMMA 7.4.1. First we observe that the sequences in all three parts are
bounded. Therefore, to check B-weak convergence it is sufficient to check it with vec-
tors of the form (7.4.2). Now Parts (Il and 2/ are a simple consequence of the Trotter formula
(Corollary [A.5.6), although it is a little bit tedious to write down all steps explicitly.

For Part 3 we observe that ||& (38 4 53, 5 + 3/¢') — #£,(8,¢) — #Z&(B, )| is of

order 2. Now the statement follows as in the proof of Proposition A.5.4. m

7.4.3 Theorem. Let S be a total subset of F' containing 0. Then the exponential vectors
to S—valued step functions are total in I'(F).

PRrooF. It is sufficient to show the statement for II';(F) for some fixed ¢. By Lemma [7.4.1/(3))
the closure of the span of exponentials to S—valued step functions contains the exponentials

to step functions with values in the affine hull of S (i.e. all linear combinations » s;(; from
S with > s, = 1). Since 0 € S, the affine hull coincides with the span of S which is dense in

F. Now the statement follows, because the units depend continuously on their parameters
and from totalitly of (7.4.2). m

We find the following result on the exponential vectors of T'(L*(R,)) (= I'(C)). It was
obtained first by Parthasarathy and Sunder [PS98] and later by Bhat [BhaOl]. The proof
in Skeide [Ske0Oc] arises by restricting the methods in this section to the bare essentials for

the special case B = C and fits into half a page.

7.4.4 Corollary. Exponential vectors to indicator functions of intervals are total in II'(C) =
P(L2(R,)).

PROOF. The set S = {0,1} is total in C and contains 0. m

In accordance with Definition 11.2.5 we may say that the set £9(0,.S) of units is totalizing.
Recall, however, that totalizing is a weaker property. Lemma [7.4.1(2) asserts, for instance,
that what a sinlge unit £%(3, () generates B—weakly via expressions as in (11.2.3)), contains
the units £9(8 4 b, () for all b € B, in particular, the unit £2(0, ().
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7.4.5 Corollary. Let S be a total subset of F containing 0 and for each ( € S choose
B¢ € B. Then the set {£°(B;,C): ¢ € S} is B~weakly totalizing for I'(F').

7.5 Example B = C?

In this section we follow Skeide [Ske99c| and study in detail how the unital CP-semigroups
on the diagonal subalgebra of My and the associated time ordered Fock modules look like.
The diagonal subalgebra is the unique unital 2-dimensional x—algebra. We find it convenient
to identify it with the vector space C? (equipped with componentwise multiplication and
conjugation), rather than the diagonal matrices. In addition to the canonical basis e; = ((1)),
€y = ((1)) we also use the basis ey =1 = G), e = (}1). In the first basis it is easy to say
when an element of C? is positive (namely, if and only if both coordinates are positive),
whereas in the second basis unital mappings have a particularly simple (triangular) matrix
representation. We use also the notations from Example 1.6.9.

Let us start with an arbitrary Hilbert C*>-C?*-module F. Choose 3 € C?, ( € F and
consider the unit £(3, (). For short, we write &(3,() = &. By commutativity the form
of the generator of the CP-semigroup 7;(b) = (&, b&;) simplyfies to L(b) = ((,b() + b%.
As usual, the form of the generator is not determined uniquely by 7. On the one hand,
only the sum (3* 4+ 3 contributes so that the imaginary part of 3 is arbitrary. On the other
hand, a positive part in 3* +  can easily be included into the inner product, by adding
a component v/ in a direct summand C% = C? (i.e. the simplest Hilbert C*~C*-module
possible) orthogonal to (.

It is possible to give the explicit form of the semigroup e'*, in general, because £ as an
operator on C? is similar either to a matrix (3'y)) or to a matrix (3 }) whose exponentials
can easily be computed. We do not work this out, because we are interested rather in what
a single unital unit £ with parameters (, 3 generates in I'(F') via (11.2.3). Here T is unital
and computations are much more handy.

Since we are interested in what is generated by a certain unit, we assume that F' is
generated by (. (If F' is not generated by (, then the unit can never generate II'(F); cf.
the proof of Theorem [13.2.7.) By Example 1.6.9, F is a submodule of C2 & C%. The
discussion about ambiguity in the choice of the parameters shows that we may include the
component ¢, of ¢ in C2 into § by adding %(Q, (4) to [ without changing the semigroup
T; cf. Corollary 13.2.13. We may, therefore, assume that /' = C2. Observe that this choice
corresponds to say that the completely positive part ((, () of £ is the smallest possible.

We use the abbreviation b_ = a(b) where « is the flip automorphism of C?. We have
C2 ®C?% = C2 where the canonical isomorphism is b ® b’ — b_1" and, of course, C2 © E =
E = E®C? for all Hilbert C*-C*-modules E. Therefore, I',(C? ) = C* ® II',(C) as Hilbert
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C?-module. However, the left multiplication is that of C3 on 2n-—particle sectors and that
of C2 on 2n + 1-particle sectors.

Now it is very easy to write down the units for I'(C?) explicitly.

7.5.1 Theorem. Let £© be the unit for IT(C%) with parameters (3,( = (%) and set || =
CICQ. Then

€2n(t2n7 P 7t1) e |C’n etﬁe(t2’n —ton—1+...+1t2 _tl)(ﬁ— —ﬁ)

§2n+1(t2n+1, o ,tl) _ C ’dn et,@—e(t2n+1 *t2n+~~+tl)(ﬁ76—).

7.5.2 Remark. The corresponding unit for I'(C%) would be given by &"(t,,...,t1) =

( Clﬂ[o f)))
¥(C2L 1o 1))

rescaled by €. Moreover, with units in this time ordered Fock module we recover only

("e!”. In other words, we obtain just the exponential vectors ¥ ((I 04)) =

CP-semigroups of the form T;(b) = be' for some self-adjoint element ¢ € B. In particular,

the only unital CP-semigroup among these is the trivial one.

Let us return to II'y(C?) and see which unital CP-semigroups are generated by which
unital unit. Recall that £® is unital, if and only if 34 * = —((, ) and that the imaginary
part of 3 does not influence the CP-semigroup.

Let T be a unital mapping. In the basis ey, e_ it has the matrix representation

(1
T P,

From (%) = 22 (1) + 252( ) we find
21 z1+ 29 1 21 — 29 1 1
T = + +
_Aa(ltprta) = (1-p—g
2 \1+p—gq 2 \1-p+q/)

Hence, T is positive (which is the same as completely positive, as C? is commutative), if

and only if (Z) is in the square (including boundaries) in the R?-plane with corner points
(1,0),(0,1),(—=1,0), (0, —1).

Now let T, be a family of mappings on C? having matrices T, = ((1) 2§) with respect to
the basis e, e_. In order that T' = (Tt) be a semigroup, p; and ¢; must solve the functional
equations p; + psqr = ps++ and ¢sq: = gs1++. Requiring that T; be continuous implies, as

ct

usual, differentialbility of p; and ¢;. Using this, we find ¢; = ¢~ and p; = (1 — e~) with
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complex constants ¢ and «. In order that T, be positive we find ¢ > 0 and —1 < a < 1.

These conditions are necessary and sufficient. The corresponding CP-semigroup is

21 21+ 29 1 Z1 — 29 et 1 et 1
n()- ) ke () ()

The generator is
21 Z1 — 29 a—1
L = c . (7.5.1)
z9 2 a+1

On the other hand, the generator of the CP-semigroup generated by the unital unit £° is

() — b1 () = (¢, )b = (G, (b = b) = (21— 22) <_|<|<r| ) |

Equating this to (7.5.1), we find ¢ = |G]* + |¢]? and o = %

Of course, ¢ = 0 (i.e. ¢ = 0) yields the trivial CP-semigroup independently of . Different
choices for ¢ > 0 correspond to a time scaling. Here we have to distinguish the two essentially
different cases where || =0 (i.e. @« = +1) and where (| # 0 (i.e. || < 1).

In the case |¢| = 0 only the components £° and &' of the unit £° are different from
0. The case @« = —1 we analyze in detail in Example [12.3.7 and the case o = 1 follows
from this, because, in general, a sign change of « just corresponds to flip of the components
in C2. Since ¢ ® ¢ = 0 in this case, we find that the time ordered Fock module over the
(one-dimensional) module C>¢C? = C( consists only of its 0— and 1-particle sector and,
indeed, is generated by the unit. The CP-semigroup may be considered as the unitization
of a contractive CP-semigroup on C; cf. also Section [17.2.

Now we come to the case || # 0, whence ( is invertible. It is our goal to show that also in
this case any unit is totalizing for I'(C?) at least in the C?>~weak topology (which coincides
with the weak topology, for C? is finite dimensional). Define p;: II';(C%) — T (C?) by
setting p,x = ejxe; + esxes. Notice that p, is the projection onto the direct sum over all

2n—particle sectors.
7.5.3 Lemma. Let £© be an arbitrary unit for T'(C2). Then

lim (pe€:)" = €.

n—oo n - n

ProOOF. By Corollary 7.2.3 we have lim (p%l)Qn = idpy(c2) in the strong topology. Now

n—oo

the result follows from the fact that p;pY! is the projection onto the vaccum. m

7.5.4 Corollary. Any unit £© for I'(C%) with parameters 3,¢ (|C| # 0) is totalizing on its

own.
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PROOF. By Lemma [7.5.3 elements of the form (11.2.3) for that unit generate the vacuum.

Now the statement follows as in Corollary [7.4.4. m



Chapter 8

The symmetric Fock module

The full Fock module can be constructed for an arbitrary (pre-)Hilbert B-B-module E as
one-particle sector. For the time ordered Fock module we started with F = L*(R, F).
Here, at least, F' can be arbitrary. In this Chapter we want to construct the symmetric Fock
module in analogy to the symmetric Fock space. To that goal we need a self-inverse flip
isomorphism ¥ on E ® E and in order to define higher permutations on E®" this flip should
also be B-B-linear. It turns out that these requirments cannot be fulfilled for arbitrary E.

Also for E = L*(R4, F) additional requirements for F' are necessary.

One way out is to consider centered modules E. This was proposed in Skeide [Ske98a]
and applied to the example which we discuss in Appendix D. Goswami, Sinha [GS99)
constructed a calculus on a special symmetric Fock module which is contained in our set-

up. We discuss this in Section [8.1.

We meat another very special (noncentered) one-particle module, which allows for a flip,
in our construction of the square of white noise from Accardi and Skeide [AS00a, [ASO0D].

We describe the construction in the remainder of this chapter starting from Section 8.2.

8.1 The centered symmetric Fock module

In this section we return to a more algebraic level. On the one hand, this is necessary for
Section 8.2/ and because the most impostant operators are unbounded. On the other hand,
we want to point out that the tensor factorization of the symmetric Fock space can also be

shown by using only number vectors as simple as by using exponential vectors.

Let E be a centered pre-Hilbert B-module. The basis for the construction of a (unitary)
representation the symmetric group S,, (i.e. the set of bijections o on {1,... ,n}) is the flip
g on F ® F (Proposition [4.2.15) which flips x ® y to y ® z, but only, if z,y € Cg(FE).

127
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8.1.1 Proposition. Let o € S,,. The mapping
Tp®...0% = Tom) O ... 0T (8.1.1)

(x1,... 2, € Cp(E)) extends to a unitary on E®™ (and further to a unitary on E°™ and

Eon”, respectively). In this way we define a unitary representation of S, on E®".

PROOF. Any permutation may be expressed in terms of transpositions of next neighbours.
It follows that (8.1.1) may be decomposed into compositions of tensor products of the
(B-B-linear) flip with the identities and, therefore, is well-defined and unitary. The repre-

sentation property follows from standard results about the symmetric group. m

8.1.2 Corollary. By setting

1
D Ty @...0 T — ﬁzxa(”)Q”'@x”(l) (8.1.2)

’ O’GSn

(z1,...,7, € Cp(E)), we define a projection in B4 (E™).

8.1.3 Definition. For a centered pre-Hilbert B-module £ the n—fold symmetric tensor prod-
uctis E®" = p, E®". By Observation/1.6.4 E®<" is a B-B-submodule of E®™ and, obviously,

E®s" is centered. For all z1,... ,x, € E we set
Ty Os ... OsT1 = pp(T, ©®...O x1).

We use similar notions for centered Hilbert modules and centered von Neumann modules.

8.1.4 Proposition. E®:" is generated by symmetric tensors t®...Ox to centered elements
S OB(E)

Proor. This follows from the multiple polarization formula

1
Z Ton) © ... O Tea) = o Z En---E1(Enpn + ... +E121)". (8.1.3)

oES, Enyee,1=21

For convenience we sketch a proof. Expanding the product (g,x, + ...+ e121)®" into a
sum, only those summands contribute where each e,z (K = 1,...,n) appears at least
once (otherwise, the sum over the corresponding ¢ outside the product gives & the identical
term, hence 0) and, therefore, precisely once. In the remaining terms all € dissapear, because
£2 = 1. We obtain precisely the sum over all permutations where, however, each permutation

appears 2" times (one factor 2 for each possibility to choose €). m
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8.1.5 Definition. Let p = @ p, € B (F(F)). The (algebraic) symmetric Fock module
n=0

over E is I(E) = pF(E). (As usual, we denote I'(E) = ['(E) and ['(E)* = '(E) .)

Let N € L% (F(E)) be the number operator, defined by N [ E®" = nid. Observe that
N is self-adjoint and that pN = Np. For any function f: Ny — C we define f(N) in the
sense of functional calculus, i.e. f(N) | E®" = f(n)id. For x € E we define the symmetric
creator as a*(z) = v/ Npl*(x) and the symmetric annihilator a(x) = {(z)pvV/N as adjoint of

a*(x).

Obviously, a*(z), a(z) leave invariant ['(E). On I'(F) we can forget about the projection
pin a(z). For z,y € Cp(E) we find

" o 1 - i O(n—i) on _ O(n-1)
a*(x)y" = \/n—H;y OroYy a(z)y® = ale,y)y®" . (8.1.4)

Further, we have

1 " . )
a(x)a” :Cl on — alx O @I/ ® ®(n—1)
n—1
= (z, 20" + (z,9)) y" 02’ oy (8.1.5)
=0
and
n—1
a*()a(@)y™ = via (@) (z,y)y* ") = (,y) Yy o @y,
=0

Taking the difference, the sums over i dissappear. Taking into account that y®" is arbitrary,
and that by Proposition 8.1.4, I'(E) is spanned by vectors of the form a*(z)"w = v/nlz®"
(x € Cp(F)), we find the CCR (canonical commutation relations)

la(z),a* ()] = (x,). (8.1.6)

The CCR remain valid also, if only one of the elements x, 2’ is in the center. In this case,
we also have a*(z)a*(2") = a*(2")a*(x) . However, nothing like this is true for more general

elements in x,y € F.
8.1.6 Theorem. The mapping
a'(2)"w®a (y)"w — a*(z)"a" (y)"w

(x € Ca(E),y € Cg(F)) establishes a two-sided isomorphism I'(E) ® I'(F) - I(E & F).
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PROOF. The vectors on both sides are generating. Therefore, it is sufficient to show isom-

etry. We have

/ /

(a"(2)"a" (y)"w, a" ()" a" (i )" w) = (0’ (y)"w, a(z)"a" (z")" 0" (y )" w).

Without loss of generality suppose that n > n’. We have
a(z)"a* ()" = a(z)" ™ alx)” a* ()" = a(z)"™ Z bra* (2 a(z)"
k=0

where b, € B. As a(z) commutes with a*(y') and a(z)w = 0, the only non-zero contribution
comes from a(z)""'by. On the other hand, also by commutes with a*(y/') so that also a(z)""
(commuting with a*(y)) comes to act directly on w and gives 0, unless n = n’/. Henceforth,
the only non-zero contributions appear for n = n’ and m = m/. Taking into account that

in this case by = (a*(z)"w, a*(2')"w), we find

(a*(z)"a*(y)"w, a*(2)"a* (y)"w) = (a*(y)"w, (a*(z)"w,a*(z')"w) a*(y')"w)
= (a"(2)"w © a*(y)"w,a*(z')"w © a*(y)"w). m

8.1.7 Remark. In the proof of Theorem 7.2.2 we have seen that the elements A, z®"
(v € Br, = L*(Ry, F)) form a total subset of A, Eg". For centered F' it is even sufficient
to consider only « € Cp(Eg, ). It is clear that

P

vl

establishes a two-sided isomorphism II'(F') — I'(Eg,). (Observe that this is not true for
IN'(F') and I'(Eg,).) This allows also to retract the time shifts on I'(E) and I'(Eg, ) from
the time shift on I'(F) and I'(F), respectively.

Under the isomorphism the exponential vectors transform into

A,z —s

= a*(x)"w

V() = nz% o
This is true for all x € Eg, for which v(x) exists in II'(#), not only for centered elements.
As there is no problem in defining the exponential vectors in I'(Eg, ) for all x € Eg,, the

same is true for I'(F'), at least in the case, when F is centered.

Finally, we mention that for centered modules the symmetric (hence, also the time
ordered) Fock module is generated already by its exponential units to central elements, the
central exponential units; cf. Definition 11.2.1. These particular exponential units generate a

CPD-semigroup (in the sense of Proposition [11.2.3)) which was used in Accardi and Kozyrev
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[AK99] to classify certain cocycles on the symmetric Fock space (with the help of special
versions of Lemmata [5.2.7 and 5.3.5). Restrictions of the completely positive mappings on
M,,(B) used in [AK99] to completely positive mappings B — M, (B) have been used before
by Fagnola and Sinha [FS93] and Lindsay and Wills [LW00].

Now we want to define also conservation operators. With the help of Example 4.2.17 we
may define the representation X!, (i = 1,... ,n) of B*(E) acting on the i—th tensor site of
E®™. For z; € Cp(E) we obtain

MNTr,0...00, =1160...0Ty0...01,
(and Example 4.2.17 shows that the extension is well-defined).

8.1.8 Definition. For 7' € B%(E) we define the conservation operator on I'(E) as

NT) = DD n(D)
n=0 i=1
Formally, we may consider (and, sometimes, will do so) A(T') also as an operator on F(FE).
However, it is clear that A\(T") leaves invariant ['(E£). We conclude that pA(T)p = A\(T")p and
(since A(T)* = A(T™)) also pA(T)p = p\(T).
By computations similar to those leading to (8.1.6), (on ['(E)) we find the analogues

AT),a* (@) = a'(T2)  la(@), NT")] = a(Te) NT)AT)] = MT,T])  (8.L7)

(r € Cx(E); T, T" € B*(E) = Cp(B(E))) of the relations well-known on the symmetric
Fock space.

The definition of the symmetric Fock module and of the creators and annihilators is
from [Ske98a]. The definition of the conservation operators (although already mentioned
in [Ske98al) is a generalization from that given in [GS99] for the special symmetric Fock
module I'¥(H)) = B&*T'(9) for some Hilbert space $) and a von Neumann algebra B on a
Hilbert space G. In the specialization B = B(G), the same discussion as for the full Fock
module in Example 6.1.6/shows that the operators are a condensed way to rewrite the sums
over components in a coordinate based approach to calculus on G ® I'($)) as described, for

instance, in Parsarathy’s monograph [Par92].

8.2 The square of white noise

Accardi, Lu, and Volovich introduced in [ALV99] the square of white noise. In the remaining

sections of this chapter we discuss the realization of the square of white noise which we found
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in Accardi and Skeide [ASOOa, [ASOOb]. In the final Section 8.7 we discuss the systematic
construction of representations from Accardi, Franz and Skeide [AFS00] and some results
on calculus with respect to square of white noise from Accardi, Hida and Kuo [AHK00]. We
start with a short introduction.

Following [ALV99], in this section we understand by a white noise operator-valued dis-
tributions a; and a; (indexed by ¢ € R) which fulfill the CCR [at,a}] = 6(t — s). It is
possible to give precise definitions of how to deal with such objects, but here they serve only
as motivation. The connection with the CCR on the symmetric Fock space I'(L?) is made
by the observation that, doing some formal computations, the integrals a} = [ f(t)a; dt
(f € L?) fulfill (8.1.6).

Therefore, formally the square of white noise should be the operator-valued distribu-
tions B = a;? and B, = a? fulfilling commutation relations which follow from the CCR.

Introducing also the distribution N; = afa;, we find the result
[B;, BY] = 26%(t — s) +46(t — 5)N, [Ny, B] = 26(t — s)B;

(and all other commutators, not following by adjoint, being 0) from [ALV99]. Unfortunately,
the objects B}, B are too singular as is manifest in the fact that their formal commutator
has a factor 6%(t — s), which a priori does not make sense. To overcome this trouble it was
proposed in [ALV99] to consider a renormalization of the singular object 6% in which §? is
replaced by 2¢d where ¢ > 0. This choice is motivated by a regularization procedure where
§ is approximated by functions . such that 62 — 2¢d in a suitable sense (where ¢ might be
even complex).

After this renormalization, again smearing out the densities by setting B} = f f(t)B; dt
and N} = [a(t)N; dt, and computing the formal commutators, we find the following rela-

tions.

[By, B;] = 2¢Tr(fg) + 4N, f,g € L*(R)n L=(R) (8.2.1a)
[Na, Bj] = 2B;; a € L®[R), f € L*(R) N L™(R) (8.2.1b)

and [B}, By] = [N, No] = 0 where we set Tr f = [ f(t)dt. Our goal is to find a represen-
tation of the x—algebra generated by these relations.

In [ALV99] a representation was constructed with the help of a Kolmogorov decompos-
tion for a certain positive definite kernel. It was not so difficult to define the correct kernel,
but as usual, it was difficult to show that it is, indeed, positive definite. In [Sni00] Sniady
found an explicit form of the kernel from which positivity is evident. Here we proceed in
a different way, motivated by the following observations. Relation (8.2.1a), looks like the
usual CCR, except that the inner product on the right-hand side takes values in the algebra

generated by the conservation operators N,. It is, therefore, natural to try a realization
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on a Hilbert module over the algebra of conservation operators. Additionally, on a Hilbert
module we have a chance to realize also Relation (8.2.1b), by putting explicitly a suitable
left multiplication by conservation operators. Once again, this reconfirms how important it
is to have the freedom to choose a left multiplication different from obvious ones.

Since the conservation operators are unbounded, we cannot use the theory of Hilbert
modules over C*—algebras, but, we need the theory of pre-Hilbert modules over more general
x—algebras as described in [AS98]. We postpone the discussion of these to Appendix [C. In
Section 8.3 we show that the generators IV, of the algebra of conservation operators are free.
This allows to define representations just by fixing the values of the representation on N,
and is essential for the definition of the left multiplication. It allows to identify the algebra
generated by N, not just as an abstract algebra generated by relations, but, concretely as
an algebra of conservation operators.

The main part is Section 8.4. Here we construct a two-sided pre-Hilbert module F, and
we show that it is possible to construct a symmetric Fock module I'(E) over E. We see
that the natural creation operators a*(f) on this Fock module and the natural left multi-
plication by N, fulfill Relation (8.2.1a) up to an additive term and Relation (8.2.1b). By a
tensor product construction we obtain a pre-Hilbert space where Relations (8.2.1a,8.2.1b)
are realized. This representation coincides with the one constructed in [ALV99).

In Section 8.5 we show that our representation space is isomorphic to the usual symmetric
Fock space over L*(R, £?). In Section [8.6/we show that our representation may be considered
as an extension of Boukas’ representation of Feinsilver’s finite difference algebra [Fei87] on
the finite difference Fock space. In Section 8.7 we discuss results from Accardi, Franz
and Skeide [AFS00]. We point out that the calculus based on the square of white noise
generalizes Boukas’ calculus in [Bou91b|. In [PS91] Parthasarathy and Sinha realized the
finite difference algebra by operators on a symmetric Fock space. They do, however, not
consider the question, whether this representation is equivalent to Boukas’ representation.

We point out that this is not the case.

8.3 The algebra of conservation operators of L>*(R)

8.3.1 Definition. Let us denote the vacuum of L'(L*(R)) by Q. For a € L>*(R) we define
the conservation operator N, = A(a) € £%(I(L*(R))). By

N =alg{N, (a € L*(R))}

we denote the unital algebra generated by all N,.

Cearly, N = Ng- and [Ng, Nor] = Nigo = 0, so that N is a commutative *—algebra.
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Let Iy, I be two disjoint measurable subsets of R. By Theorem 8.1.6/ we have
L(L*(S1) @ T(L*(S2)) = L(L*(S1U Sy)).

In this identification we have Ny, = Nyg ®id and Ny, = id @ Ny, . Similar statements
are true for factorization into more than two disjoint subsets.

Since N, = 0 for any a € L*(R), the vacuum state pq(e) = (€2, eQ) is a character
for NV. Its kernel consists of the span of all monomials with at least one factor N, and its
GNS-pre-Hilbert space is just CS).

8.3.2 Definition. See Appendix C. As positivity defining subset of N we choose

_: I; bounded intervals in R (n € Ng;i =1,. .. ,n)}

I

S ={Np, ... Ni

Obviously, N is a P*~algebra.

8.3.3 Proposition. The defining representation id of N' on T'(L*(R)) is an S-representa-

tion.

Proor. By Remark|C.1.4/it is sufficient to show that Ny, is of the form ) b7b; where b; are

taken (for all J) from a commutative subalgebra of £%(F(L?(R))). But this follows from

Np,o= Y N(I)= Y N(I)N(I).

1<i<n<oo 1<i<n<oo

8.3.4 Corollary. By Observation C.1.60 pq is S—positive and its GNS-representation is an

S—representation.

In the following section we intend to define a representation of A by assigning to each
N, an operator and extension as algebra homomorphism. The goal of the remainder of the
present section is to show that this is possible, at least, if we restrict to the subalgebra G(R)
of step functions, which is dense in L*>°(R) in a suitable weak topology.

Clearly, alg{ N} (where N = Nj is the number operator) is isomorphic to the algebra of
polynomials in one self-adjoint indeterminate. Moreover, for each measurable non-null-set
S C R the algebra alg{ Ny} is isomorphic to alg{ N}. Therefore, for any self-adjoint element
a in a x—algebra A4 the mapping N +— a extends to a homomorphism alg{ N} — A.

Let t = ({o,... ,tn) beatuple with ¢y < ... < t,,. Then by the factorization ['(L?(to, t,,))
=T(L*(to,t1)) @ ... @ T(L*(ty_1,tm)) we find

N = aIg{NE[tkil’tk] (k=1,...,m)} = aIg{Nﬂ[tO,tﬂ} ®...® aIg{NE[tm_lytm]}.
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Therefore, any involutive mapping
Ty: 6(R) :=span{ly, 4 (k=1,...,m)} — A

with commutative range defines a unique homomorphism p¢: Ny — A fulfilling p(N,) =
Tt(a,).
Now we are ready to prove the universal property of the algebra Ng := |JN, which
t

shows that Mg is nothing but the symmetric tensor algebra over the involutive vector space
S(R).

8.3.5 Theorem. Let T: G(R) — A be an involutive mapping with commutative range.

Then there ezists a unique homomorphism p: Ng — A fulfilling p(N,) = T'(a).

PRrOOF. It suffices to remark that Ng is the inductive limit of Ny over the set of all tuples
t directed increasingly by “inclusion” of tuples. Denoting by [ the canonical embedding
Ns — N (s < t) we easily check that pyo B = ps. In other words, the family p; extends as

a unique homomorphism p to all of Ng. m

8.4 Realization of square of white noise

The idea to realize Relations (8.2.1a) and (8.2.1b) on a symmetric Fock module is to take
the right-hand side of (8.2.1a)) as the definition of an N —valued inner product on a module
E generated by the elements f € L*(R) N L>(R) and then to define a left multiplication
by elements of A/ such that the generating elements f fulfill (8.2.1b). In Corollary 8.4.2/ we
explain that such a proceeding would have immediate success, if we tried to realize Sniady’s
free square of white noise [Sni00] (where the CCR-part (8.2.1a) of the relations is replaced
by the generalized Cuntz relation) on a full Fock module. However, in our context the direct
attempt with an inner product determined by (8.2.1a)) fails. Therefore, we start with the
linear ansatz in (8.4.1) and adjust the constants later suitably.

In view of Theorem 8.3.5] for the time being, we restrict to elements in Ng. By (8.2.1a)
this makes it necessary also to restrict to elements f € G(R).

On 6(R) ® Ng with its natural right Ng—module structure we define for arbitrary

positive constants 3 and ~y a sesquilinear mapping (e, ®), by setting
(f@l,g®1)=M;, where M,=pTra+yN, (8.4.1)

and by right linear and left anti-linear extension.
We define a left action of M,, by setting

M(f@l)=foM,+aaf®1
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and right linear extension to all elements of G(R)®Ng. Here « is an arbitrary real constant.
Observe that the scalar term in M, does not change this commutation relation. Therefore,
N, fulfills the same commutation relations with o replaced by £. In view of (8.2.1b) this
fraction should be equal to 2.

By definition, mutliplication by M, from the left is a right linear mapping on &(R) @ Ng.
One easily checks that M,« = M} is an adjoint with respect to the sesquilinear mapping
(8.4.1) and the actions of M, M, and M, M, coincide. By Theorem [8.3.5 this left action

extends to a left action of all elements of Ng.

8.4.1 Proposition. (8.4.1) is a semi-inner product so that &(R) ® Ng is a semi-Hilbert
Ns-module.

ProoOF. We have to check only the positivity condition, because the remaining properties
are obvious. By Observation (C.2.3/it is sufficient to check positivity for elements of the form
II;,®1, because these elements generate S(R)@Ng as a right module. Additionally, we may
assume that 1; N I; = () for i # j. Then (I, ® 1,b(f;, ® 1)) = 0 for i # j, whatever b € Ng
might be. Now let b be in S. We may assume (possibly after modifying the I; suitably)
that b has the form [[ Ny; where n; € No. Observe that Ny, (I, ® 1) = (I1; ® 1)Ny,, for

i

i # j, and that (proof by induction)
n n\ (o) n—Fk)
Np(Ir®1) = > ()(5)" (I ®Ny,).

It follows that

n; o n'L*k n
<][[i ® 17b(ﬂlj ® 1)> = 5%‘le11¢ Z (k;) (;)( )N]ﬂfli HNI[fZ'
k=0 L3
Let us define bk = <E1k®1, b(ﬂjk®1)> and bki = 5]“]_ Then <E11®17 b(ﬂ[j ®1)> = Z bzlbkbkg
k
(and, of course, by € P(5)). =

We may divide out the length-zero elements so that
E = 6(R) ®N6/NG(R)®/\/G

is a two-sided pre-Hilbert Ng—module. We are now in a position to use all results from
Appendix|Cland, in particular, to define the full Fock module F(FE) in the sense of Appendix
C.3. We use the notation f ® b+ Ngmr)ens = fb. Clearly, we have

M,f = fM, + aaf. (8.4.2)
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8.4.2 Corollary. The creators *(f) fulfill the relations {(f)l*(g) = Mz, and [M, (*(f)] =
al*(af). In other words, we realized (modulo appropriate choice of the constants a, [3,7)

the free square of white noise in the sense of Sniady [Sni00)].

On the generating subset f, ©...® f; of E“™ we find by repeated application of (8.4.2)
Myfo ®...0fi = fn®...0 fiM, + aXa)f, © ... ® f1.
Therefore, on the full Fock module F(E) we have the relation
M, = M} + aX(a) (8.4.3)

where M denotes multiplication by M, from the right in the sense of Example 1.6.8.

Now we try to define the symmetric Fock module over E analogously to Definition 8.1.5.
The basis for the symmetrization is the bilinear unitary flip. As we already remarked, we
may not hope to define a flip on £ ® F by just sending x ® y to y ©® = for all z,y € E. We
may, however, hope to succeed, if we, as for centered modules, define such a flip only on

such x,y which come from a suitable generating subset of E.
8.4.3 Proposition. The mapping

5 fOgr—gOf foralf,ge &R)CFE
extends to a unique two-sided isomorphism E O F — E© F.

Proor. We find

(fogfod) =N =9.Mug)= 9.9 Mz +aff'q)
= My Mgy + aMgzp = Mgy Myp + aMp, = (9O f,9' © f).

The elements f @ g form a (right) generating subset of £ ® E. Therefore,  extends as
a well-defined isometric (i.e. inner product preserving) mapping to £ ® E. Clearly, this
extension is surjective so that & is unitary.

It remains to show that s is bilinear. Again it is sufficient to show this on a generating

subset and, of course, to show it only for the generators M, of Ng. We find

F(Mof ©g) =5(f © gMy + alaf © g+ f © ag))
=90 fMa+a(gOaf+ag® f)=MgO f=M5(fOg) m

Now we are in a position to define the symmetric Fock module I'( E') precisely as in Def-
inition 8.1.5. We have PM, = M,P, i.e. P and PA(a) = A(a)P = PA(a)P. Consequently,



138 Chapter 8. The symmetric Fock module

(8.4.3) remains true also on our symmetric Fock module. Again, we do not distinguish care-
fully between A(a) and its restriction to I'(E') and denote the number operator by N = A(1).
As A(a) is bilinear, so is N and, of course, NP = PN. Also here we find by (8.1.3) that the
symmetric tensors form a generating subset.

For z € E we define the creation operator on I'(E) as a*(z) = V' NP#*(z). Clearly,

x +— a*(x) is a bilinear mapping, because = — ¢*(z) is. We find the commutation relation
Maa™(f) = a* (Mo f) = a*(fMa + aaf) = a”(f) Mo + aa™(af).

As before, a*(z) has an adjoint, namely, a(z) = £(z)Pv/'N.

Now we restrict our attention to creators a*(f) and annihilators a(f) to elements f in
S(R) C E. Their actions on symmetric tensors ¢g®" (g € G(R)) are the same as in (8.1.4)
where now (f,g) = Mz,. Again, a*(f)a*(g) = a*(g)a*(f), but nothing like this is true for
a*(x) and a*(y) for more general elements in x,y € E.

For the CCR we have to compute a(f)a*(f’) and a*(f")a(f). For the first product we
find the same expression as in (8.1.5), but for the second an additional commutation must

be done and we have to exploit our special structure. We find

a*(£)a(£g™" =vina () My,g" " = /i (My,a* () — aa* (g f))g”0 "

n—1

=Mz, 3" g% 0 f O g7 — aA(F )

=0

Taking the difference, the sums over i dissappear. Taking into account (8.4.3)), we find
[a(f);a* ()] = Myp+aX(Jf) = 2M5p = Mgy = BTe(]f) +2yNpp = yNp

In other words, putting § = 2¢ and v = 2 we have realized (8.2.1a) by operators a*(f),
however, only modulo some right multiplication by certain elements of Ng. (Notice that
this is independent of the choice of . Putting av = 4 we realize also (8.2.1h).)

So we have to do two things. Firstly, we must get rid of contributions of N/ in the above
relation. Secondly, in order to compare with the construction in [ALV99] we must interpret
our construction in terms of pre-Hilbert spaces. Both goals can be achieved at once by the
following construction. We consider the tensor product H = ['(E)©CSQ of ['(E) with the pre-
Hilbert Ng—C-module CQ which is the pre-Hilbert space carrying the GNS-representation
of the vacuum state oo on Ng. This tensor product is possible by Proposition 8.3.3 and
its Corollary. Thus, H is a pre-Hilbert space and carries a representation of L*(I'(E)). In
this representation all operators NN are represented by 0. Indeed, by Example 1.6.8 N/

commutes with everything, so that we put it on the right, and

NIg" ®Q =g ® N;Q=0.



8.5. H as symmetric Fock space 139

By B} we denote the image of a*(f) in L2(H). The image of N, coincides with the image
of 4\(a). We denote both by the same symbol N,. By ® = w ® Q we denote the vacuum in
H.

8.4.4 Theorem. The operators B}, N, € L*(H) (f,a € &(R)) fulfill Relations (8.2.1a),
(8.2.1b), and [B}, B;| = [Na, Nor] = 0. Moreover, the vectors Bi"® (f € &(R),n € Ny)
span H.

8.4.5 Remark. As the representation is determined uniquely by existence of the cyclic
vacuum @, it follows that H is precisely the pre-Hilbert space as constructed in [ALV99).
However, in [ALV99] the inner product on the total set of vectors was defined a priori and
it was quite tedious to show that it is positive. Here positivity and also well-definedness of

the representation are automatic.

8.4.6 Remark. Putting H, = span{B}"® (f € 6(R))}, we see that H = P H, is an
n=0
interacting Fock space with creation operators B} as introduced in [ATLV97] in the notations

of [AS98]. We discuss these in Chapter 9.

8.4.7 Theorem. The realization of Relations (8.2.1a) and (8.2.1b) extends to elements
f € L*(R) N L*(R) and a € L*(R) as a representation by operators on @ H,.

n=0
PROOF. We extend the definition of the operators B} and N, formally to f € L*(R)NL>(R)
and a € L*(R), considering them as operators on vectors of the form B}"® (f € L*(R) N
L>*(R),n € Ny). The inner product of such vectors we define by continuous extension of
the inner product of those vectors where f € & in the o—weak topology of L*(R) (which,
clearly, is possible and unique). Positivity of this inner product follows by approximation
with inner products, and well-definedness of our operators follows, because all operators

have formal adjoints. m

8.5 H as symmetric Fock space

Let I C R be a finite union of intervals. Denote by H; the subspace of H spanned by vectors
of the form B}"® (f € &(I),n € Ny). In particular, for 0 <t < oo set H; := Hjgy. (This
means that Hy = Hy = CP.) Notice that H; does not depend on whether the intervals in
I are open, half-open, or closed.

Denote by I 4 t the time shifted set I. Denote by f; the time shifted function s;f.
Obviously, by sending B}"® to B},"® we define an isomorphism H; — Hjy.
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Observe that by Relation (8.2.1a) the operators By and B} to functions f € &(I) and
g € 6(R\I) commute. Define Nj := alg{N, (a € &(I))}. Then by Relation (8.2.1b) also
the elements of N7 commute with all B, to functions g € G(R\I).

8.5.1 Theorem. Let I,J C R be finite unions of intervals such that I N J is a null-set.
Then

Ups: Bi"By"®— Bi"® @ B;"®  for feHgeH,

extends as an isomorphism H;,; — H; ® Hy. Of course, the composition of these isomor-

phisms is associative in the sense that (Ury ® id) o Uunk = (id @Usk) o Urguk)-

PROOF. Precisely, as in Theorem 8.1.6. The only tricky point is to observe that also here

bo commutes with a*(¢'), because I N J is a null-set. m

8.5.2 Corollary. We have H, ® H; = Hjg g4 ® Hy = Hyyy. Also here the isomorphisms

Ug: Hi @ Hi — Hgyy compose associatively.

Now we turn to the completions H; and show that they are symmetric Fock spaces
[(L2([0,t), ¢?)). We do this by finding the analogue of exponential units for H; and show
that their inner products are those of a exponential units for T'(L?([0,t),£?)) to a totalizing
subset of £2.

Good canditates for exponential units are

= B*Etnq) = IOn * N
Up(t) = Z pT = EBJA ®
n=0 ’ n=0

where p € C. Whenever 1),,(t) exists, then it is an analytic vector-valued function of p with
lp| < |pol. It is not difficult to check that whenever v,(s) and 1,(t) exist, then also ¢,(s+1)
exists and equals (in the factorization as in Corollary 8.5.2)) 1,(s) ® 1,(t). Moreover, as
V,(t) is analytic in p, we may differentiate. It follows that B}, "® = ;%L):pr(t) is in the
closed linear span of ¥,(t) (|p| < |po|). Therefore, if for each ¢ > 0 there exists py > 0 such
that 1, (t) exists, then the vectors ¢,(t) form a totalizing set of units.

8.5.3 Lemma. ¢,(t) exists, whenever |p| < 3. Moreover, we have

(Wp(1), g (£)) = €% (1 =470) (8.5.1)
where the function

n: (p,o) — —gln(l — 4po)

is a positive definite kernel on Uy (0) x U1(0).
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PRroOOF. First, we show that the left-hand side of (8.5.1) exists in the simpler case o = p

showing, thus, existence of 1, (¢).
Set f = pII,. Then (ff)f = |p|*f. This yields the commutation relation N3;B; =
BiN7; +2 1p|? Bj}. Moreover, 2 Tr(ff) = 2¢|p|* t. We find

ByB;" =B;ByBy" ™" + (2¢|p|*t + 4N7,) B}
=B;B;B;"" + By '(2c|pf t+8p|* (n—1)) + B} 4Ny,
=Bj"B; + nBj" 4Ny,
%—BMI2m|«d+4@—1»+Qj+4n—2n+“.+@ﬁ+®)
=B}"B; + nB}"'4N;, + B;" '2n|p|* (ct +2(n — 1)).

If we apply this to the vacuum &, then the first two summands dissappear. We find the
recursion formula
B*nq)7B*n(I> ¢ 1 B*n_lq),B*n_l(I)
< f f > _ 4| |2 (C n n ) < f f >
(nl)? ((n—1)!)?

m converges, if and only if 4 [p|° < 1 or |p| < 1

2n n

It is clear that Z

For fixed p 6 U ! (0) the function (¢,(t),1,(t)) is the uniform limit of entire functions on
t and, therefore, 1tself an entire function on ¢. In particular, since 1,(s+1) = ¥,(s) @, (1),
there must exist a number » € R (actually, in R, because (1,(t),1,(t)) > 1) such that
(,(t),1,(t)) = e**. We find s by differentiating at ¢ = 0. The only contribution in

d a/ct n—1 5 /ct
L1y @— )-u4 (- @
ﬁOWI2n+ - ol (5 +

dt

comes by the Leibniz rule, if we differentiate the last factor and put ¢ = 0 in the remaining

ones. We find

(plt), () = S (A1) S = S (1~ 4 o).

t=0 n=1

dt

The remaining statements follow essentially by the same computations, replacing | p|2 with
po. Cleary, po is a positive definite kernel. Then by Schur’s lemma also the function s(p, o)

as a limit of positive linear combinations of powers of po is positive definite. m

8.5.4 Remark. The function s is nothing but the covariance function of the product sys-
tem in the sense of Arveson [Arv89al, which is defined on the set of all units, restricted to
the set of special units 1,(¢). In the set of all units we must take into account also multiples
et of our units, and the covariance function on this two parameter set is only a conditionally

positive kernel.
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Let
¢l (2p)° (2p)" 2
— J<(2p, ,...)ee.
v 2( P V2 NG
Then (v,, v,) = —5In(1—4po) and the vectors v, are total in £? and vy = 0. In other words,

the Kolmogorov decomposition for the covariance function is the pair (€2, p — v,) and the

vectors v, form a totalizing set. The following theorem is a simple corollary of Lemma 8.5.3.

8.5.5 Theorem. There is a unique isomorphism H,, — T'(L*(Ry,¢?)), invariant under
time shift and fulfilling

bp(t) — (v, dly).

8.5.6 Remark. Defining E; as the submodule of E generated by &(I), we find (for disjoint
Iand J)[(Eruy) = L(Er)OL(E)) precisely as in the proof of Theorem 8.1.6. Clearly, setting
E, = Ejy ), we find a tensor product system (E(Et)) of pre-Hilbert Ng-Ns-modules in the

sense of Definition [11.1.1 (generalized suitably to Hilbert modules over P*—algebras).

8.6 Connections with the finite difference algebra

After the rescaling ¢ — 2 and p — £, the right-hand side of (8.5.1)), extended as in (7.2.1)
from indicator functions to step functions, is the kernel used by Boukas [Bou88, Bou9la]
to define a representation space for Feinsilver’s finite difference algebra [Fei87]. Therefore,
Boukas’ space and ours coincide.

Once established that the representation spaces coincide, it is natural to ask, whether
the algebra of square of white noise contains elements fulfiling the relations of the finite

difference algebra. Indeed, setting ¢ = 2 and defining

1, . 1
Qf:E(Bf—i_Nf) Pf:§(B?+Nf> szlTrf+Pf—i—Qf (861)

for f € L*(R) N L>(R), we find

[Pf’ Qg] = [Tf> Qg] = [vaTg] = ng' (8'6'2>

Specializing to f = f € & these are precisely the relations of the finite difference algebra. In
fact, the operators Q¢, Py, Ty are precisely those found by Boukas. However, it is not clear
whether the relation Ty = 1 Tr f + Py + Q follows already from (8.6.2), or is independent.
(In the second case, Boukas’ representation has no chance to be faithful.)

In all cases, the operators @, Py, T are not sufficient to recover By, B}, Ny. (We can only
recover the operators B} — By and B} + By +2N;.) Whereas the algebra of square of white
noise is generated by creation, annihilation, and conservation operators, the representation

of the finite difference algebra is generated by certain linear combinations of such.
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8.7 Square of white noise as current algebra

Without going into detail, we review some results from Accardi, Franz and Skeide [AFS00]
which show how representations of algebras like the square of white noise can be studied
systematically. Let g be an involutive complex Lie algebra algebra. Suppose we have three
linear mappings (m,7n, L) where 7: g — L%($)) is a representation of g on some pre-Hilbert
space 9, i.e. 7(X*) = 7(X)* and #([X,Y]) = [#(X),n(Y)], n: g — $ is a cocycle with
respect to this representation, i.e. n([X,Y]) = 7(X)n(Y) — n(Y)n(X), and L: g — Cis a
coboundary of n, i.e. L([X,Y]) = (n(X*),n(Y)) — (n(Y™*),n(X)) and L is hermitian. To any
X € gand any f € S(R,) we assign the operator

Xy = Mfm(X) +a*(fn(X)) + a(fn(X7)) + 1L(X) Tr

on the symmetric Fock space ['(L*(R,,$)). Simple applications of the CCR (8.1.6) and
Relations (8.1.7) show that the operators X, Y, fulfill the commutations relations

(X5, Yyl = AMfor([X,Y]) +a* (Fon([X,Y]) +a(Fon([X,YT)) + 1L([X, Y]) Tr(fg)
= [X’ Y]fg'

In other words, f: X — X/ is a representation of the current Lie algebra G(R,,g) over g
(equipped with the pointwise operation). This fact is well-known from the theory of cur-
rent representations as discussed (among many others) in Parthsarathy and Schmidt [PS72].
Not so well-known is, maybe, the fact that the current Lie algebra (or better the current
algebra, i.e. the universal enveloping algebra of the current Lie algebra which, actually, is a
x—bialgebra) is closely related to the theory of white noises on bialgebras, so-called quantum
Lévy processes by Schiirmann [Sch93]. Schiirmann’s results assert that (under a mild conti-
nuity condition and under the assumption that there exists a vacuum vector distinguished
by certain properties, like to be factorizing on products of elements from subalgebras to
different time intervals) all representations of the current algebra arise in the above way. It
is even sufficient to know only the functional L. Moreover, Schiirmann provides us with a
quantum stochastic calculus for the integrators X; := Xy, and shows that the products
of these processes fulfill a (highly entangled in the case of general *—bialgebras) system of
quantum stochastic differential equations. Also an [to formula drops out.

The relation of these considerations with the square of white noise becomes immediate
from the following observation. Let ston be the Lie algebra generated by elements b, b*, m
with relations [b,b*] = m and [m,b*] = 2b*. (As real Lie algebra this is sl.) Then fo

Bf

_r _f
5 by — 55,

my +— 5 Tr f + Ny establishes a one-to-one correspondence between representations of the

all operators B}, By, N; fulfilling the square of white noise relations, b} +—

current algebra over ston and representations of the square of white noise.
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The obvious idea acted out in [AFS00] is to study representations of the square of white
noise by means of Schiirmann triples (m,n, L) for swon. Refering the reader to [AFS00]
for any further detail, we only outline some results important in connection with other
representations of the finite difference algebra. It is possible to choose the Schiirmann triple
such that the representation on the symmetric Fock space ['(L*(R.,$)) is that comming
from the unitary isomorphism in Theorem 8.5.5. The cocyle 7 is non-trivial in the sense
that it is not of the form n(X) = 7(X)ny for some fixed vector ny € § = ¢2 (i.e. n is not a
coboundary).

By taking the direct sum of the one-dimensional Lie algebra C1 and ston we obtain gl,.
Also the finite difference algebra is, actually, the current algebra over the finite difference
Lie algebra f0o generated by elements p, ¢, ¢ fulfilling the relations coming from (8.6.2) by
specializing to p = Pry ., ¢ = Quyyyy U= Ty - Also fo0 is a Lie subalgebra of gl,. Any
representation of G(R,,ston) first extends to a representation of &(Ry,gl,) (by 15 —
1Tr f), and then restricts to a representation of G(R,, §0). For our representation we know
this result from Section &8.6. It is Boukas’ representation.

Already Parthasarathy and Sinha [PS91] noticed that Boukas’ representation space is
isomorphic to a symmetric Fock space. They also constructed a representation of the finite
difference algebra. Their construction starts, however, from a trivial cocycle. This cocycle
extends to a trivial cocycle for the same representation of ston as before. As the cocycle for
our representation is non-trivial, the functionals L in these two cases are certainly different,
and Schiirmann’s uniqueness results reconfirm the result by Accardi and Boukas [ABOO]

that the representation of the finite difference algebras obtained by Boukas is not unitarily
equivalent to that obtained in [PS91].
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Interacting Fock spaces

In [ALVI7] Accardi, Lu, and Volovich proposed the following definition. An interacting Fock

space over a Hilbert space is the usual full (or boltzmanian) Fock space F(H) = @ H®"
neNg
over a Hilbert space H where, however, direct sum and tensor products are understood

algebraically, and where the (semi-)inner product on the n—particle sector H®" is rather
arbitrary. The creators a*(f) (f € H) are the usual ones. Restrictions to the semiinner
product arise by the requirement that each creator a*(f) should have an adjoint a(f) with
respect to the new inner product. This implies that the creators (and also the annihilators)

respect the kernel of the semiinner product; see Corollary [1.4.3.

This definition was suggested by the observation that in the stochastic limit of an elec-
tron coupled to the electro magnetic field as computed in Accardi, Lu [AL96] the limit
distribution of the field operators in the vacuum state of the field and some state on the
system space of the electron can be understood as the vacuum expectation of creators and
annihilators on an interacting Fock space. In the meantime, we know many other examples
of interacting Fock spaces; see e.g. Section 9.1. We mention the representation space of the
renormalized square of white noise (see Section 8.4). The list of examples can be continued
ad infinitum. However, it is not our goal to give an account of the history of interacting

Fock space.

In this chapter we present the results from Accardi and Skeide [AS98| which assert that,
in a certain sense, interacting Fock spaces and full Fock modules are, more or less, two ways
to look at the same thing. Already in the QED-example (see Appendix D)) from Accardi
and Lu [AL96] the idea arose to use the language of Hilbert modules to understand better
the underlying structure. In fact, the idea is very natural. The limit computed in [AL96],
actually, is the limit of the vacuum conditional expectation (see Example 4.4.12)) from the
algebra of operators on S®T'(L?(R?)) onto the algebra of operators on S, where S denotes the
Hilbert space of the electron. Therefore, the GNS-construction of the limit should provide us
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with a Hilbert module. However, in [AL96] the limit of the vacuum conditional expectation
was computed only weakly. In [Ske98a] we showed that the limit conditional expectation
exists. We pointed out that that GNS-module of the vacuum conditional expectation is a
full Fock module and the moments of the limits of the field operators are those of creators
and annihilators in the vacuum conditional expectation of this Fock module; see Appendix
D.

Motivated by the examples we ask, whether it is possible in general to represent operators
on an interacting Fock space by operators on a full Fock module and, thus, to glue together
the theory of interacting Fock spaces and the theory of full Fock modules. In Section 9.3 we
answer this question in the affirmative sense by an explicit construction (Theorems 9.3.1]
9.3.2, and[9.3.6). We obtain in full algebraic generality that the algebra generated by creators
and annihilators on an interacting Fock space is determined by the module generalization
of the Cuntz relations (6.1.1). In Section 9.2/ we show that it is also possible to associate
with a given Fock module an interacting Fock space. In Example 9.3.7 we explain that the
construction in Section 9.2| reverses the construction in Section 9.3l

We obtain a clearer picture of what the construction actually does, if we restrict to the
subcategory of interacting Fock spaces which are embeddable (via an isometry) into a usual
full Fock space. In Section 9.4 we show that a creator a*(f) on an embeddable interacting
Fock space may be represented as a modified creator »¢*(f) on a full Fock space (Theorem
9.4.5). Here s is in the relative commutant of the number operator, in other words, s
leaves invariant the number of particles. In the module picture the one-particle sector of the
Fock space is replaced by a two-sided module, precisely, over the algebra of such operators.
Therefore, in the module picture it is possible to ‘absorb’ the operator s into the creator
on the full Fock module over the one-particle module (Theorem 9.4.9). We also provide two
criteria which show that there are plenty of embeddable interacting Fock spaces (Theorems
9.4.2, and 9.4.3).

In Section 9.1/ we define what we understand by interacting Fock space. The definition
differs slightly from the definition in [ALV97]. The difference consists, however, only in that
we divided out the kernel of the semiinner product of [ALV97| in order to have an inner
product. Then we describe some examples of interacting Fock spaces. The generalization
of the notion of Hilbert module and full Fock module to Hilbert modules over P*—algebras
are discussed in Appendix (C. These are necessary in view of Example [9.1.5/ due to Accardi
and Bozejko [AB98] where a relation between orthogonal polynomials and interacting Fock
spaces is pointed out, and also for our realization of the square of white noise in Chapter 8.
In Section 9.2 we show for some examples how distributions of creators and annihilators on
an interacting Fock space may be realized as distributions of creators and annihilators on a
suitable full Fock module.
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In Section 9.5 we explain all aspects from the first sections in the example of the symmet-
ric Fock space. We point out the origin of the complications and explain why the symmetric

Fock space is a “bad” example for an interacting Fock space.

9.1 Basic definitions and examples

The definition of interacting Fock space used here differs slightly from the definition in
[ALVO7]. The difference is that we divide out the kernel of the inner product. The benefits
from this approach are a positive definite inner product and absence of the condition that
the operators have to respect some kernel (cf. the introduction). Of course, we loose the
tensor product structure of the n—particle sector. Instead of a tensor product H®" we are
concerned with rather arbitrary pre-Hilbert spaces H,,. However, the H,, are required to be

spanned by the range of all creators. Let us introduce some notation.

9.1.1 Definition. Let (Hn) . be a family of pre-Hilbert spaces. Denote by H = @ H,
n€ENg

their algebraic direct sum. Similar to Definition [6.2.2 (setting H, = {0} for n < 0), we

neN

define for each m € 7Z the space

Lo (H)={AecL(H): AH,, C Hyyp, (n € No)}.

9.1.2 Definition. Let (H")neNo be a family of pre-Hilbert spaces with Hy = CS). Let H

be another pre-Hilbert space. We say Z = @ H, is an interacting Fock space (based on
n€eNg

H), if there exists a mapping a*: H — L{(Z), fulfilling span(a*(H)H,) = Hp41.

The operators a*(f) are called creators. Their adjoints a(f) are called annihilators. Ob-
serve that the linear span of all a*(f,,)...a*(f1)Q (f; € H) is H,. By A(Z) we denote the
x—algebra generated by all a*(f) (f € H).

9.1.3 Remark. Usually, we identify H and H; by the additional requirement a*(f)Q = f
for all f € H. However, in Example 9.1.5/ we will have a*(f)Q2 = /wyf for a fixed real
number w; > 0. Another problem may appear, if a*(f)2 = 0 although f # 0. Therefore, it
is important to keep the freedom to choose H and H; differently.

The definition of interacting Fock space is very flexible. Of course, the usual full Fock
space F(H) with H, = H®" and its natural inner product is an example. But also the
symmetric Fock space ['(H) fits into the description; see Secion 9.5. Although isomorphic
to a symmetric Fock space (Section 8.5)), it is better to look also at the representation space

of the square of white noise (Section 8.4) as an interacting Fock space, because the square
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of white noise creators B} are precisely the creators in the interacting Fock space picture,
whereas this is not true in the picture of the symmetric Fock space; see Section 8.7.

In the following examples we construct several interacting Fock spaces in the way as
described in [ALV97]. In other words, we start with a full Fock space and then change
the inner product on the n—particle sector and divide out the kernel. In these cases we
always choose the creators a*(f) to be the images of the usual ones £*(f) on the quotient.
Necessarily, the ¢*(f) have to respect the kernel of the new inner product. By Corollary
1.4.3] giving an explicit adjoint of ¢*(f), this condition is fulfilled automatically, and the
image of this adjoint on the quotient is the the unique adjoint a(f) of a*(f).

9.1.4 Example. The Lu-Ruggeri interacting Fock space. In [LRIS8| the n—particle
sectors of the full Fock space F(L?(R)) had been equipped with a new inner product by
setting

(fn®..®f1,0.0...Q g1)
:/Ooodxl /:dx2.../:1dxnﬁ(xl)...fn(xn)gn(xn)...gl(xl).

Notice that this is nothing but the integral over the n—simplex {x, > ... > z; > 0}. An
adjoint of the creator £*(f) is given by

(g @ gn® ... @ g](Tn, .. ,x1)=/oodxf(fv)g(fc)gn(xn)---91(961) and £(f)2 = 0.

Choosing H,, as the pre-Hilbert space obtained from L?*(R)®" by dividing out the length-zero
elements of the new semiinner product, we get an interacting Fock space. Of course, what
we obtain is precisely the time ordered Fock space II'(C). New is the definition of creators

and annihilators on this space; see also Muraki [Mur00].

9.1.5 Example. The one-mode interacting Fock space and orthogonal polyno-
mials. Let p be a symmetric probability measure on R with compact support so that all

moments [ z"u(dz) (n € Ny) exist. It is well-known that there exists a sequence (wn)neN of

non-negative real numbers and a sequence (Pn) of (real) polynomials, such that Py = 1,

P1:I,

n€eNp

xpn:Pn—&-l +wnPn—1 (7121)7
and

(P, P) = /Pm(a:)Pn(x),u(dx) = OpnWp, - . - W1.
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Let us consider the one-mode Fock space F(C). Denote by e,, the basis vector of C®" and
equip the n—particle sector with a new (semi-)inner product by setting (e,,e,) = wy ... w;.
Of course, (*(e1) has an adjoint. Dividing out the kernel of the new inner product (which
is non-trivial, if and only if some of the w, are 0) we obtain the one-mode interacting Fock
space Z,,. In [AB98] Accardi and Bozejko showed that the mapping e, — P, establishes a
unitary U from the completion of Z, onto L*(R, ). Moreover, denoting a* = a*(e;), one
obtains Ua*U*P,, = P,,1 and U(a* + a)U* = x. The last equation means that the operator
of multiplication by x on L*(R, u1) is represented on the one-mode interacting Fock space by
the sum a* + a.

For later use in Example 9.3.8 and as a motivation for Section 9.4/ we present a variant
of the preceding discussion. Assume that all w, are different from 0. (This means that
the support of p contains infinitely many points.) Let us use the normalized polynomials

_ 1 :
Q. = WP”‘ The recursion formula becomes

an Y Wn+1Qn+1 + \/W_nQn—l (n Z 1)7

with Qp = 1 and @, = \/% Then the mapping e, — (@), establishes a unitary V from
the usual full Fock space F(C) onto L*(R, ). Moreover, denoting by ¢* = ¢*(e;) the usual
creator, one obtains VI*V*Q,, = Q.11 and V(y/wnl* + {/wy)V* = z. By y/wy we mean
the function n — w, of the number operator N: e, +— ne,. In other words, instead of the
real part of the creator a* on the interacting Fock space, we obtain the real part of the
modified creator \/wxy¢* on the usual full Fock space. It is easy to see that a* — Jwyl*
still defines a *—algebra monomorphism A(Z) — L%(F(C), if some w,, are 0. In this case
one just has to use the partial isometry V defined as above as long as w,, # 0, and mapping
e, to 0 for all n > ny where ng is the smallest n for which w, = 0. It is noteworthy, that

V* always is an isometry.

9.2 Interacting Fock space from full Fock module

In this section we look at full Fock modules in the sense of Appendix (C.3 and show how to
obtain interacting Fock spaces from full Fock modules. The we illustrate this in an Example.
Recall Convention [C.1.8.

Let E be pre-Hilbert B—module and suppose that B C B*(G) acts (S—positively) on a
pre-Hilbert space G. Let Q be a fixed unit vector in G and suppose that the state (2, e2)
separates the elements of F in the sense that (€, (x,z)Q) = 0 implies z = 0. We set
Hy = CQ. Refering again to the Stinespring construction, we denote by H, = E®" ©® Q
(n € N) the subspaces of E®" ® G consisting of all elements L,Q (z € E®").
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Then Z = € H, is an interacting Fock space based on H;. Let G = BQ. It is
n€Ng

easy to see that H,, = E°" ® Gq (n € N). Thus, 7 is just F(EF) ® Gq © (1 — |2)(Q])Gaq.
The creators are given by a*(h) = ¢*(z) ® id | Z, where x is the unique element in F,
fulfilling L,Q2 = h € Hy. By construction, ¢*(z) ® id leaves invariant the subspace Z of
F(F) ® Gq. Defining the projection po = |Q)(Q2] & € idy, onto F(E) ® Gq, we have

neN

a*(h) = (¢*(z) ® id)pq, so that the adjoint of a*(h) is given by a(h) = po(¢(z) ®id) | Z.

In Example 9.3.7/ we will see that by this construction an arbitrary interacting Fock space
based on H; can be recovered from a full Fock module. If a*(h)Q2 = 0 implies a*(h) = 0,
then the whole construction also works for interacting Fock spaces based on more general

pre-Hilbert spaces H.

9.2.1 Example. The full Fock module for the Lu-Ruggeri interacting Fock space.
Our goal is to recover the inner product of elements in the interacting Fock space from

Example 9.1.4 by the inner product of suitable elements in a full Fock module. Let
E =span{fXz: (s,t) = f(s)Loq(t)z(t) | f € L*(RY), 2 € C(RT)}

where RT = [0,00). One may understand the X-sign as a time ordered tensor product.
Observe that not one of the non-zero functions in F is simple. Clearly, F is invariant under
the left multiplication z(fXz') = (zf)X 2" and the right multiplication (fXz')z = fK (2'2)

by elements z € C,(R™). Moreover, the inner product

(f R = 'R )(t) = / ds FRDE D B ) (s, 1) = / A TEED S (5)2(1)

maps into the continuous bounded functions on R* so that E becomes a pre-Hilbert C,(R™)—
module.
Define the state ¢(z) = z(0) on C,(R™). One easily checks that

(/LB ®...0 (K1), (6, K1)0...0(R1)=(f®..0 fi,.®...@ g)

where the right-hand side is the inner product from Example [9.1.4.

9.3 Full Fock module from interacting Fock space

Our goal is to associate with an arbitrary interacting Fock space Z a full Fock module in such
a way that certain x—algebras of operators on 7 may represented as operators on that Fock
module. In particular, we want to express the moments of operators on Z in the vacuum
expectation (€2, #2) by moments of the corresponding operators on the Fock module in a

state of the form

SOOE(L
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where Ey = (w, ew) denotes the vaccum conditional expectation on the Fock module, and
where ¢ is a state. We will see that we can achieve our goal by a simple reinterpretation of
the graduation of L%(Z) in Definition 9.1.1. Since we work in a purely algebraic framework,
we cannot consider the full x—algebra L%(Z). It is necessary to restrict to the x—algebra
A%Z) = @ LY(T); see Remark 9.3.4 below. Clearly, A°(Z) is a graded s—algebra.

neL

Let T = @ H, be an interacting Fock space and let S be the subset of L§(Z) con-
n€eNyp
sisting of all elements of the form a*a where, however, a may stem from the bigger algebra

L4Z); cf. Remark (C.1.4. As L}(Z)L3(T) C Lf,,(T) we find that all spaces L2 (Z) are
L&(Z)-L3(Z)—modules. Clearly,

(z,y) = 2"y

fulfills our positivity condition (Definition (C.2.1) and all other properties of an L§(Z)—valued
inner product so that £% (Z) becomes a pre-Hilbert L&(Z)-L4(Z)-module.

One easiliy checks that L4(Z)® L (Z) = span(L$(Z)L¢(Z)) via the identification 2Oy =
zy. (See also Remark 9.3.4.) We set E° = L{(Z) and define the maximal full Fock module
F°(T) associated with the interacting Fock space Z by

FI) = F(E") = P(E)" ¢ P LoD

n€Np n€Ng

We explain in Remark 9.3.3/in which sense this module is maximal.
Let A € L% (7). By setting

Az, ...v; form+m >0
ar, ®©...0r=ar,...r1 =

0 otherwise,

we define an element a in L*(F(E?)).

9.3.1 Theorem. The linear extension of the mapping A — a to all element a in A°(Z)
defines a x—algebra monomorphism A°(Z) — L%(F(E?)).

PRrOOF. We perform the Stinespring construction. One easily checks that F(Z) ©Z = T
and that p(a) = A. Therefore, A — a is injective and, clearly, a *—homomorphism. (Cf.

also the appendix of [Ske98al].) m

9.3.2 Theorem. For all A € A°(Z) we have

(Q, AQ) = (Q,Eq(a))Q).
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PRrooF. It is sufficient to check the statement for A € L% (7). If m # 0, then both sides are
0. If m = 0, then aw = a = A. (Here we made the identifications L£(Z)(E°)®° C (E®)®° =
L&(Z).) Therefore, both sides coincide also for m =0. m

9.3.3 Remark. The module F°(Z) is maximal in the sense that the vacuum w is cyclic for
A°(Z) and that A°(Z) is the biggest subalgebra of £%(Z) which may be represented on a
purely algebraic full Fock module. Cf. also Remark 9.3.4.

The following somewhat lengthy remark explains to some extent why we have to restrict
to A°(Z), and why L(Z) ® L(Z) cannot coincide with L¢,,(Z). The reader who is not

interested in these explanations may skip the remark.

9.3.4 Remark. An excursion about duality. In our framework, where the constructions
of direct sum and tensor product are understood purely algebraically, there is a strong
anti-relation between spaces which arise by such constructions and spaces of operators on

them. For instance, a vector space V' may be understood as the direct sum @ (Cb) over
beB
all subspaces Cb where b runs over a basis B of V. To any b € B we associate a linear

functional 3, in the algebraic dual V' of V' by setting ,(b') = dpy. Then the direct sum

Vi, = @ (Cpy) over all subspaces Cf, of V' is a subspace of V' which depends on B, whereas
beB
the direct product over all Cf, may be identified with V' itself. Obviously, V} is dense in

V'’ with respect to the weak™ topology. Problems of this kind are weakened, when topology
comes in, but they do not dissappear. For instance, also the Banach space dual V* of a

Banach space V, usually, is much “bigger” than V.

As another example let us consider the space L(V, W) of linear mappings between two
vector spaces V' and W; cf. the appendix of [Ske98a]. Clearly, L(V, W) is an L(W)-L(V)-
module. Denote by L(V, W) the finite rank operators. Notice that we may identify L(V, W)
with W®V'. The elements of W/ ®V act on L(V, W) as linear functionals. Clearly, L;(V, W)
is dense in L(V, W) with respect to the locally convex Hausdorff topology coming from this
duality. It is noteworthy that an element a € L(W) acts as right module homomorphism on
both, L(V, W) and L;(V,W). Actually, a as an element of L"(L(V,TW)) is uniquely deter-
mined by its action on L(V, W) and, therefore, the algebras L"(L(V,W)) and L7 (L;(V, W))

are isomorphic; see [Ske98a).

Applying the preceding considerations in an appropriate way, one may show the following
results. (Here — means closure in a space of operators between pre-Hilbert spaces with

respect to the weak topology.)

span(L(T)a" (H)LH(T)) = E° and L3 © £§(D) = Li (D).
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Finally, the action of A°(Z) on F°(Z) may be extended (uniquely) to an action of L%(Z) =
A%(Z) on F°(Z). This suggests also to introduce the closures £ ® F and F(E) as a dual

tensor product and a dual full Fock module, respectively.

Now let us return to our original subject. So far we said what we understand by the
maximal full Fock module associated with Z. What could be the minimal full Fock module?
The answer is simple. A minimal Fock module should contain everything within the maximal
Fock module, what is cum grano salis generated by by a*(H), but not more.

Consequently, we restrict to the x—subalgebra A(Z) of A%(Z) generated by a*(H). The

graduation on A°(Z) gives rise to a graduation on A(Z). Using the notation

A* ife=1
A ife=-1

Af =

B, = A(T)N L (T)

= span{aE"(fn) catt(fh) ! fi€e H,/(e1,... ,e,) € {—1,1}”,Z€k = m}.
k=1

We set B = Ey + C1. Again all E,, are pre-Hilbert B—B-modules. However, now we have
Ey ® Ey = Egyy. Set E = E;. Clearly, E = span(Ba*(H)B).

9.3.5 Definition. By the minimal full Fock module associated with the interacting Fock
space Z we mean F,(Z) = F(E).

9.3.6 Theorem. Theorems'9.3.1 and|9.3.2 remain true when restricted to A(Z) and Fo(T).
In particular, A — a defines a x—algebra isomorphism A(Z) — A(F,(Z)).

Proor. Clear. =m

9.3.7 Example. The converse of Section 9.2. Let F,(Z) be the minimal Fock mod-
ule associated with an interacting Fock space based on Hy; cf. Remark 9.1.3. Then the
state (€2, eQ2) separates the elements of E. Obviously, the pre-Hilbert space Fy(Z) ® Q as
constructed in Section 9.2, is nothing but Z and the creator (¢*(x) @ id)pg on the former
coincides with the creator a*(h) on the latter, where h = x ® Q). Therefore, the construction
of the minimal Fock module is reversible.

We could ask, whether also the construction in Section 9.2 is reversible, in the sense that
it is possible to recover the Fock module F(E) we started with. However, as the construction

only involves the subspace F,(Z) ®£2 and not the whole space F(Z) ® G, we definitely may
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loose information. For instance, if £ is the direct sum of two B;~modules F; (i = 1,2) with
an obvious By @ By—module structure, and if we choose a state (€2, e€2;), which is 0 on By,

then we loose all information about E.

9.3.8 Example. Let H be a pre-Hilbert space. Then the full Fock space Z = F(H) is itself
an interacting Fock space. On the minimal Fock module F(Z) we may represent not much
more than the x—algebra A(F(H)) which is generated by all creators a*(f) = ¢*(f) on the
original Fock space. On the maximal Fock module F°(Z) we may represent the full xalgebra
A°(F(H)). In particular, operators on F(H) of the form z¢*(f)z' (f € H;b,b' € LI(F(H)))
are represented by creators £*(b0*(f)b') on F°(T).

For instance, in Example 9.1.5/ we established an isometry ¢ = V*U: Z,, — F(C) from
the one-mode interacting Fock into the one-mode full Fock space. We found £a*&* = Jwyl*.
This squeezed creator on the full Fock space, immediately, becomes the creator £*(y/wyl*)
on the maximal Fock module F"(F(C)) associated with F(C).

It is noteworthy that all ingredients of the construction of Fy(Z,) and F°(Z,), being
subsets of A%(Z,), may be identified isometrically with ingredients of the corresponding
construction of Fy(F(C)) and F°(F(C)), being subsets of A°(F(C)), via the mapping
S(e) =g,

What we did in Examples 9.1.5 and 9.3.8 for the one-mode interacting Fock space con-
sisted in two parts. Firstly, we constructed an isometry from Z, into F(C). Under this
isometry the creator a* on Z, became the squeezed creator \/wy¢* on F(C). Secondly, af-
ter constructing the maximal Fock module F (F(C)) the squeezed creator became a usual
creator on the maximal Fock module. In the following section we will see that these two

steps are possible in general for a wide class of interacting Fock spaces.

9.4 Embeddable interacting Fock spaces

9.4.1 Definition. Let Z = € H,, be an interacting Fock space based on H. We say 7
n€Ng

is an embeddable interacting Fock space, if there exists an isometry {: Z — F(H), which

respects the n—particle sector, i.e.
EH, C H®" and &Q =
We say Z is algebraically embeddable, if £ maps into F(H).

The following two theorems show that there exist many embeddable and many alge-
braically embeddable interacting Fock spaces. Actually, all known examples of interacting

Fock spaces fit into the assumptions of one of these two theorems.
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9.4.2 Theorem. Let T be an interacting Fock space based on H and define the surjective
linear operator A: F(H) — T by setting

Afo®...® fi)=a"(fn)...a"(f1)Q and AQ=.

Then the following two conditions are equivalent.

(i) The operator A has an adjoint A* in L(Z,F(H)).

(i1) There exists an operator L: F(H) — F(H) fulfilling LH®*™ C H®", such that
(@ (fn) - a*(f1)2,0(gn) .- a(91)) = ([n© ... @ f1, Lgn @ ... @ g1).
Moreover, if one of the conditions is fulfilled, then Z is embeddable.

PRroOF. Clearly Condition (z) implies Condition (i), because L = A*A has the claimed
properties. So let us assume that Condition (i7) is fulfilled.

Firstly, we show that Z is embeddable. The operator L must be positive. In particular, L
is bounded below. Henceforth, by Friedrich’s theorem L has a self-adjoint extension. Denote
by A the positive square root of this extension (whose domain, clearly, contains F(H)). Then
the equation €a*(f,)...a*(f1)Q2 = Af, ®...® fi defines an isometry &: 7 — F(H).

Secondly, we show existence of A*. We have to show that for each I € Z there exists a
constant Cy > 0, such that (AF,I) <||F| C; for all F € F(H). We may choose G € F(H)

such that AG = I. Then our assertion follows from
(AF,I) = (AF,AG) = (F,LG) < ||F|| ||ILG|| - m

9.4.3 Theorem. Let T be an interacting Fock space based on H and suppose that H has a
countable Hamel basis. Then T is algebraically embeddable.

PROOF. Let (e,-)l.eN denote the Hamel basis for H. We may assume this basis to be orthonor-
mal. (Otherwise, apply the Gram-Schmidt orthonormalization procedure.) Enumerate the
vectors e = eg, ® ... ey, (k= (ki,...,k,) € N*) in a suitable way. In other words, find
a bijective mapping o: N — N". Then apply the orthonormalization to the total sequence
(bg(i))ieN of vectors in H,, where we set b} = a*(eg,)...a"(eg,)S2. The result of orthonor-
malization is another sequence (c?)l.eN of vectors, some of which are 0 and the remaining
forming an orthonormal basis for H,,. Then

el forc!#0
£c = o (i) a

0 otherwise
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defines the claimed isometry. m

We remark that ¢ has an adjoint &* defined on the domain Dg- = ¢Z & (€Z)* dense in
F(H). Clearly, this domain is mapped by &* onto Z.
Before we show the implications of Definition 9.4.1, we provide a simple but useful

factorization Lemma about operators on tensor products of vector spaces.

9.4.4 Lemma. Let U, V, W, and X be vector spaces and let S € L(W,U) and T €
L(V & W, X) be operators, such that Sw = 0 implies T(v @ w) = 0 for allv € V. Then
there exists an operator R € L(V ®@ U, X), such that

T = R(id®8).

PROOF. Denote N = ker(S). Then there exists a subspace N° C W, such that W = N°@&N
and S | NV is a bijective mapping onto SW. Analgously, we may find (ST)°, such that
U=SW @ (SW) In this way we expressed S as the mapping

S=ESTNY®0: N &N — SW & (SW)°.
Defining the mapping
S = (SN T@0: SWa (SW)? — N DN,

we find S™S=1&0on N @ N.
Set R = T(id®@S™). Then for all v € V and w € N we have R(id®S)(v @ w) = 0 =
T(v®w) and for w € N we find R(id ®S)(v @ w) = T(v @ S™Sw) =T(v @ w). m

The basis for our application of Lemma 9.4.4/ is the identification
F(H)=H®F(H) o CQ. (9.4.1)

If S is a mapping on F(H), then by id ®S we mean the mapping id ®S @ 0 acting on the
right-hand side of (9.4.1). We have the commutation relation

(f)S = (id@S)e(f).

Notice also that F(H) D H ® F(H) & CQ.

9.4.5 Theorem. Let Z be an embeddable interacting Fock space based on H. Then there
ezists a mapping »: (H @ De« & CQ) — Dy, respecting the n—particle sectors, such that

() = 0" (£)E"
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for all f € H. In other words, the mapping a*(f) — »l*(f) extends to a *-algebra
monomorphism A(Z) — L%De) and the vacuum expectation is mapped to the vacuum

expectation.
Moreover, if T is algebraically embeddable, then »0*(f) is an element of L*(F(H)).

9.4.6 Remark. Of course, »/*(f) has an adjoint (even an adjoint which leaves invariant

the domain Dg«). However, notice that this does not imply that s has an adjoint.

PrROOF OF THEOREM [9.4.5. We have AL*(f) = a*(f)A. In particular, if AF' = 0 for some
F e F(H), then A(f ® F) = A(*(f)F) = a*(f)AF = 0 for all f € H.

Weset V.=H W =F(H), U=¢(Z, and X = F(H). Furthermore, we define S =
EN € LW, U) and T = S | (H ® W). Clearly, the assumptions of Lemma 9.4.4 are
fulfilled. Therefore, there exists a mapping R € L(V ® U, X) = L(H ® D¢, F(H)), such
that T(f @ F) = R(f ® SF) for all f € H and all F' € F(H).

We have

§a”(f)E(EMF = Ea™(N)AF = EAC(f)F =T(f @ F) = R(f ® SF) = R ()(EA) F.

Since the domain of R¢*(f) is U and EAF (F € F(H)) runs over all elements of U, we find
Ea*(f)& | U = RU*(f). We define »r € L(H ® D & CQ, X)) by setting

R(f®F) for FetT

#(f®F)=
0 for F € (€7)*

and € = 0. Then s0*(f) = &a*(f)&*. Clearly, the range of s is contained in £Z, because
the range of £a*(f)E* is. m

We define A = £A and denote by A, the restriction of A to the n—particle sector. Notice
that A, is a mapping H®" — H®", Denote also by 2z, the restriction of s¢ to the n—particle

sector of De-.
9.4.7 Corollary. X fulfills
A (H®F(H)) = »(id®A).
In terms of n—particle sectors this becomes the recursion formula
Ani1 = #1(Id®@N,)  and A = idco
for \,. The recursion formula is resolved uniquely by

An = 26, (id @3,_1) ... (Id®" "V @5¢)  (n>1).
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Proor. We have

x(ild RN (fn® ... @ f1) =l (f )M foo1 @ ... @ f1) = Ea* (f)EEN(fro1 ® ... @ f1)
=N (fo)(fno1®@ ... @ f1) =AM/ ®...Q f1). m

9.4.8 Corollary. We have

(@ (fn) .- a*(f1)Q2,a"(gn) - .- a™(91)Q) = Gl (fn) - 2l (f1)Q, 20,07 (gn) - - - 22107 (g1)82).

9.4.9 Theorem. Let T be an algebraically embeddable interacting Fock space based on H.
Then the mapping

a*(f) — (" (f))

extends to a x—algebra monomorphism from A°(Z) into the x—algebra of adjointable operators
on the mazimal full Fock module F°(F(H)) associated with F(H). (Here the full Fock space

F(H) is interpreted as an interacting Fock space.) Also Theorem[9.3.2 remains true.

PROOF. sl*(f) = £a*(f)E* is an element of £ = LY(F(H)) and Z(e) = {e&* is a x—algebra
monomorphism A°(Z) — A°(F(H)). Validity of Theorem 9.3.2 follows by £Q = Q.

9.5 The symmetric Fock space as an interacting Fock

space

In this section we discuss how the symmetric Fock space (Section 8.1)) fits into the set-up of
interacting Fock spaces. In particular, we identify concretely several mappings which played
a crucial role in the preceding section.

Let H be a pre-Hilbert space. By setting H, = H®" and a*(f) = v Npl*(f) we turn
T'(H) into an interacting Fock space based on H = H;.

Defining ¢ as the canonical embedding of I'(H) into F(H), we see that I'(H) is alge-
braically imbeddable. Notice that £* = p. But also the stronger conditions of Theorem 9.4.2

are fulfilled (even leaving invariant the algebraic domain). Indeed, from the commutation

relation £*(f)v/N = /N — 1¢*(f) we find that

a*(fn)...a*(f)=pVN .. VN =n+10(f,) ... 0°(f1)Q
:p\/ﬁ...\/N—n—t—lfn@...@fl,
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i.e. A = pV N!. Of course, A* = EAE. So, if we are sloppy in distinguishing between I'(H)
and the subspace pF(H) of F(H), then A is symmetric and coincides more or less with
A. Of course, L = pN!. The definition of a*(f) yields directly s = pv/N. We may verify

explicitly the recursion formula in Corollary 9.4.7.

The CCR read

a(f)a*(g) = a*(g)a(f) + {f,9)

Here we see that the algebra B = Ej, over which the minimal Fock module is a two-sided
module, contains already the quite complicated operator a*(g)a(f)+ (f, g) commuting with
the number operator. The complications are caused by the fact that the projection p, on
the n—particle sector acts on all tensors of its argument. This is extremely incompatible with
what creators on a full Fock space can do, which only act at the first tensor. Correspondingly,
the additional algebraic structure which we introduce in the module description has to do

a lot to repair this ‘defect’.

On the other hand, we know that the symmetric Fock space over L?(R™) is isomorphic
to the time ordered Fock space. Also here we can write down the operator L. However, if
F.(t,,... ,t1) is a time ordered function, and if we ‘create’ a function f,1, then we find
fas1(tus1)Fu(ty, ... ,t1). In order to project this function to the time ordered subspace,
we need only to look for the relation between t,.; and t¢,. The 'deeper’ time arguments
are not involved by the projection. This explains why the module description of the time
ordered Fock space is much more transparent and also more illuminating than the module
descritpion of the symmetric Fock space ['(L?(RT)). We see the difference also by looking

at creators from Example 9.1.4, which are bounded.

Although a module description is in principle always possible, we must choose carefully
for which of the interacting Fock spaces we try a module description. A good criterion is to
look at how complicated the algebra B is. Fortunately, in all applications there are natural
choices for B and the image of B in the algebra A(F(F)), usually, is much ‘smaller’ than
A(F(E)).
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Part 111

Product systems

Product systems of Hilbert spaces (Arveson systems) were discovered by Arveson [Arv89al
in the study of Ey—semigroups on B(G). We met product systems of (pre-)Hilbert B—5—
modules in Bhat and Skeide [BS00] in the study of CP-semigroups and their dilations and we
refer the reader who whishes a complete motivation, deriving literally speaking the notion
of product system from CP-semigroups, to [BS00]. Here we prefer to give a more direct
treatment starting in Section 11.1 with the definition of product systems, anf then explore
their properties systematically. Most results from [BS00] being specific to CP-semigroups
(and some extensions) can be found in Chapter [12/ which is independent of the remainder
of Part III.

After the short Chapter 10 about relevant notions from dilation theory, we start directly
with the definition of product systems (Section [11.1) and units for them (Section [11.2).
Although the definitions are the formal analogues of Arveson’s definitions, the approaches
are very much different, and we comment on the relation to Arveson systems only at the
end of these sections and in Chapter [15/ about future directions.

Once established that a set of units for a product system gives rise to a CPD-semigroup
(Proposition 11.2.3), it is natural to ask for the converse. In Section [11.3/ we show (basically,
by generalization of the corresponding construction for CP-semigroups in [BS00]) that each
CPD-semigroup may, indeed, may be recovered as the CPD-semigroup associated with a
set of units for a product system. As usual, this product system is unique, if it is generated
in a suitable sense by the set of units. While the GNS-construction or the Kolmogorov
decomposition may be considered as the linking step between a single mapping (be it com-
pletely positive or completely positive definite) and Hilbert modules, the construction of
product systems in Section 11.3 may be considered as the GNS-construction for a whole
semigroup of such mappings. Therefore, we refer to the (unique minimal) product system
as the GNS-system of the corresponding semigroup.

Arveson systems are classified in a first step by their supply of units. Type I systems are
those which are generated by their units. Rephrasing this in our words, we say type I product
systems are (modulo serveral topological variants) those which are the GNS-system of their
associated CPD-semigroup. Arveson showed that type I Arveson systems consist of time

ordered Fock spaces. We are able to show in Chapter 13/ the analogue statement at least for
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product systems of von Neumann modules. Like in the proof for Arveson systems the crucial
object is the generator of the associtated CPD-semigroup, there just a semigroup of positive
definite C-valued kernels with a conditionally positive definite kernel as generator. Here the
situation is considerably more involved. The generator is a conditionally completely positive
definite kernel and we are able to show that it has Christenson-Evans form (as conjectured in
Theorem 5.4.14) only after having shown first that the GNS-system of a CP-semigroup (i.e.
a product system generated by a single unit, a trivial thing in the case of Arveson systems)
consists of time ordered Fock modules. Among other results which we have to provide before
we can show this, there is a characterization of the endomporphisms of time ordered product
systems (utilizing the elegant and purely algebraic ideas from Bhat [Bha99]) which allows
us to find a powerful criterion to decide, whether a certain subset of units for a time ordered
system is generating or not. En passant we show also that the results by Christenson and
Evans [CET79] about the generator of a CP-semigroup are equivalent to the existence of a
central unit (a unit consisting of centered elements) in a product system of von Neumann
modules which has at least one continuous unit.

In Chapter [14/ we present two alternative constructions of product systems. The first
one in Section 14.1] starts like Arveson from a (strict) Ey—semigroup but on B*(E) for some
Hilbert B-module (with a unit vector). This is a direct generalization to Hilbert modules
of Bhat’s [Bha96] approach to Arveson systems. The second construction Section 14.2 is a
simple generalization of the construction starting from a CP-semigroup to a construction
starting from a system of transition expectations. In discrete time transition expectations are
related to quantum Markov chains in the sense of Accardi [Acc74, [Acc75]. The continuous
time version is a generalization of a proposal by Liebscher [Lie0Ob] which we considered in
Liebscher and Skeide [LS00b].



Chapter 10

Introduction to dilations

10.1 Dilations

CP-semigroups (i.e. semigroups T' = (Tt) of, usually unital, completely positive mappings

T, on a unital C*—algebra B, where T is ﬁ%ej or Ny) and their dilations to Ey—semigroups (i.e.
semigroups 9 = (ﬁt) teT of unital contractive endomorphisms vJ; on a unital pre-C*—algebra
A) may be considered as the main subjects of these notes. There are almost as many
notions of dilation as authors writing on them. The common part of all these notions may

be illustrated in the following diagram.

B B
il Tp (10.1.1)
A—F—A

10.1.1 Definition. Let T = (Tt)teT
B. By a dilation of T to A we understand a quadruple (A,dJ,1,p), consisting of a unital

be a unital CP-semigroup on a unital C*-algebra

pre—C*—algebra A, an Ey—semigroup 9 = (ﬁt) a canonical injection (i.e. an injective

teT?
homomorphism) i: B — A, and an expectation p: A — B (i.e. a unital completely positive
mapping such that ¢ = iop is a conditional expectation onto Ay = i(8)), such that Diagram

(10.1.1)) is commutative (i.e. pod;0i=T;) for all t € T.

Of course, setting t = 0 we find p oi = idg. Hence, we could also identify B as the
subalgebra Ay of A. But, as 1z may not coincide with 14, this would complicate the
definitions. Sometimes, we are dealing with different embeddings i. For these and other

reasons we prefer to distinguish clearly between the two algebras.

10.1.2 Remark. Definition 10.1.1/is quasi the minimum a dilation should fulfill. (We could

allow for non-unital A or ¥, i.e. 9 is only an ey—semigroup.) Often, it is required that i(1) is
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the unit of A. In this case, we say the dilation is

indexdilationlunitalunital. Some authors, e.g. Kiimmerer [Kiim85], require that v consists
of automorphisms. Therefore, it extends to an automorphism group on the Grothendieck
group T of T (i.e. T =R or T = Z. Several authors, e.g. Accardi [AccT4, AccTh, [AccT8] and
also [Kiim85|, ship A with a filtration, i.e. a mapping I — A; C A defined on measurable
subsets (of Ry or R) or (unions of) intervals such that A; C A; whenever I C J, which
is covariant, i.e. 9,(A;) = Ayy;. Again, the unital subalgebras A; may or may not contain
the unit of A. One may or may not require that A;,; be generated A; and A;. If there
is a filtration, then there should be also a family ¢; of conditional expectations onto A;
fulfilling ¢5 o w5 = @ins. The setting of [Kiim85] always requires existence of an invariant
(i.e. Y o¥y =1 and ¢ o ¢ = @) faithful state ¢ on A. This state induces a faithful state
1 oion B which is invariant for 7', because ¢y oioT; =9 oiopothoi=1od;0i=1oi.

We did not yet speak about possible topological requirements. Semigroups may be uni-
formly continuous, Cy—semigroups, or (in the case of von Neumann algebras) strongly con-
tinuous semigroups (see Definition A.5.1 for our conventions). Of course, if an Ey—semigroup
¥ is uniformly continuous, then it consists of automorphisms. But, even our automorphism
groups will usually not be uniformly continuous. Independently, the mappings in a semi-
group can be continuous in several natural topologies. If we do not say something, we do
not assume more than boundedness. For T; this is automatic, because (precisely for this
convenience) we always assume that B is a C*—algebra (and unital). For Ey—semigroups 9 on
a pre-C*—algebra A boundedness is a requirement. But, if A is spanned by C*—subalgebras

(for instance, by all ¥, o i(B)), then also ¥ is contractive automatically.

We mention that Sauvageot [Sau86] constructed a for each unital CP-semigroup 7" a
unital dilation to an automorphism group including a unital filtration with corresponding
conditional expectations. The dilating automorphism group is, however, non-continuous in
any reasonable topology. This is in strong contrast with our construction of a weak dilation
in Chapters [11/ and 12 which preserves the possible maximum of topological properties
of T. (Of course, an Ey—semigroup cannot be uniformly continuous, unless it consists of
automorphisms, which is not the case with our construction, as soon as 7" itself does not
consist of automorphisms.) We mention also that Sauvageot’s construction is the only
one, so far, whose mechanism we were not able to explain advantageously in terms of
Hilbert modules. A construction of a unital dilation (preserving continuity, but without any
filtration) which can be understood in terms of Hilbert modules is that by Evans and Lewis
[EL77]). This dilation is closely related to the Hilbert module analogue of Arveson’s spectral
algebra. We discuss this in Section 12.5.
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10.2 White noise

The notion of dilation is an attempt to understand the evolution T' of the observable algebra
B of a small system as an expectation p from the evolution ¢ of the observable algebra A
of a bigger system into which the small system is embedded (identification of B and Ap).
There is a huge amount of literature discussing the physical motivation. Among many many
others we mention only Davies [Dav76|, Evans and Lewis [EL77], or Arveson [Arv96].

The general idea is that an unperturbed or free system like A evolves via an endomor-
phism semigroup like . (Automorphism groups correspond to reversibility, endomorphism
semigroups to non-dissipativeness of the evolution. We do not discuss the motivation for
the second choice, but refer the reader, for instance, to the introduction of [Arv96].) The
fact that T is only a CP-semigroup reflects that the small system B is interacting with
the big one. The evolution is dissipative, energy dissipates from the small system to the
environment, and cannot be understood intrinsically looking at B alone.

If also the evolution T of the subsystem B consists of endomorphisms, i.e. B evolves
freely, then we can consider B as an independent subsystem of A. If in the extreme case

T, = id is constant, i.e. if ¥ leaves invariant the subsystem Ay, as illustrated in the following

diagram,
B—"—>8
il \i\ Tp (10.2.1)
A o A

then we speak of a white noise. (Passing from endomorphisms 7; to T; = id may be

interpreted as switching from the Heisenberg picture where the observables in the small
system evolve freely to the interaction picture where the freely evolving observables do no

longer change with time.)

10.2.1 Definition. A white noise is a dilation of the trivial semigroup (id)te’ﬂ” such that
Yy oi =1, i.e. Diagram (10.2.1) commutes for all t € T.

10.2.2 Remark. Also thisis a minimal definition and, as discussed in Remark [10.1.2, many
authors require additional properties. The most common extra property is independence of
algebras A; and A; for disjoint sets I, J. In the (very general) sense of [Kiim85] this means
o(ara’y) = @(ar)p(a’;) for ay € Ay and o, € Aj;.

10.2.3 Example. The time shifts 8 on the algebra of operators on the full Fock module
F(L*(R, F)) or on the time ordered Fock module I'(F) with i being the canonical identi-

fication of B as operators on the module and with p = E; are examples of a white noise
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with automorphism groups. The restrictions to F(L?*(Ry, F')) and I'(F'), respectively, are

examples for a white noise with endomorphism semigroups.

10.3 Cocycles

An interesting question is, whether a dilation of a CP-semigroup can be understood as a
coupling to a white noise via a cocycle. Often, like in Part IV the white noises are those
from Example 10.2.3/ and a suitable cocycle can be obtained with the help of a quantum
stochastic calculus. In these cases the cocylce is constructed directly from parameters which

determine the generator of the CP-semigroup (cf. Theorem [16.7.1)).

10.3.1 Definition. A left (right) cocycle in A with respect to ¥ is a family u = (ut)te’l[‘ of
elements u; in A, fulfilling
Ugpr = w0y () (o = Dolus)uy ) (10.3.1)

and ug = 1. If uy not necessarily 1, then we speak of a weak cocycle.
A cocycle u in A is contractive, positive, partially isometric, isometric, unitary, etc., if u; is

for all t € T. A cocycle is local, if u; commutes with ¥,(A) for all t € T.

We collect the following obvious properties of cocycles.

10.3.2 Proposition. u is left cocycle in A, if and only if u* = (u;‘) is a right cocycle.
In this case V" = (ﬁ;‘)teT

1s unital, an endomorphism semigroup, an Ey—semigroup, contractive, if and only if u is

teT
with 9} (a) = wdy(a)u; is a CP-semigroup on A. This semigroup

coisometric, isometric, unitary, contractive, respectively.

10.3.3 Definition. We say the semigroup 9" is conjugate to the semigroup ¥ via the cocycle
u. We say two Ey—semigroups 9,19 on A are outer conjugate, if ¥ is conjugate to ¢ via a

unitary cocycle u.

10.3.4 Observation. If uis a unitary left cycocle with respect to 9, then u* = (u;‘)tET is a

left cocycle with respect to ¥* and (79“)“71 = ¢). Therefore, outer conjugacy is an equivalence

relation among Ey—semigroups on A.
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10.4 Weak Markov flows and weak dilations

An intermediate structure is that of a Markov flow J;: B — A as illustrated in the following

diagram.
T
B B
il \Jt\ Tp (10.4.1)
A o A

However, without relations to additional structures like filtrations and related conditional
expectations the properties of such a Markov process cannot be discussed in this generality.
The situation improves considerably, if we pass to weak Markov flows j;: B — A as defined
by Bhat and Parthasarathy [BP94, BP95]. These have the additional property that the
conditional expectation ¢ and the embedding i have the form as discussed in Example
4.4.6. We illustrate this.

p (10.4.2)

Here j; ! means the left inverse of jo. Putting p; = ji(1) we obtain the Markov property

PeJs+t(D)pe = Ji o T5(D) (10.4.3)

from pojs(b)po = jooTs(b) by time shift ¥,. This property does no longer involve the dilating

Ey—semigroup ¢.

10.4.1 Definition. A pair (A, j) consisting of a unital pre-C*—algebra A and a family
J = (jt) reT of homomorphisms j;: B — A is a weak Markov flow for the CP-semigroup 7,
if it fulfills (10.4.3) (where always p; = j;(1)). A weak Markov quasiflow is a weak Markov
flow (A, j) except that jo need not be injective and A need not be unital.

A dilation (A, 4,1,p) of T is a weak dilation, if ¢ = i(1) e i(1). (In this case, by the

preceding discussion, the homomorphisms j; = ¢, o i form a weak Markov flow.)

10.4.2 Remark. We need quasiflows only in Section 12.4' when we investigate universal

properties of such flows.

A weak dilation gives rise to a weak Markov flow. In Section [12.4 we recover Bhat’s result
[Bha99] that under a certain minimality condition on a weak Markov flow (A, j) also the
converse is true, i.e. the mapping js(b) — js1+(b) extends to a (contractive) endomorphism
¥ of the subalgebra of A generated by the set ¥r(B). Clearly, in this case the 9J; form an

ep—semigroup ¥ dilating T (except that A, usually, is non-unital).
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10.4.3 Remark. By (10.4.3) applied to b = 1 and by Proposition [A.7.2(4), p; is an in-
creasing family of projections. In the original definition in [BP94] p, may be an arbitrary
family of increasing projections. If, however, such a family fulfills (10.4.3) with a fam-
ily j;: B — A of homomorphisms, then the j, form already a weak Markov flow. To see

this observe that p.j:(1)p; = j:(1). By Proposition A.7.2(5) we have p; > j;(1) so that
3e(1)Js+¢(0)7e (1) = Je(1)pefse(0)pejie (1) = jo(1)je © Ti(b) e (1) = ji © T (D).

10.4.4 Remark. If py = 1, then p; = 1 for all . Therefore, if a weak dilation (or a weak

Markov flow) is unital, then ¥ oi = jyo T, i.e. T' is an Ey—semigroup.

Weak flows and weak dilations appear unsatisfactory in general dilation theory as most
authors are interested only in unital dilations. Nevertheless, as we will see in Theorem
14.1.8), in a huge number of cases (namely, for dilations on a pre-Hilbert module in the sense
of Definition [10.5.1) a dilation has sitting inside a weak dilation. Also dilations comming
from a cocycle perturbation of a white noise in the sense of Kiimmerer are contained. Often,
a good deal of the dilation is already determined by the associated weak dilation. Classifying
weak dilations by product systems (what is one of the major tasks of Part III), therefore,
also helps classifying dilations. Let us say it clearly: We use weak dilations as a theoretical
tool to understand better also unital dilations.

Contrary to other types of dilations, among weak dilations we can single out a unique
universal one, the GNS-dilation. For this dilation ingredients like filtrations and related
conditional expectations can be constructed, and do not form a part of the defintions. We
already pointed out that in some cases it is sufficient to know only parts of Diagram (10.4.2)
in order to reconstruct the remaining ones. In Chapter 15 we give a more complete cross
reference about the connections among the several notions and tensor product systems of

Hilbert modules play the crucial linking role.

10.5 Dilation on Hilbert modules

We now approach the set-up which will be ours throughout Part III. Consider the situation
in Diagram (10.4.2) and let us do the GNS-construction (F, §) for the expectation p. Assume
that F is essential, i.e. A acts faithfully on E. Then Examples 4.4.6/ and 4.4.10 tell us that
Diagram (10.4.2) simplifies as follows.

B L
i:j():g.g*l \jt Tp=<£7°£> (10.5.1)
B(E) > A N

5 A C B*E)

B
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Two questions arise. Firstly, what happens, if A does not act faithfully? In this case we
could try to divide out the kernel of the canonical representation of A on E. However, in
order that 1 gives rise to an Ey—semigroup on the quotient, it is necessary that v/ respects
the kernel. In settings where a faithfull invariant state is required (e.g. in [Kiim8&5]), the
canonical representation is always faithful. Secondly, if E is essential, does ¥ extend to all
of B*(E)? This is one of the main properties of our GNS-dilation, contrary, for instance, to
the dilation to an ey—semigroup on a subalgebra of B(H) as constructed by Bhat [Bha01].

In these notes we consider with few exceptions Fy—semigroups on B*(E) for some (pre-)
Hilbert module and dilations to such. The set-up of dilation, weak dilation and weak Markov

flow is now illustrated in the following diagram.

Tt Tt

B B B B
il \Jt\ Tp=<£,'§> jo:g.é*i \jt\ Tp:@"@ (10.5.2)
BY(E) BYE) BY(E) BY(E)

It

10.5.1 Definition. Let T" be unital CP-semigroup on a unital C*—algebra B. A dilation of
T on a pre-Hilbert B—module is a quadruple (E, 3,1, &) consisting of a pre-Hilbert B-module
E, an Ej—semigroup 9 on B*(E), an embedding i, and a unit vector £ € E such that the
left diagram in (10.5.2) commutes.

A weak dilation of T' on a pre-Hilbert B—module is a triple (E,9,&) (¢ and £ as before)
such that the right diagram of (10.5.2) commutes.

A weak Markov flow of T on a pre-Hilbert B—module is a triple (E, j, &) consisting of a

pre-Hilbert B-module E, a family j = (j;), . of homomorphisms ji: B — B%(E) fulfilling

teT
(10.4.3) (with p; = j;(1)), and a unit vector £ € E such that jo = £ e £*.

The difference between a weak Markov flow (B%(E), j) and a weak Markov flow (E, j,£)
on FE is the vector &. If the GNS-construction of the conditional expectation py @ py is
faithful, then Example [4.4.6 tells us that we may pass from a weak Markov flow (A, j) to a
weak Markov flow (E, j, &) where with the identification B = j,(B) we have E = Apy and
§ = po.

A crucial consequence of Definition [10.5.1 of dilation, compared with the more general
Definition 10.1.1} is that the algebra B*(FE) contains the projection pyg = ££* and, therfore,
all its time shifts p; = ¥(po). More generally, setting jo(b) = £bE* and j; = 9y o jo, from
(€, 1(D)E) = b= (£,€)b(&, &) = (&, jo(b)€) it follows that poi(b)pe = jo(b) and after time shift
pedi(b)p: = Ji(b) (see Diagram (10.4.1)). In Theorem [14.1.8 we will see with the help of
product systems that the j; form a weak Markov flow for every dilation (F,9,1,£). In other
words, whatever i might be, if (¢, oi(e)¢) is a (unital) CP-semigroup 7', then it has sitting
inside the weak dilation (E,9,€&) of T.
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Chapter 11

Tensor product systems of Hilbert

modules

11.1 Definition and basic examples

11.1.1 Definition. Let T = R, or T = Ny, and let B be a unital C*—algebra. A tensor
product system of pre-Hilbert modules, or for short a product system, is a family E® = (Et) reT
of pre-Hilbert B-B-modules E; with a family of two-sided unitaries ug: Es © By — Fgiy

(s,t € T), fulfilling the associativity condition
Ur(s-i-t)(id @ust) = u(r+s)t(urs ® Id) (11.1.1)

where Fy = B and uyg, ugs where are the identifications as in Definition 4.2.1. Once, the

choice of ug is fixed, we always use the identification
Es ®Et = E5+t. (1112)

We speak of tensor product systems of Hilbert modules E© and von Neumann modules E ©"
if B, F; = Eyyy and E, ©° £, = Ey,, respectively.

A morphism of product systems E® and F© is a family w® = (w;) wep Of mappings
w; € BYYY(E,, Fy), fulfilling

Wery = Ws O Wy (11.1.3)

and wy = idg. A morphism is unitary, contractive, and so on, if w; is for t € T. An
isomorphism of product systems is a unitary morphism.

A product subsystem is a family E'® = (EJ) ser Of B-B-submodules Ej of E} such that
E! ® E; = E., by restriction of the identification (11.1.2).

By the trivial product system we mean (B) where B is equipped with its trivial

teT
B-B-module structure; see Examples [1.1.5/ and [1.6.7.

171
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11.1.2 Observation. Notice that, in general, there need not exist a projection endomor-
phism of E® onto a subsystem E'® of E®. If, however, each projection p, € B*(E;) onto
E; exists (whence, the p; are two-sided by Observation [1.6.4), then the p; form an endo-
morphism. Conversely, any projection endomorphism p® determins a product subsystem
E; = p E;. Therefore, in product systems of von Neumann modules there is a one-to-one

correspondence between subsystems and projection endomorphisms.

11.1.3 Example. Let ¢ be an Ey—semigroup on B, and consider the Hilbert B-B-modules
E, = By, as in Example 1.6.7. Let us define

Then

!/ /

(Ust(Ts O Ye), ust (2, O ) = y;0e(s) Vs(2)yy, = yide(zial)y,
= <yt7 <$57 $;>y£> = <$S © Y, xls © ?JD;

and

b (s ©yr) = Vore(0)0e(ws)yr = De(bws)yr = ust((b-75) O ys) = ur(b.(z5 © ye)),

i.e. uy is isometric, two-sided and, obviously, u is surjective. Also the associativity condi-
tion is fulfilled so that E® = (Et)teT

the GNS-system which we associate with any CPD-semigroup a product system in Theorem

is a product system via ug. We will see that this is

11.3.5 restricted to the case of Ey—semigroups.

Let ¢ be another Ey semigroup on B and denote by E’® the corresponding product
system. Suppose that u = (ut) ser 18 an isomorphism £ — E’. Then by Example [1.6.7
(b)) = w9y (b)uy. Moreover, by (11.1.3)

uS—i—tﬁt(‘TS)yt = us+t('rs®yt) = (usxS)Q(utyt)
= ﬁz/t(Usflfs)utyt = utﬁt(usxs)yt = Utﬁt(us)ﬁt(fﬂs)yt-

Putting x; = y; = 1 we see that the u; € BY(E}, E}) = B4(B) = B form a right cocycle with
respect to 9. In other words, ¥ = ¥ is outer conjugate to ¥. Conversely, suppose that
u is a unitary left cocyle with respect to ¢, and let ¥ = ¢#". Then interpreting u; € B as

mapping in B*(E;, E}), we find

u8+t(m5®yt) = utﬁt(us)ﬁt(xS)yt = utﬁ;(usxS)yt = ﬁ;(usxs)utyt = (usws)Q(utyt)
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so that u®: E® — FE'® is an isomorphism of product systems. In other words, two
Ey—semigroups ¢ and ¢ on B are outer conjugate, if and only if their product systems
are isomorphic. An Ey—semigroup consists of inner automorphisms, if and only if its prod-

ucts system is the trivial one.

11.1.4 Example. Consider the case when B = B(G) for some Hilbert space G, and where
E® is a product system of von Neumann B(G)-B(G)-modules. By Example 3.3.4/ we have
E, = B(G,G ® $;) where §), is canonically identified as the B(G)-—center Cp(q)(E;) of E.
By Example 4.2.13] the isomorphisms ug restrict to isomorphisms $, @ $; — 9.4 of the

centers which, therefore, form a products system H% = (ﬁt) of Hilbert spaces. Moreover,

by Proposition [3.3.5 we see that two product systems E@S7 tEE’%S are isomorphic, if and only
if the corresponding product systems $H, §'© are isomorphic.

The extension of Theorem [11.3.5 to normal CPD-semigroups on von Neumann algebras
tells us that we can associate with any normal CP-semigroup on B(G) a product system
of von Neumann B(G)-B(G)-modules and further a product systems of Hilbert spaces.
For normal Ey—semigroups we recover Arveson’s construction [Arv89al] (where by Example
4.2.13 the tensor product of elements in , §, is just the multiplication of the corresponding
elements in the centers of E, Ey C B(G)). If we look at Example [11.1.3/ in this case, we
recover his result that normal Ey—semigroups on B(G) are classified by their (Hilbert space)
product systems up to outer conjugacy. For general normal CP-semigroups on B(G) we
recover the (Hilbert space) product system constructed in a very different way by Bhat

[Bha96]; see Section 14.1l where we discuss the generalization to Hilbert modules.

11.1.5 Example. Let F' be a (pre-)Hilbert B—B-module. By Theorem [7.1.3 the time
ordered Fock modules II',(F) form a product system of pre-Hilbert modules. We call
(F) = (I0,(F)), .
ordered Fock module II'(F'). We use similar notations for I'(F') and II'*(F). More generally,
we speak of a time ordered product system E® (of Hilbert modules E®, of von Neumann
modules E®), if E®, (E®, E®") is isomorphic to I'?(F) (to I"®(F), to IM*®(F)).

Let A > 0. Then [7)f](s) = VAf(As) (s € [0, £]) defines a two-sided isomorphism
L2([0,¢]) — L*([0, £]). Clearly, the family of second quantizations F(5;) | I',(F') defines an
isomorphism from I'(F) to the time rescaled product system (I L (F))

the product system (of pre-Hilbert modules) associated with the time

teT’

11.1.6 Example. With each pre-Hilbert B—B—module E we can associate a discrete product
system (EQ")neNO.

that way from F.

Conversely, any discrete product system (E”)n cn, Can be obtained in
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In Examples[11.1.3 and 11.1.4/we have rediscovered the way how Arveson [Arv89al constructs
product systems of Hilbert spaces from normal CP-semigroups on B(G) and classifies in
this way FEp—semigroups by product systems up to outer conjugacy. At the same time we
pointed out that his construction may be understood as a specialization from a more general
construction for Hilbert modules, making use of the particularly simple centered structure
of von Neumann B(G)-B(G)-modules.

On the other hand, Arveson’s classification is one-to-one in the sense that any product
system arises from an FEjy—semigroup in the described way [Arv90b]. This statement is,
however, not true in the above general algebraic framework (no conditions on the product
system, no conditions on the Ey—semigroup except normality, no conditions on the Hilbert
space G). First of all, T = R. In Arveson’s set-up G is always infinite-dimensional and sep-
arable. Ep—semigroups are, besides being normal, also strongly continuous (see Definition
A.5.1). The case of automorphisms (which are always inner for B(G)) is excluded explic-
itly. Product systems fulfill the following topological and measurability conditions. All £
(t > 0) are also infinite-dimensional and separable (this corresponds to the exclusion of
automorphism semigroups) and, therefore, isomorphic to a fixed Hilbert space H. Allowing

for infinite-dimensional fibers $;, we can say the vector bundle $ = (f)t) is topologi-

teR;\{0}
cally isomorphic to the trivial bundle (0,00) x H. Of course, the projection p: $ — R, \{0}
(sending (¢, hs) to t so that p~1(t) = $);) is measurable. Finally, the inner product, consid-

ered as function on (5’),5 X f_)t) C $ x 9, is measurable. We will call such a product

teR\{0}
system in the narrow sense an Arveson system.

The product systems associated with time ordered Fock spaces (isomorphic to symmetric
Fock spaces), so-called type I product systems, play a crucial role in the classifcation of
Arveson systems. For a long time they were the only explicitly known product systems,
and only by indirect proofs Powers [Pow87] showed existence of Ey—semigroups which have
other Arveson systems. Only recently, Tsirelson [Tsi00al, [T'si00b] constructed examples of
non-type I. The first step in the classification is done with the help of units which we discuss
in the following section.

Also in the classification of our product systems the time ordered Fock module will play
a crucial role. We know from Example 11.1.5 that all members of the associated product
system (except t = 0) are isomorphic. Hence, requiring this property will not exclude many
interesting examples. Of course, all examples of Arveson are still contained. Presently, we
hesitate to include this property and the other topological constraints of Arveson into our

definition and remain algebraical. We discuss these questions in Chapter 15,
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11.2 Units and CPD-semigroups

11.2.1 Definition. A unit for a product system E® = (Et)tET is a family £© = (&)te’ﬂ‘ of
elements & € F; such that

€s®§t = §s+t (1121)

in the identification (11.1.2) and §, = 1 € B = E,. By U(E®) we denote the set of all units
for E©. A unit £° is unital and contractive, if (§,&) = 1 and (&, &) < 1, respectively. A
unit is central, if §; € Cz(E;) for all t € T.

11.2.2 Observation. Obviously, a morphism w®: E® — F© sends units to units. For this
the requirement wy = idg is necessary. For a subset S C U(E®) of units for E® we denote by
w®S C U(F?) the subset of units for F©, consisting of the units w&® = (wtft)tdr (€@ € 9).

11.2.3 Proposition. The family 4 = (ilt) of kernels Yy in IKCygoy(B), defined by setting

teT
UFE (D) = (&, b))

is a CPD-semigroup. More generally, the restriction 4 [ S to any subset S C U(E®) is a
CPD-semigroup.

ProOF. Completely positive definiteness follows from the second half of Theorem [5.2.3 (i.e.
Example [1.7.7). The semigroup property follows from

USE (D) = (e DEL,) = (& O&IEOE) = (&, (&.bE)E) = U o ¥ (b)

and (&, b)) =b. m

Observe that here and on similar occasions, where it is clear that the superscripts refer
to units, we prefer to write the shorter {6¢" instead of the more correct YEET,

In Section 11.3/ we will see that any CPD-semigroup, i.e in particular, any CP-semigroup,
can be recovered in this way from its GNS-system. In other words, any CPD-semigroup is
obtained from units of a product system. However, the converse must not be true (see
Tsirelson [Tsi00a]). Nevertheless, the units of a product system generate a product sub-
system, determined uniquely by 4. In the following proposition we explain this even for
subsets S C U(E®). Although both statements are fairly obvious, we give a detailed proof
of the first one, because it gives us immediately the idea of how to construct the product

system of a CPD-semigroup. See Appendix B.3|for details about the lattices I, and J,.
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11.2.4 Proposition. Let E® be a product system and let S C U(E®). Then the spaces
EY = span{b,{ ©...0bi& by | neN,b; € B.&¥ €8, (ty,... 1) € I} (11.2.2)

form a product subsystem ES® of E®, the (unique) subsystem generated by the units in S.

Moreover, if E'® is another product system with a subset of units set-isomorphic to S
(and, therefore, identified with S) such that &L | S = W | S, then E5Y s isomorphic to
ES® (where the identification of the subset S € U(E®) and S € W(E'®) and extension via
(11.2.2) gives the isomorphism).

PROOF. The restriction of uy to E? ® EY in the identification (11.1.2) gives

(bn+m f,i;nn ©...0bp1 Z:.llbln) © (bng;ln ©...0 blgv}lbo)
= by O O by & O UL O L O b by

where (Fpimy ... ,7ni1) € Js and (7, ... ,71) € J;. Therefore, EY ® EY C EY,. To see
surjectivity let v = (rg,...,7) € Jopy and b; € B, £ € S (i = 0,... k). If v hits t, ie.
t =5 v t for some s € J,, t € J;, then clearly

bi&l © ... O bi&; b (11.2.3)

is in EY ® E7. If v does not hit ¢, then we may easily achieve this by splitting that &£, with
-1 ¢
Y r; <t < > r;into a tensor product of two; cf. Example 4.2.8. More precisely, we write
i=1 i=1

-1
¢ as ff; O] ffxl such that 7| + 75 = r, and 7} + > r; = t. Also here we find that (11.2.3)) is

Te
=1

in B0 FE. m

Like for Arveson systems, the question, whether a product system is generated by its
units or even some subset of units in the stated way, is crucial for the classification of product
systems. However, for Hilbert spaces the property of a certain subset to be total or not,
does not depend on the topology, whereas for Hilbert modules we must distinguish clearly
between the several possibilities. Furthermore, we can opt to consider only subsets of units
distinguished by additional properties like continuity (which, unlike for Arveson systems,

again must be split into different topologies).

11.2.5 Definition. A product system E® = (Et) ser Of pre-Hilbert modules is of type /, if
it is generated by some subset S C U(E®) of its units, i.e. if B = ESY. Tt is of type |,
of type IP, and of type F, if E® is the closure of ESY in norm, in B—weak, and in strong

topology, respectively. We say the set S is totalizing (in the respective topology).
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We add subscripts ¢, ¢y, s, n and m, if S can be chosen such that & [ S is uniformly
continuous, Cy—, strongly continuous, normal and measurable, respectively. We add the

subscript C'if S can be chosen to consist of central units.

Obviously, type I. implies type I., implies type I, and type I,, and each of them implies
type I (and similarly for types I, I, and I*), whereas n is a local property of the CPD-
semigroup which may or may not hold independently (and which is automatic for von
Neumann modules). For each subscript type I implies type I implies type I® implies type
I#.

11.2.6 Example. The product system constructed in Example 11.1.3 from an FEy—semi-
group ¥ on B is generated by the unit §& = 1. Of course, the same is true for the special
case B = B(G) considered in Example 11.1.4. Notice, however, that for the product system
By, = B(G) & §, the unit 1 is non-central (if ¥ is non-trivial), whereas any unit h® = (h;)
for H® gives rise to a central unit 1® h; (which generates, conversely, the trivial semigroup).

We see that non-trivial product systems of pre-Hilbert modules can be generated by a
single unit (this is true, in particular, for the GNS-system of a CP-semigroup), whereas a

product system of pre-Hilbert spaces generated by a single unit is the trivial one.

11.2.7 Example. Let & be a semigroup in B and consider the CP-semigroup 7" = <Tt)te11‘
with T;(b) = &0& on B. From Example 4.1.10 and simple computations similar to Example
11.1.3/ we conclude that the trivial product system with unit & gives us back the semigroup
T'. Checking, whether the product system is generated by this unit can be quite complicated
and may, contrary to the case of the trivial product system of Hilbert spaces where any unit
is generating, fail. If, however, & alone is generating for B (for instance, if & invertible for

all ¢ > 0), then the trivial product system is generated by the unit &.

11.2.8 Example. Let I’ be a Hilbert B—B-module and consider the time ordered product
system I0'®(F) of Hilbert modules with the set U.(F) = {£°(3,(): B € B,¢ € F} of units.
By Theorem [7.3.11 4 | U.(F) is a uniformly continuous CPD-semigroup. By Theorem [7.2.2
the exponential unit £2(0,¢) (( € F) alone generate I'(F'). Therefore, II'(F) is type L.
Similarly, if B is a von Neumann algebra and F' is also a von Neumann B-module, then
the product system I'*®(F) is type I5. So far, it need not be type I$,. Only if F is a
two-sided von Neumann module, then I'*“(F) is a time ordered product system of von
Neumann modules and, therefore, type I?, . If F' is centered (for some topology) then the
exponential units to elements in the center of F' are already totalizing for that topology.
So we may add a subscript C' in any of these cases. Theorem [7.3.4 and Observation [7.3.5
(together with Lemma 11.6.6) tell us that for both I'®(F) and II'*®(F) the set S = U.(F) =
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{€°(B,¢): B € B,( € F} has no proper extension such that the CPD-semigroup associated
with this extension is still uniformly continuous. 4 [ U.(F) is maximal continuous.

If a unit has a non-zero component in the 1-particle sector, then it, usually, also has
non-zero components in all n—particle sectors for n > 1. (For the time ordered Fock space
this is, clearly, the case. An exception is, for instance, the Fock module for boolean calculus
where F' @ F = {0}.) This shows that, usually, in I'®(F) there are only the vacuum units
£°9(B,0). In this case, T®(F) is not type I, unless F' = {0}.

A unit in an Arveson system $H® is a measurable cross section (ht) +eT such that hy, ® hy =
hsyt. The measurable function vy, 5/ (t) = (hy, hy) fulfills the functional equation ¢y, s (s+t) =
U (8)np(t) and is, therefore, of the form e®*®") for some constant ¢(h,h’) depending
only on the units. From positivity of the inner product on each 9, it follows that £: (h, h') —
0(h,h') is a conditionally positive definite function (in the usual sense) on the set of Arveson
units, which in [Arv89a] is called the covariance function and plays a crucial role. We see
that in our context the covariance function is replaced by the generator of the associated
CPD-semigroup.

Arveson classified his product systems into three types. An Arveson system is type I, if
it is generated by its units. Arveson shows [Arv89a] that these are precisely the symmetric
Fock spaces. We will recover the same statement for product systems of type I, when we
show that these are (strong closures of) time ordered Fock modules (Theorem [13.3.2)). This
is also our motivation for Definition 11.2.5. Type II Arveson systems are such which have
at least one unit but are not type I, and type III Arveson systems are those whithout unit.
For type II and III the analogue definitions for modules are not so clear. A solution is
suggested by the observation in Example 11.2.6/ that a unit in the Arveson system comming
from an Ey—semigroup on B(G) corresponds to a central unit in the corresponding product
system of B(G)-modules. We came back to this point in Chapter [15. Existence of a unit
for the distinction between type II and type III might depend on Arveson’s measurability
requirement. Surprisingly, by a result of Liebscher [Lie00Oa] for (algebraic) product systems
of Hilbert spaces this is not true. Each such system with a unit can be equipped with a
measurable structure such that the unit is measurable.

For B = C measurability of units implies already continuity of inner products of them,
and all reasonable types of continuity coincide. In our context the situation is not so
pleasant. Therefore, we do not speak so much about measurability and require continuity
directly. In the sequel, we stick mainly on uniform continuity, because this gives us back

Arveson’s classification of type I as Fock modules (spaces). We want to emphasize, however,



11.3. CPD-semigroups and product systems 179

that this does not mean that there do not exist other interesting units in type I. product
systems; see Example [7.3.7. Like weak dilations which we consider as a tool to study
general dilations, we consider the continuous units of a product system as a tool to study
the product system. The units of physically interesting CP-semigroups will be only strongly
continuous. But they exist also in type I product systems in abundance. Any dilation of a
CP-semigroup with unbounded generator constructed on a symmetric Fock space tensored

with some initial space may serve as an example.

11.3 CPD-semigroups and product systems

In this Section we construct for each CPD-semigroup ¥ on S a product system E® with a
totalizing set of units such that ¥ is recovered as in Proposition [11.2.3| by matrix elements
with these units. The construction is a direct generalization from CP-semigroups to CPD-
semigroups of the construction in Bhat and Skeide [BS00], and it contains the case of
CP-semigroups as the special case where S consists of one element.

The idea can be looked up from the proof of Proposition [11.2.4] together with Example
4.2.8 and its generalization to completely positive definite kernels in Observation 5.4.3.
Indeed, the two-sided submodule of EY in Proposition 11.2.4 generated by {£,(£© € S)} is
just the Kolmogorov module E, of the kernel 4, | S € Ks(B). Splitting & into &_s ® & (for
all £¢ € S), as done in that proof, means to embed E, into the bigger space E,_,0E,. By
definition we obtain all of EY, if we continue this procedure by splitting the interval [0, ]
into more and more disjoint subintervals. In other words, E7 is the inductive limit over
tensor products of an increasing number of Kolmogorov modules Eti (t; summing up to t)
of ;, | S.

For a general CPD-semigroup ¥ on some set S we proceed precisely in the same way, with
the only exception that now the spaces Ef do not yet exist. We must construct them. So
let (Et, ft) denote the Kolmogorov decomposition for ¥;, where ft: o ff is the canonical
embedding S — E,. (Observe that Ey = B and £ = 1 for all o € S.) See Appendix B.3
for the lattice J;. Let t = (t,... ,t1) € J;. We define

EtzE'tnG)...@Ev’tl and E() :E'O.
In particular, we have E(t) — F,. By obvious generalization of Example 4.2.8
& — & =§0..08
defines an isometric two-sided homomorphism Sy Et — Et.

Now suppose that t = (t,,,... ,t1) =8, ~ ...~ 851 > 6 = (Sp,,... ,51) with |s;| = s;. By

Bis = Bap(sm) @ -+ © Bay(s1)
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we define an isometric two-sided homomorphism [ : E. — E. Obviously, (ufws = P for
all t >t > 5. See Appendix A.10 for details about inductive limits. By Proposition |A.10.10

we obtain the following result.

11.3.1 Proposition. The family (Et) €l together with (ﬂtﬁ)ﬁ<t forms an inductive system
of pre-Hilbert B-B—modules. Hence, also the inductive limit E; = hquilnd Eiis a pre-Hilbert
S

B-B-module and the canonical mappings i: Et — B, are isometric two-sided homomor-

phisms.

In order to distinguish this inductive limit, where the involved isometries preserve left
multiplication, from a different one in Section 11.4, where this is not the case, we refer to
it as the two-sided inductive limit. This is a change of nomenclature compared with [BS00],
where this limit was refered to as the first inductive limat.

Before we show that the E; form a product system, we observe that the elements ég

survive the inductive limit.

11.3.2 Proposition. Let & = i(t)ff forallo € S. Then z'tff = ¢ forallt € J,. Moreover,
(&.067) = 7 (0). (113.1)

PrROOF. Let s,t € J; and choose t, such that v > s and t > t. Then ngg = itﬁtsfu‘; = ztgf =

itﬁt{gf = itgf'
Moreover, (&7,b&7") = (&7, biw&) ) = (iw&7 iwb&y ) = (&7,087) =Z77 (b). m

11.3.3 Corollary. (&7)*i¢ = Vf* for all t € J;. Therefore, ff*ﬁ{ﬁ = fg* for all s < t.

11.3.4 Remark. Clearly, Fy = Ey = B and & = 53 =1 such that F;, = By © By = & © By

in the identification according to Definition 4.2.1.

11.3.5 Theorem. The family E® = (Et)te,ﬂ,
product system. Fach of the families £7© = (§f)t€T (with & as in Proposition|11.5.2) forms
a unit and the set U(S) = {€° (o € S)} of units is totalizing for E®.

(with Ey as in Proposition [11.3.1) forms a

ProoOF. Let s,t € T and choose s € J; and t € J;. Then the proof that the E; form a

product system is almost done by observing that

o Y]

B, B = F,_. (11.3.2)

From this, intuitively, the mapping g : is2s © iy — isei(Ts © y¢) should define a surjective

isometry. Surjectivity is clear, because (as in the proof of Proposition 11.2.4) elements of
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the form is_(zs © y¢) are total in E5+t. To see isometry we observe that isx, = 133:2s and
i = 1By for £ > tand § > 5. Similarly, 4, (7, © yi) = iz i(Bas®s © Byyt). Therefore, for

checking the equation
<is$5 © ityty ZQ(E;, ® it’y£'> = <i5vt($s ®© yt)a is’vt’(xlgf © yé’»

we may assume that £ = t and &' = s. (This is also a key observation in showing that

E.0OF = (lir)n}mqiﬂ l:?s ® Et) Now isometry is clear, because both is ®iy: Es ® Et — E.0OF,
s,t)els xJt

and 75 ¢: Esvt = E; ® Et — Es+t are (two-sided) isometries. The associativity condition
follows directly from associativity of (11.3.2).

The fact that the & form a unit is obvious from Proposition [11.3.2) and Observation
5.4.3. The set U(S) of units is generating, because E; is generated by vectors of the form
i(ba€) © ... O biELDy) (b € B, &7 € U(S)). m

11.3.6 Remark. We, actually, have shown, using the identifications (11.1.2) and (11.3.2),
that iy © i = it

11.3.7 Definition. We refer to E® as the GNS-system of T. Proposition 11.2.4 tells us
that the pair (E®,U(S)) is determined up to isomorphism by the requirement that U(.S)
be a totalizing set of units fufilling (11.3.1). We refer to E® as the GNS-system of Hilbert
modules. If B is a von Neumann algebra and T a normal CPD-semigroup, then by Proposi-
tions 4.1.13, 4.2.24, and 'A.10.10 all Ej are von Neumann modules. We refer to £®" as the

GNS-system of von Neumann modules.

11.4 Unital units, dilations and flows

By Corollary 4.2.6 a unit vector £ € FE gives rise to an isometric embedding £@id: FF — EOF
with adjoint £*®id. Hence, we may utilize a unital unit £© for a product system E® to embed
E into E; for t > s and, finally, end up with a second inductive limit (in the nomenclature
of [BS00]). However, since the embeddings no longer preserve left multiplication, we do not
have a unique left multiplication on the inductive limit £ = h?i %}rold E;. We, therefore, refer
to it as the one-sided inductive limit. 1t is, however, possible to define on E for each time
t a different left multiplication, which turns out to be more or less the left multiplication
from E; (see Proposition 11.4.9). This family of left multiplications turns out to be a weak
Markov flow for the (unital) CP-semigroup 7;(b) = (&, b&;) associated with the unit. Also
the identification by (11.1.2) has a counter part obtained by sending, formally, s to oc.
The embedding of B*(E;) into B*(E,,), formally, becomes an embedding B*(E«.») into

B Ee +¢), i.e. an endomorphism of B*(E). This endomorphism depends, however, on ¢.
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The family formed by all these endomorphisms turns out to be an Ey—semigroup dilating
T.
Let t,s € T with ¢t > s. We define the isometry

Tis = €t—s ©id: Es — Et—s ® Es = Et'
Let t > r > s. Since £® is a unit, we have
Vs = gt—s ®© id = gt—r ®© gr—s ®© id = YirVrs-

By Proposition |A.10.10 that leads to the following result.

11.4.1 Proposition. The family (Et)teT
of right pre-Hilbert B—modules. Hence, also the inductive limit E = limind E; is a right

t—o0
pre-Hilbert B-module. Moreover, the canonical mappings k;: Ey — E are isometries.

together with (fyts)s <, Jorms an inductive system

E contains a distinguished unit-vector.
11.4.2 Proposition. Let & = ko&y. Then k& = & for allt € T. Moreover, (£,£) = 1.

PROOF. Precisely, as in Proposition 11.3.2. =
By Example 4.4.10) we have a representation of B and a conditional expectation.

11.4.3 Corollary. By jo(b) = £bE* we define a faithful representation of B by operators in
BY(E). Moreover, ¢: a— jo(1)ajo(1) defines a conditional expectation B*(E) — jo(B).
11.4.4 Theorem. For allt € T we have

E®E, =F, (11.4.1)
extending (11.1.2) in the natural way. Moreover,

PROOF. The mapping u;: kszs © y; — kgii(xs @ y;) defines a surjective isometry. We see
that this is an isometry precisely as in the proof of Theorem 11.3.5. To see surjectivity recall
that any element in £ can be written as k,x, for suitable r € T and z, € E,. If r >t then
consider x, as an element of E,._; ® E; and apply the prescription to see that k,z, is in the

range of u;. If r < t, then apply the prescription to &y © v.x, € Ey ® Ey. Of course,
Usto(id Oug) = up(us ©id) (11.4.3)

which, after the identifications (11.4.1) and (11.1.2), implies (11.4.2). m
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11.4.5 Corollary. The family v = (19t)
BYE) defined by setting

of endomorphisms ¥;: B*(E) — B*(E © E;) =

teT

Yi(a) = a®idg, (11.4.4)
18 a strict Ey—semigroup.

PROOF. The semigroup property follows directly from £ ® FEq,y = E® (E, © E) = (E©
E,) ® E;. Strictness of each ¥, trivially follows from the observation that vectors of the form

rOu (xr € E,xy € Ey) span E. =

11.4.6 Remark. Making use of the identification (11.4.1), the proof of Theorem [11.4.4]
actually, shows that, ks ® id = ks, 4. Putting s = 0 and making use of Remark 11.3.4, we
find

k= (ko ©id)(§ Oid) =€ @id.

In particular, £ =& ©® &.

11.4.7 Corollary. k; is an element of B*(E;, E'). The adjoint mapping is
Therefore, kik, = idg, and k.k} is a projection onto the range of k.
11.4.8 Theorem. Define the family j = (jt)te,ﬂ, of representations, by setting j; = Y o jo.

Then (E, j,&) is a weak Markov flow of the CP-semigroup T on E and (E,9,§) is a weak

dilation on E.

PROOF. The statements are clear, if we show the Markov property psj:(0)ps = js(Ti—s(b))
for s <t (with p, = j;(1)). By definition of j and the semigroup property of ¥ it is enough

to restrict to s = 0. We have
(&, 5:(0)8) = (€O&, (Jo(b) @id)(ED&)) = (&,b&) = Ty(b)
by Corollary 11.4.3. Hence, poj:(b)po = {T(0)E* = jo(Ti(D)). m

It seems interesting to see clearly that j; is nothing but the left multiplication from FEj.

The following obvious proposition completely settles this problem.

11.4.9 Proposition. We have k;bk; = 0, (fb&*) = ji(b). In particular, p, = kik;.
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11.4.10 Remark. Let (k}); = kjk, be the family associated with k; by Proposition A.10.3.
One may check that

. Vs for s <t
(kt)s =
va for s >t.

Hence, the action of k] on an element ksxs € E coming from E; can be interpreted as lifting
this element to F; via &_¢ @ id, if s is too small, and truncating it to E; via (§,_;)* @ id, if

s is too big.

The construction in this section was done in [BS00], in particular, to find the GNS-

dilation of a unital CP-semigroup 7.

11.4.11 Definition. By the GNS-dilation of a unital CP-semigroup 7', we mean the weak
dilation obtained by constructing the one-sided inductive limit over the GNS-system of T’
(considered as CPD-semigroup) for the single generating (unital) unit in this system giving

back T'. Sometimes, we write £™" for the dilation module.

We discuss this and other results related to the special case of CP-semigroups in Chapter
12. There we also comment on the relations to earlier work. We explain in how far it is
possible to construct the one-sided inductive limit, when the unit is non-unital. In Section
14.11we will see that we can obtain any (strict) dilation on a Hilbert module F as in (11.4.4)
for a suitable product system E®. We only loose the interpretation of E as an inductive
limit (i.e. the subspaces k;£; do not necessarily increase to E).

We close with some continuity results on ¢. First of all, it is clear that we may complete
both the product system E® and the one-sided inductive limit E. If B is a von Neumann
algebra and the left action of B on F, is normal (for instance, if E® is the GNS-system of
a normal CPD-semigroup), then we may pass to the strong closure of E® and E. All ¢,
extend to normal endomorphisms of the von Neumann algebra B*(E"). (This follows from

Proposition 4.2.24 and the trivial observation that E" is a von Neumann B*(E")-B-module. )

11.4.12 Theorem. 1. Suppose B is a type I, system (for instance, the GNS-system
of a CPD-Cy—semigroup). Then ¥ is strictly continuous (by uniform boundedness of
¥ this means t — V;(a)x is continuous for all a € BY(E) and z € E).

2. Suppose EC isa type X system of von Neumann B-B-modules (for instance, the
GNS-system of a normal CPD-semigroup) and, therefore, a I, system. Then 9 is
strongly continuous (by uniform boundedness of ¥ this means t — ¥y(a)x © g is con-

tinuous for all a € B(E), v € E, and g in the representation space G of B).
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PROOF. The right shift s: x +— x ® & is, clearly, bounded by ||&]| and extends to E and
E’°. The family z ® & depends continuously on ¢. (On the dense subset E this follows from
the fact that inner products of elements of the form (11.2.3) depend jointly continuously on
all time arguments. By boundedness of s/ this extends to the whole of E.) Now we easily
see that for each a € B4(E) and for each z € E

ar — (a)r = ar —ar © & + ar © & — N(a)r = (az) — (az) © & + Vi(a)(z © & — 7)
= (id —sy)(ax) 4+ V¢(a)(s; —id)(x)

is small for ¢ sufficiently small. Replacing a by ¥s(a) we obtain continuity at all times s.
The second case follows precisely in the same manner, but starting from the mapping
t—rx0&O©ginsteadof t — 2O &. m

11.4.13 Remark. Since 9; o jo(1) = j;(1) is an increasing family of projections, ¢ is in

general not a Cy—semigroup.

11.4.14 Remark. Of course, s} is not an element of B"(E), therefore, certainly neither
adjointable, nor isometric (unless 7" is trivial). In particular, passing to the Stinespring
construction (Example 4.1.9), s will never be implemented by an operator in B(H), i.e. the
operator t @ g — r®& ® g on H is, in general, ill-defined. It follows that the j; (interpreted
as mapping B — B(H)) do not form a stationary process in the sense of [Bel85]. In the
Hilbert space picture obtained by Stinespring construction, in general, there is no time shift

like s;, acting directly on the Hilbert space.

11.5 Central units and white noise

We ask, under which circumstances the dilation constructed in Section [11.4 is a white noise.
Obviously, it is necessary and sufficient that the unit £% is also central. In this case all
the embeddings -5 are two-sided and there is a single (non-degenerate!) left multiplication
on F such that also the k; are two-sided. In this section we show that this white noise of
endomorphisms may be extended to a unitarily implemented white noise of automorphisms
on the algebra of operators on a bigger pre-Hilbert module.

We start by constructing a reverse inductive limit. Thanks to centrality of £© we may

define the two-sided isometries 7 ;s: Ex — E; (t > s) by setting
72531:3 = s ®£tfs~

Similarly as in Section 11.4/ the E; with 7, form an inductive system. The inductive limit

E is a two-sided pre-Hilbert module with a central unit vector ?, fulfilling

—

EOE = F and §0¢ = €.
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The canonical embedding E;, — E is given by ?t =id @? and has the adjoint ?Z =
id® €™

Let x € E,o, € B, T € ﬁandsetyZIth EFOFE, =Fand ¥ =2,07T €
E, ® E = E. There are two possibilities to interprete z ® z; ® T  as an element of
F =E® FE, namely, y® @ or 2 ® . The mapping

U(xOY) = yo T

defines a two-sided unitary in B“(?). Clearly, the u; form a semigroup in B“(f}) which

extends to a unitary group.

on ZBC‘(?), defined by setting

) onto the subalgebra

11.5.1 Proposition. The automorphism group o = (&t>te?
ay(a) = uja"u ™, with the conditional expectation p(a) = (
B> idg of B“(f}) is a white noise.

The restriction of « to a semigroup on B*(E) = B*(F) ®id C Ba(?) is 0.

11.5.2 Example. The one-sided inductive limit over the product system I'®(F) of time
A — v

ordered Fock modules for the vacuum unit w® is just I'(F'). Of course, I'(F) = II'(F') and
a = § is the time shift group.

Notice that it is far from being clear, whether the one-sided inductive limit for one of the
unital units £¢ (—%, ¢) is isomorphic to I'(F). (Even if this is so, then the non-coincidence
of the left multiplications shows us that the identification of II';(F’) in II'(F") cannot be the
canonical one. See also Section 14.1.) For B = B(G) (i.e. symmetric Fock space with initial
space GG) Bhat [Bha0l] shows with the help of a quantum stochastic calculus (Hudson and
Parthasarathy [HP84, Par92]) that this is the case. Our calculus on the full Fock module
[Ske00d] in Part TV| does not help to answer this question in general, because the time

ordered Fock module (contained in the full Fock module) is not left invariant.

11.5.3 Observation. Denote by i the canonical left multiplication of E and suppose u is
a unitary right cocycle for ¥ such that (E, 9% 1,€) is a (unital) dilation for a (unital) CP-

semigroup 7. Then (?, a*id o id, ?}) is a unital dilation to an automorphism group.

11.6 Morphisms, units and cocycles

Let E® be a product system and F the one-sided inductive limit comming from some unital
unit ¢ for E® with the Ey-semigroup ¢ on B%(FE) as constructed in Section 11.4. In this
section we we investigate two types of cocycles for ¢, one giving a one-to-one correspondence

with endomorphisms of E® and the other giving a one-to-one correspondence with units for
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E®. In both cases the uniqueness of the correspondence is due to a special notion of
adaptedness. Then we find criteria for strong continuity of cocycles for type I product
systems and relations to the associated CPD-semigroups.

Let w® = (wt)tGT
define a local cocycle v = <mt)t€']T for ¢. Conversely, if to = (mt)teT is a local cocycle, then
by Theorem [4.2.18 there are unique elements w; = (£* @ id)roy (€ ® id) = kjwoky € BYY(Ey)
such that r; = id ©w,. We find

be an endomorphism of E®. Then, clearly, setting to, = id ®w, we

Wert = ki Wspiksye = K Ui(os)0iks g

= (£ @idg, @idg,)(id Qws @ idg,)(i[d ©idg, QW) (£ ©idg, ©@idg,) = ws ® w;.
We summarize.

11.6.1 Theorem. The formula to; = id ©w,; establishes a one-to-one correspondence be-

tween local cocycles v for ¥ and endomorphisms w® of E®.

11.6.2 Observation. The Ey—semigroup ¥, or better the space B*(E) where it acts, de-
pends highly on the choice of a (unital) unit. (However, if two inductive limits coincide
for two unital units €2, ¢, then the corresponding E,-semigroups are outer conjugate; see
Theorem [14.1.5.) On the contrary, the set of endomorphisms is an intrinsic property of
E® not depending on the choice a unit. Therefore, we prefer very much to study product
systems by properties of their endomorphisms, instead of cocycles with respect to a fixed

Ey—semigroup.

Clearly, locality is a kind of adaptedness, as it asserts that a certain operator to, € B%(FE)
is of the form id ®w; for some w; € B**(E;). This unital identification of B**!(E,) with
the subset id ©BY!(E,) in B4(E) is restricted to bilinear operators. If we want to embed all
of BY(Fy) into B*(E), then we must content ourselves (unless there is additional structure

like centeredness) with a non-unital embedding like a — kiak;.

11.6.3 Definition. A weakly adapted cocycle is a weak cocycle to = (mt)teT for ¥ such
that pytop;, = 1, for all £ € T and vy = py. In other words, there exist unique elements
wy = kivok, € B*(E}:) such that w, = kawiky.

Notice that the members to; of a weakly adapted right cocycle tv are necessarily of the
form w; = (ki) (k&)™ = ki€ where (; are the unique elements kfw,£ € F;. Indeed, by
the cocycle property we have o, = Jq(10;)wg = to;py. By adaptedness we have to, = p;1,.
Hence, w; = kkjv0,£8" = ki GE".



188 Chapter 11. Tensor product systems of Hilbert modules

11.6.4 Theorem. The formula (; = kv, establishes a one-to-one correspondence between

weakly adapted right cocycles v for ¥ and units (© = ((t) for E©.
PrROOF. Let tv be an adapted right cocycle. Then

<s+t = k:+tm8+t£ = k:+t79t(m8)ptmt€ = k;rt(msg © k:mta = k:mSE © k:mtf = Cs © Ct'

Since also () = kopoé = & = 1, it follows that (© is a unit.
Conversely, let ¢ be a unit and set to; = k;(;¢*. Then by Corollary 11.4.7/ and Propo-
sition [11.4.9

Vy(0,)10, = (0, ©id)(§ © ¢) = Foqe(Cs © G) = 10,44E.

Moreover, ., is 0 on the orthogonal complement (1 — £€*)E of £. In other words, Wy, =

U (,)1o; so that the w is a weakly adapted right cocycle for 9. Finally, wo = (o&§ = &) =

Po-

11.6.5 Remark. We mention a small error in [BS00] where we did not specify the value of
a cocycle at t = 0, which is, of course, indispensable, if we want that cocycles map units to
units (cf. Observation [11.2.2). As the value assigned to a cocycle at 0 depends on the type

of cocycle (local or weakly adapted) some attention should be paid.

Cocycles may be continuous or not. In Theorem [7.3.4 we have computed all units for
I'®(F) which are continuous in I'(F). In Example 11.5.2 we explained that II'(F) is the
one-sided inductive limit over I'”(F) for the vacuum unit. Now we investigate how such
continuity properties can be expressed intrinsically, without reference to the inductive limit.

We say a unit £ is continuous, if the associated CP-semigroup Tf(b) = (&,b&) is
uniformly continuous. In general, we say a set S of units is continuous, if the CPD-semigroup

S is uniformly continuous.

11.6.6 Lemma. Let £° be a unital continuous unit for E©, and denote by E the one-sided

inductive limit for £2. Let (© be another unit. Then the following conditions are equivalent.
1. The function t — £ ® ¢, € E is continuous.
2. The semigroups U< and TS are uniformly continuous.
3. The functions t — ((;, &) and t — ((;, (;) are continuous.

Moreover, if (9, are two units both fulfilling one of the three conditions above, then
also the function t — ((;, Cl) is continuous, hence, also the semigroup U< is uniformly

continuous.
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ProOF. The crucial step in the proof is the observation that the norm of mappings on B
of the form b — (x,by) (for z,y in some pre-Hilbert B—B-module) can be estimated by

]| |yl
1=2. We have

£OGe =06 = £0COG—E0LOG = EO(C—&)OG (11.6.1)
so that ¢ — £ ® (; is continuous, if and only if ||(; — & — 0 for t — 0. Thus, 1l implies
I —id]| <t = T+ |7 —id)] — 0,
because the norm of US* — T7: b (¢ — &, b&,) is smaller than ||¢; — &]| [|&]| — 0, and
1Ty —idl| < |1TF — )+ e —id]| — o,

because the norm of T — 4% b — (¢, b(¢; — &)) is smaller than ||| ||¢ — & — 0 and by
the preceding estimate.

2=3l is trivial, so let us come to 3=/1. We have

1G = &l* < (G G) = T+ 1KG &) = L+ 1146, G — L1+ (146, &) — 1]

which tends to 0 for ¢ — 0 so that (11.6.1) implies continuity of £ ® (.
Now let ¢, ¢’® be two units fulfilling 3. Then

G G — 1 < 1KGe & = &l + 1(G — & & ll + 1K€ &) — 1 — 0

for t — 0 so that t — ((;,(}) is continuous. As before, this implies that £ is uniformly

continuous. m

The following theorem is simple corollary of Theorem [11.3.5 and Lemma 11.6.6. Taking
into account also the extensions following Corollary [13.3.3/ which assert that a continuous
unit is contained in a time ordered poduct systems of von Neumann B**-B**~modules, and
the fact discussed in the proof of Lemma 13.2.6 that units in such product systems may be

normalized within that system, one may show that we can drop the assumption in brackets.

11.6.7 Theorem. For a CPD-semigroup ¥ on a set S containing an element o such that
T2 4s uniformly continuous (and that T7°(1) = 1 for all t € Ry ) the following statements

are equivalent.
1. T 1s uniformly continuous.

2. The functions t — T (1) are continuous for all 0,0’ € S.
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3. The functions t — T (1) and t — T7 7 (1) are continuous for all o’ € S.

The main idea in the proof of Lemma [11.6.6] is that a certain (completely bounded)
mapping can be written as b — (z, by) for some vectors in some GNS-space. Theorem 11.6.7
is an intrinsic result about CPD-semigroups obtained, roughly speaking, by rephrasing all
statements from Lemma 11.6.6 involving units in terms of the associated CPD-semigroup.
It seems difficult to show Theorem [11.6.7 directly without reference to the GNS-system of
the CPD-semigroup.

Another consequence of Lemma [11.6.6/ concerns continuity properties of local cocycles.

11.6.8 Corollary. Let E® be generated by a subset S C UW(E®) of units such that 4 | S is
a uniformly continuous CPD-semigroup. Let €2 € S be a unital unit, and denote by E the
one-sided inductive limit for €2. Then for a morphism w® and the associated local cocycle

= (id ®wt)t61r the following equivalent conditions

1. The CPD-semigroup $ | (SUw®S) (see Observation 11.2.2) is uniformly continuous.

(In particular, if S is mazimal continuous, then w® leaves S invariant.)
2. For some £'° € S all functions t — (€,G), t — (G, &) (€O € w®S) are continuous.

both imply that vo is strongly continuous.

PRrOOF. By simple applications of Lemmall11.6.6, 1 and 2 are equivalent, and for the remain-
ing implication it is sufficient to choose £'® = £, So assume that all functions t — ((;, G),
t— (&, G) (€9 € SUw®S) are continuous. Then

lwG = Gll = 0w -0 < [Eow —E[+ 1606 —¢ — 0 (11.6.2)

for t — 0. Applying wg,. — v, = id ©(w. — idg.) ® w; to a vector of the form & ® z; where
x; € Fy is as in (11.2.3)), we conclude from (11.6.2) (choosing € > 0 so small that w. — idp,
comes to act on a single unit only) that the function s — w4({ ® ;) is continuous. Since

the vectors £ © z; span E, tv is strongly continuous. m

11.6.9 Observation. If w is bounded locally uniformly (for instance, if w® is contractive)
or, equivalently, if the extension of tv to E is also strongly continuous, then also the reverse
implication holds. (We see by the same routine arguments that the inner product (&, w;(;) =
(E0&, EOw(;) = (£,m(£®()) depends continuously on ¢ and, similarly, also (w;(;, w;(;).)

11.6.10 Definition. A morphism is continuous, if it sends some totalizing continuous sub-

set of units to a continuous subset of units.



Chapter 12
The case of CP-semigroups

In this chapter we interrupt the analysis of general product systems and restrict to the
GNS-system of a CP-semigroup. We present some related results mainly from Bhat and
Skeide [BS00]. Although this set-up was the starting point of product systems, the chapter
is independent and may be skipped.

12.1 The GNS-dilation

Let (E = E™" 9,£) be the GNS-dilation from Definition 11.4.11/ with the weak Markov
flow (E,7,£). We show that E earns the superscript min.

12.1.1 Proposition. ¢ is cyclic for the algebra A, = alg jr(B), i.e. E = span(Ay¢).

PRrROOF. It is enough to show that for each t € T, t = (t,,... ,t1) € J¢, b, ... , by € B, and
(Sny---,81) = 0o(t) € I, (cf. Proposition B.3.2)

Jon(0n) -+ 75y (01)Jo(D0)E = € © bp&y, © ... © bi&, bo, (12.1.1)

because by Remark 11.4.6, £ ® b,&, © ... © 01&,bo = ki(b,&, © ... © b1, by), and E is

spanned by these vectors. First, observe that

Je(b)§ = Drojo(b)s = (€T OId)(EO&) = £Obg. (12.1.2)

Now we proceed by induction on n. Extending (12.1.1) to the empty tuple (i.e. t = 0), the

statement is true for n = 0. Let us assume that (12.1.1) holds for n and choose t,, 11 > 0

191
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and b,,1 € B. Then by (12.1.2) and Remark [11.4.6

a1+t (On1)(§ © bnbt, © ... © b1&4,bo)
= (Jtnsr (bny1) ©@idg, ) (€ © bpéy, © ... © b1&s,bo)
= (Jtir (bn41)§) © bn&y, © - © bi&y, bo
=& @ bpi1&ty s Obp&y, © ... ©bi&bo. m

In Section [12.4/ we will see that a weak dilation is determined up to unitary isomorphism
by this cyclicity condition.

The eg—semigroup ¥ [ A, is (up to completion) the eg—dilation constructed in Bhat
[Bha99]. More precisely, if B is represented faithfully on a Hilbert space GG, then the Stine-
spring construction (Example 4.1.9) gives rise to a (pre-)Hilbert space H = E ® G and
a faithful representation p of A, by operators on H. Lifting ¥ to p(As), we obtain the
eg—semigroup from [Bha99]. Observe that the ey—semigroup on A, was defined in [Bha99]
by setting ¥, 0 j;(b) = js1¢(b) and that it was quite hard to show that this mapping extends
as a contractive homomorphisms to all of A... Identifying ¥;(a) as a ®idg,, well-definedness
and contractivity even on the bigger algebra B*(E) become trivialities in the approach by
Hilbert modules.

For the weak Markov flow j alone (i.e. without showing that js(b) — js1(b) extends to an
endomorhism of A,,) the construction of the space H was done by Bhat and Parthasarathy
in [BP94, BP95] (as in usual proofs of the Stinespring construction) by a Kolmogorov
decomposition for positive definite kernel constructed from j. A similar construction was
done for flows indexed by more general index sets by Belavkin [Bel85]. However, in contrast
with [BP94] where positivity of the kernel can be proved, in [Bel85] it must be assumed that
the kernel in question be positive definite.

The extension of Bhat’s eg—semigroup to an FEy—semigroup of strict endomorphisms of
Be(F) is from Bhat and Skeide [BS00]. Of course, also B*(E) has a faithful image in B(H).
However, it seems not possible to find this subalgebra easily without reference to the module
description.

The module description also allows us to show that, if 7" is a normal and strongly
continuous CP-semigroup on a von Neumann algebra B C B(G) (i.e. T' is continuous in the
strong topology of B), then 9 is normal and strongly continuous, too (see Definition [11.3.7
and Theorem [11.4.12)). This answers a question raised in [Bha99] in the affirmative sense.
In the case when B = B(G), whence B*(E") = B(H) by Example 3.1.2, we recover the
result from Bhat [Bha0Ol] that a normal strongly continuous CP-semigroup on B(G) allows
for a weak dilation on some B(H) which is determined uniquely by the requirement that H

is generated by the flow j from its subspace G = jo(1)H.
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12.2 Central flows

Let (E,v,&) be a weak dilation (not necessarily the GNS-dilation) with weak Markov flow
(E,j,€&) constructed from a product system E® and a unital unit £ as in Theorem [11.4.8
with associated unital CP-semigroup 7. The notion of weak Markov flow is essentially
non-commutative. The reason for this is that by definition j;(1) is a projection (at least in
non-trivial examples) which “levels out” whatever happened before “in the future of ¢”. As

a consequence, j;(b) and js(b) have no chance to commute in general. Indeed, for s <t we

find

Ji(0)js(D)r O x4 s O s =E O bE_s O (E D& b, 1 O xy_g) T, (12.2.1a)
whereas

Js(0) D)z O x_s Oy =60 &b O (EO D5, O xy_g) s (12.2.1b)

Since b and &;_, do not commute, unless 7' is the trivial semigroup, the elements of F
decribed by Equations (12.2.1a,12.2.1b) are different.

If we restrict ourselves to the center of B, then the weak Markov flow 7 can be modified as
shown in Bhat [Bha93] to a commutative flow k called the central flow. If the initial algebra
B is commutative to begin with, then the flow k can be interpreted as the classical Markov
process obtained by the Daniell-Kolmogorov construction. Central flows play a crucial role
in Attal and Parthasarathy [AP96]. In this section we recover k as a process of operators
on F. This example, almost a triviality now, illustrates once again the power of the module
approach. (The central flow k& appears only in this section and should not be confused with
the canonical mappings k;: E;, — FE.)

Recall from Example [1.6.8 that for b € Cy(B) the operator b": z +— zb of right mul-
tiplication by b is a well-defined element of B%(E) (even of B*Y(E), if E is two-sided).
Writing £ = E © B, a simple application of Theorem 4.2.18] tells us that Cga(g)(B*(E)) =
(BY(E) ®id)" = id ©B*"(B) = id ©Cp(B) = Cp(B). In other words, ko: b+ b" defines an
isomorphism from the center of B onto the center of B*(E). We define k; = 9, o k.

12.2.1 Theorem. The process k = (kt)te’]l‘ is commutative (i.e. [kr(Cg(B)), kr(Cp(B))] =
{0}) and (£, ki(b)E) = (&, :(b)E) = Ti(b) for all t € T,b € Cy(B). In particular, if
Tr(Cp(B)) C Cg(B), then k is a classical Markov process.

PRrROOF. Clearly, ko(Cg(B)) commutes with k;(Cg(B)) C B*(E). The remaining statements
follow by time shift. m

The explicit action of k; is
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Let us have a closer look at the difference between j and k. Both j;(b) and k;(b) let act the
algebra element b at time £. This can be seen explicitly by the observation that the actions
of 7;(b) and k;(b) restricted to the submodule £ ® E; coincide. In other words, both j,(b)
and k;(b) can be thought of as the left multiplication of Fj, first, lifted to £ ® E; C E and,
then, extended to the whole of E. It is this extension which makes the difference. j;(b) is
extended just by 0 to the orthogonal complement of £ ® E; in E. Correspondingly, j;(1)
projects down the future of ¢ to the presence. Whereas k;(b) inserts b at time ¢ without
changing the future part x of x ® x;. Therefore, all k; are unital homomorphisms.

A look at Equation (12.2.2) reminds us of the ampliation id ®l, of the operator of left
multiplication l,: x; +— bx; on E; by b to the tensor product F ® E;. Once again, we
emphasize that in contrast to a ® id, a mapping id ®a on a tensor product of pre-Hilbert

modules, in general, only exists, if a is B-B-linear.

12.3 Contractive units

In this section we study the construction of the GNS-dilation via the procedures in Sections
11.3 and [11.4' in the case, when B still is unital, however, 7" may be non-unital. We still
assume that all T} are contractive and, of course, that Tj = id.

Let us remark that considering contractive CP-semigroups 7' is a restriction. There is
no problem, if T" is exponentially bounded, i.e. there is a ¢ € R such that the CP-semigroup
e“‘Ty consists of contractions. (A result from the theory of strongly continuous semigroups
in the the operators on some Banach space B asserts that for such semigroups we may find
c € R and C # 0 such that all C'e®T; are contractions, but these do not form a semigroup,

unless C' = 1.) The following example we owe to V. Liebscher (private communication).

12.3.1 Example. Consider the semigroup

St 0
ar =
o8 st

on L*(R)® L*(R.). One easily proves that (a;) -
On the other hand, ||a;|| = v/2 for ¢ > 0. Consequently, T' with T}(b) = a}ba, is a strongly

continuous CP-semigroup with ||| close to 2 for small ¢ > 0.

is a semigroup and strongly continuous.

Let us return to contractive CP-semigroups. There are two essentially different ways to
proceed. The first way as done in [Bha99] uses only the possibly non-unital CP-semigroup
T. Although we may construct the pair (E®,£%) in the two-sided inductive limit of Section

11.3, the one-sided inductive limit of Section 11.4' breaks down, and the inner product must
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be defined a priori. The second way to proceed as in Bhat and Skeide [BS00] uses the
unitization 7' on B as in Theorem 4.1.111(3).

Here we mainly follow the second approach. In other words, we do the constructions of
Sections [11.3/ and [11.4/ for the unital CP-semigroup T. As a result we obtain a pre-Hilbert
B-module E , a cyclic vector E, a weak Markov flow ; acting on E , and an FEjy—semigroup J
on B“(E). The restriction of 9 to the submodule E which is generated by & and dp o jo(B)

is cum grano salis a dilation of T. We will see that the (linear) codimension of E in E is 1.
Recall that B = B @ C1, and that (B is unital)
B&C— B, (bu)— (b—pl)@ul

is an isomorphism of C*—algebras, where B @ C is the usual C*—algebraic direct sum. In
[BP94] the unitization has been introduced in the picture B & C. In the sequel, we will
switch between the pictures B and B® C according to our needs.

We start by reducing the GNS-construction (E,¢&,) for T, to the GNS-construction
(Et,é) for T;. By Example [1.6.5/ we may consider E, also as a pre-Hilbert B-B-module.
Since T} is not necessarily unital, Et is not necessarily a unit vector. However, (ft, §t> <1
as Tt is contractive. Denote by ét the positive square root of 1— (ft,ft> in B. Denote by
E, = ftg the right ideal in B generated by Et considered as a right pre—HilbertAgfondule
(see Example 1.1.5). By defining the left multiplication b, = 0 for beBand 1€, = €, we
turn Et into a pre-Hilbert B-B-module. We set E,=E ® Et and Et = ft &) ft. One easily
checks that (Ey,¢,) is the GNS-construction for T;.

12.3.2 Observation. Among many other simple relations connecting ét, ét, and ftAWith the
central projections 1, and 1—1 like e.g. 1€, = &, (1—-1)¢, = &, or £,(1—1) = (1-1)§,(1—-1),

the relation
gtl = (I_ 1)5t1 = Igtl - lgtl = gtl - lgt
is particularly crucial for the proof of Theorem [12.3.5.

We denote €, = §,(1—1) and b = (b, p) in the picture B& C. The following proposition
is verified easily by looking at the definition of ft and by the rules in Observation 12.3.2.

12.3.3 Proposition. Q may be identified with the element 1—1 in the right ideal Et m
B. We have

bEY (1 —1) = Quu’ = (1 — 1)yt

In particular, x; — :vt(I —1) is a projection onto CQt. The orthogonal complement of Q, is

a right ideal in B and may, therefore, be considered as a pre-Hilbert B-B—module.
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Doing the constructions of Sections 11.3 and 11.4/ for T , we refer to Et, Et = lirP J'1]nd E’t,
cJt

and £ = limtind E,. Also other ingredients of these constructions are indicated by the
dweedle. Letters without dweedle like (E®, £®) refer to analogue quantities coming from T;.

By sending b,&;, © ... ® b1&,bo to by, © ... © b1&ybo (8= (tn, ... t1) € Jis by, ... bo
€ B) we establish a B-B-linear isometric embedding F; — E,. In this identification we

conclude from
1bpér, © ... @ bi& by = bp&s, © ... @ b1y, by

that 1£~3t = F;. We remark that here and in the remainder of this section it does not matter,
whether we consider the tensor products as tensor products over B or over B. By definition
of the tensor product the inner products coincide, so that the resulting pre-Hilbert modules
are isometrically isomorphic. As long as the inner product takes values in B we are free to

consider them as B-modules or as B-modules.

12.3.4 Proposition. Lett € T and set )y = {t(I— 1) € E’t. Then Q, ©...0 0, = for
all t € J;. Moreover, the €y form a u]\w't for Et.
Set Et = (I — 1)5 € E,. Then ;(t)ft = g: forallt € T.

Set Q=¢(1—1) € E. Then kS =Q forall t € T.
Proor. From Observation 12.3.2] we find
Qt:é(I—l):énCD@gl(I—l):Qtn@QQtl

from which all assertions of the first part follow. The second and third part are proved in

an analogue manner. m

Clearly, we have E(I — 1) = CQ. Denote by E = E1 the orthogonal complement of
this submodule and denote by & = E 1 the component of E in /. We may consider F as a
pre-Hilbert B-module.

12.3.5 Theorem. The operators in jp(B) leave invariant E, i.e. jy(b) and the projection
17 onto E commute for all t € T and b € B. For the restrictions j,(b) = j,(b) | E the
following holds.

1. E is generated by jr(B) and €.
2. The j; fulfill the Markov property (10.4.3) and, of course, jo is faithful.

3. The restriction of J to BYE) defines an Eg-semigroup ¥ on B(E), which fulfills
V0 js = Jsye- Clearly, ¥ leaves invariant A, = span jr(B).
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PROOF. Observe that ;t(l)E = E@ E,. By E C E we denote the linear span of all these
spaces. Clearly, Eisa pre-Hilbert B—module. Moreover, all }t(b) leave invariant £. We will
show that £ = E, which implies that also E is left invariant by }t(b)

E is spanned by the subspaces f ® Et, so that F is spanned by the subspaces { ® Et
The space Etl is spanned by elements of the form x; = bnftn NO) blftlbo For each
1 < k < n we may assume that cither by, = by € B or by = (1 — 1). If by = pue(1 — 1) for
some k, then we may assume that b, = (1 — 1) for all £ > k. (Otherwise, the expression
is 0.) We have to distinguish two cases. Firstly, all gk are in B. Then z; is in E; so that
E Ox € E. Secondly, there is a unique smallest number 1 < k < n, such that gg = W(i— 1)
for all £ > k. Then it is easy to see that

Ty = g, @ESQ O xg, le. ngt :g:@ng O x4,
where s; + 59 4+ s3 =t and x5, € E,,. By Observation [12.3.2, we obtain

£0&, 00, =£0(E?1-16%) 0, =£0 (E*1 - 1E%) O,
= (581(1> - 382+81(1))g® Lsys

so that also in this case E Oz € E. Therefore, £ C E.

1. It remains to show that E ®xy for xy € E; can be expressed by applying a suitable col-
lection of operators j;(b) to £ and building linear combinations. But this follows inductively
by the observation that jt(b)(g(D Tg) = E@ b&_s ® xg for t > s.

2. This assertion follows by applying 1" to the Markov property of ;

3. Clear. m

12.3.6 Remark. Considering B as a C*—subalgebra of B(G) for some Hilbert space G
and doing the Stinespring construction for £ as described in Example 4.1.9, we obtain the
results from [Bha99]. It is quite easy to see that the inner products of elements in E; (that
is for fixed t) coincide, when tensorized with elements in the initial space G, with the inner
products given in [Bha99]. We owe the reader to compute the inner products of elements
in EtEt C F and ESES C E fort #s. Let x; € E; and ys € E, and assume without loss of
generality that s < ¢t. We find

(EC1,EQY) = (EO,EOE Oy = (2, O ya) = (2, E7° O ys).

(In the last step we made use of 1x; = z; and 1?’5 = ¢'75.) This shows in full correspon-
dence with [Bha99] that an element in E; has to be lifted to E; by “inserting a 1 at time
t”, before we can compare it with an element in E;. This lifting is done by tensorizing &;_s.
As this operation is no longer an isometry, the second inductive limit breaks down in the

non-unital case. Cf. also Remark |A.10.8.
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12.3.7 Example. Now we study in detail the most simple non-trivial example. We start
with the non-unital CP-semigroup 7;: z — e 'z on C. Here the product system E;, = C
consists of one-dimensional Hilbert spaces and the unit consists of the vectors & = e~z € L.

For the unitization we find it more convenient to consider C? rather than C. The
mappings T;: C2 — C2 are given by ﬁ(%) = b(}) + (a —b)(%,"). The first component
corresponds to the original copy of C, whereas the second component corresponds to (C(I —
1).

We continue by writing down E and Et, showing afterwards that these spaces are the
right ones. (To be precise we are dealing rather with their completions, but, this difference

is not too important.) We define the Hilbert C*-module E and its inner product by

Foreyect ad (7). (2))=(4).

The inner product already determines completely the right multiplication by elements of C2
to be the obvious one.

Let us define e; € L?(R_) by setting e;(t) = Xt,00) (t)e~z. Observe that (e, e;) = e .
We define the Hilbert C2-submodule E; of E by E, = L*(0,t) ® Ce, & CS2. (Observe that,
indeed, (L2(0,1),e;) = {0}.) We turn Ej into a Hilbert C2-C2-module by defining the left

multiplication
(5) (8) =2 (&) + (3)-

We define the homomorphism ;t: C? — ’B“(E) by, first, projecting down to the submodule
Et, and then, applying the left multiplication of C? on E,CE. Clearly, the }t form a weak
Markov flow of T'.

Observe that also (L%(0,t),s;L*(R_)) = {0}. One easily checks that the mappings

<£> ® (f’;) — <#9+67%55tf> and <£> ® <Zq%> — (Ng+e;;ﬁstf> (12.3.1)
v 124 1% v N

define isomorphisms E® Et — E and Es ® Et — F,.4, respectively. Remarkably enough,
no completion is necessary here.

It remains to show that E (and, similarly, also Et) is generated by 5 = (610) and ET((CZ)
But this is simple, as we have 70( )~ =  and C& 5 = (M) for s < t.
Therefore, we obtain all functions which consist piecewise of arcs of the form e~ 2. Clearly,
these functions form a dense subspace of L?(R_). Until now we, tacitly, have assumed to
speak about Hilbert modules. It is, however, clear that the arcwise exponentials form an
algebraically invariant subset.

In this example we see in an extreme case that the product system of a non-conservative

CP-semigroup 7' may be blown up considerably, when changing to its unitization T. Notice
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that the original one-dimensional product system of 7' is present in the middle component

2
(cgv) © (%) = <a26> in the factorization by (12.3.1). (Recall that ‘(%) H = |8]> et depends

on t.) Responsible for the blow up is the part 51 of Et which lies in B. If T" was already

unital, then this part is 0.

12.4 Weak Markov quasiflows

In this section study the structure of weak Markov quasiflows in an algebraic fashion, i.e.
to begin with we do not refer to a representation module. Other structures like a family of
conditional expectations ¢; = p; ® p; can be reconstructed.

If we want to encode properties of a weak Markov flow, which are of an essentially spatial
nature, then we have to require that the GNS-representation of the conditional expectation
o is suitably faithful. This leads to the notion of an essential weak Markov flow. Among
all such flows we are able to single out two universal objects, a mazimal weak Markov flow,
which is realized by (B*(E),j) as in Theorem 11.4.8, and a minimal weak Markov flow
being just the restriction (A = algjr(B),j) of (B*(E), j).

12.4.1 Definition. Let (A, j) be a weak Markov quasiflow for a unital CP-semigroup 7.
Let I be a subset of T . We set A; = alg j;(B). In particular, we set Ay = Ajg g, Ap = App0),
and A = Aj,0) = alg jr(B).

A morphism from a weak Markov quasiflow (A, j) of T to a weak Markov quasiflow (C, k)

of T' is a contractive x—algebra homomorphism a: A — C fulfilling
aojy =k forall teT.

o is an isomorphism, if it is also an isomorphism between pre-C*—algebras (i.e. «v is isometric
onto). The class consisting of weak Markov quasifiows and morphisms among them forms

a category.

The p; form an approximate unit for A,,. This shows, in particular, that A, is non-
unital, unless p; = 1 for some t € T. In a faithful non-degenerate representation of A, the
p; converge to 1 strongly.

Of course, the main goal in constructing a weak Markov quasiflow is to recover T; in
terms of j;. This is done by poji(b)po = Jo(T3(b)) and, naturally, leads to the requirement
that jo should be injective. Nevertheless, as the following remark shows, there are interesting

examples of weak Markov quasiflows where j; is not injective.

12.4.2 Remark. If j is a weak Markov quasiflow, then also the time shifted family j* with
Ji = Js4t for some fixed s € T is a weak Markov quasiflow. The j; are, in general, far from

being injective. Of course, a trivial example is j; = 0 for all ¢.
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Now we are going to construct a univeral mapping J very similar to the correlation kernels
introduced in [AFL82]. We will see that T and j, determine (A, j) completely. Moreover,
(A, ) always admits a faithful representation on a suitable pre-Hilbert jo(B)-module
E7 (closely related to E = E™" as constructed in Theorem [11.4.8). This quasiflow is

determined by jo up to unitary equivalence.

12.4.3 Lemma. Denote byB = |J (TxB)" the set of all finite tuples ((t1,b1), ... , (tn,by))
neNg

(n € N) of pairs in T x B. Let V be a vector space and T: B — V' a mapping, fulfilling

‘.T((tl, b1),...,(s,a),(t,b),(s,c),...,(ts, bn))
=T((t1,b1), ..., (s,aTi—s(b)c), ... , (tn, b)), (12.4.1)

whenever s < t;a,b,c € B, and
T((t1,01), s (b 1), (B, b)) = T (B, 01)s - (s 1), (B0, b)), (12.4.2)
whenever ty_1 < tp (1 <k), ortpy <ty (k<n), ork=1, ork=n.
Then T is determined uniquely by the values ‘J'((O, b)) (b € B). Moreover, the range of
T is contained in span T((0, B)).

PROOF. In a tuple ((t1,b1),..., (s, by)) € B go to the position with maximal time ¢,,.
By (12.4.1) we may reduce the length of this tuple by 2, possibly, after having inserted by
(12.4.2) a 1 at a suitable time in the neighbourhood of (t,,,b,,). This procedure may be
continued until the length is 1. If this is achieved, then we insert (0,1) on both sides and,

making again use of (12.4.1), we arrive at a tuple of the form ((0,0)). m

12.4.4 Corollary. Let (A,j) be a weak Markov quasiflow of a unital CP-semigroup T.
Then the mapping T;, defined by setting

‘Ij((tla b1),.--, (tn, bn)) = pojje, (b1) - - - Jt, (bn)po,
is the unique mapping T;: B — jo(B), fullfilling (12.4.1), (12.4.2), and
T;((0,b)) = jo(b). (12.4.3)

12.4.5 Corollary. The mapping vo: a — poapo defines a conditional expectation A, —
Ap.

12.4.6 Proposition. For allt € T the mapping p;: a — pap; defines a conditional expec-
tation Ase — As.
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PRrooF. Consider the time shifted weak Markov quasiflow j* as in Remark 12.4.2. Since
J6 = Ji, it follows by Corollary 12.4.5 that p; e p; defines a conditional expectation Ay —
Ji(B).

Now consider a tuple in B and split it into subtuples which consist either totally of
elements at times < ¢, or totally at times > ¢t. At the ends of these tuples we may insert
pt, so that the elements at times > ¢ are framed by p;. By the first part of the proof the
product over such a subtuple (including the surrounding p,’s) is an element of j;(53). The

remaining assertions follow by the fact that p, is a unit for Ay. m

12.4.7 Theorem. There exists a unique mapping T: B — B, fullfilling (12.4.1), (12.4.2),
and T((0,b)) = b for allb € B. We call T the correlation kernel of T

PROOF. Suppose that j is a weak Markov flow. Then the mapping j, ' o J; has the desired

properties. Existence of a weak Markov flow has been settled in Theorem [11.4.8. m

12.4.8 Corollary. Let j be a weak Markov quasifiow. Then T; = joo 7.

12.4.9 Remark. The module F from Theorem 11.4.8 may be considered as the Kol-
mogorov decomposition of the positive definite kernel €: B x B — B, defined by setting

E(((tn,bn),... C(t1,50)) 5 ((Soms ), - - ,(sl,cl)))
= T((¢1,07), ..., (tn, b)), (SmsCm)s o oo 4 (51, ¢1)).

More generally, if (A, j) is a weak Markov quasiflow, then the GNS-module E’ associated
with j (see Definition [12.4.10 below) is the Kolmogorov decomposition for the positive
definite kernel j, o €.

This interpretation throws a bridge to the reconstruction theorem in [AFL82] and the
original construction of the minimal weak Markov quasiflow in [BP94], where ¢ is a usual
C—valued kernel on B x G (where GG denotes a Hilbert space on which B is represented). Cf.
also [Acc78| and [Bel85].

12.4.10 Definition. Let (A,j) be a weak Markov quasiflow. Then by (E’ &%) we de-
note the GNS-representation of ¢y: Ay — Ag. We call E/ the GNS-module associated
with (A,j). Denote by a’/: Ay, — B E?) the canonical homomorphism. Obviously,
ad: (A, ) — (07 (As), @’ 07) is a morphism of weak Markov quasiflows. We call (o’ (Ay),
o’ o) the minimal weak Markov quasiflow associated with (A, j) and we call (B*(E?),a 0j)
the maximal weak Markov quasiflow associated with (A, j).

If jo is faithful, the we leave out ‘quasi’.
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It is natural to ask under which conditions the representation of A, on E7 is faithful or,
more generally, extends to a faithful (isometric) representation of A on E7. In other words,
we ask under which conditions the pre-Hilbert A-B-module E’ is essential. The following

definition and proposition settle this problem.

12.4.11 Definition. A weak Markov quasiflow (A, j) is called essential, if the ideal I in
A generated by pg is an ideal also in A, and if I is essential in the C*—completion of A
(i.e. for all @ € A we have that aly = {0} implies a = 0).

12.4.12 Proposition. E’ is an essential pre-Hilbert A-B-module, if and only if (A, j) is
essential. In this case the mapping a — poapy maps also A into Ag and, therefore, defines

a conditional expectation ¢: A — Aj.

ProOF. We have span(AAspy) = span(A(Axpo)po) C span(Alopo) = span(lopy) =
Aoopo. Therefore, A, pg is a left ideal in A so that ¢, indeed, takes values in Ay. By con-
struction ¢ is bounded, hence, extends to A. (Observe that Ay is the range of a C*-algebra
homomorphism and, therefore, complete.) Now our statement follows as in the proof of

Proposition 4.4.8. m

If j is essential, then we identify A as a pre-C*-subalgebra of B%(E7). In this case,
we write (Aw, ) and (B*(E7), j) for the minimal and the maximal weak Markov quasiflow
associated with (A, j), respectively. An essential weak Markov quasiflow (A4, j) lies in be-
tween the minimal and the maximal essential weak Markov quasiflow associated with it, in
the sense that A, C A C BY(EY).

Proposition 12.4.12 does not mean that ¢y is faithful. By Proposition|4.4.7 ¢ is faithful,
if and only if pg =p; =1 .

The C*-algebraic condition in Definition [12.4.11/ seems to be out of place in our pre-
C*—algebraic framework for the algebra A. In fact, we need it only in order to know that the
GNS-representation of A is isometric. This is necessary, if we want that the Fy—semigroup
¥ in Theorem 11.4.§ extends to the completion of B*(E). Example 4.4.9 shows that the
C*—algebraic version is, indeed, indispensable.

Notice that there exist interesting non-essential weak Markov quasiflows. For instance,
the Markov flow in Theorem [11.4.8 comming from a product system E® which is not the

GNS-system of 7' is, usually, non-essential.

12.4.13 Definition. For a (unital) C*—algebra B we introduce the homomorphism category
h(B). The objects of h(B) are pairs (A, j) consisting of a C*—algebra A and a surjective
homomorphism j: B — A. A morphism i: (A,j) — (C,k) in h(B) is a homomorphism
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A — C, also denoted by 4, such that ¢ o j = k. Clearly, such a morphism exists, if and only
if ker(j) C ker(k). If there exists a morphism, then it is unique.

In the sequel, by (F,j,£) we always mean the minimal weak Markov flow comming
from the GNS-dilation. Also the notions related to A; and ¢, refer to this minimal weak
Markov flow. (C,k) stands for an essential weak Markov quasifiow. C; and related notions
are defined similar to A;. (The flow & is not to be confused with the canonical mappings k;
in Section [11.41)

12.4.14 Lemma. Let (C,k) be an essential weak Markov quasiflow of T. Furthermore,
denote by (E*,1%) the GNS-construction of ko: B — Cy = ko(B). Then E¥ = E ©

E*  and & = ¢ © 1F. Moreover, in this identification we have

k(b) = ju(b)Oid. (12.4.4)

PROOF. Clearly, E* = ko(B), when considered as a Hilbert B-ko(B)-module via bko(b') :=
ko(bV') and 1% = ko(1). Tt follows that E © E* is just E equipped with the new Cy—valued
inner product (x, ')y = ko((z,2’)) divided by the kernel N of this inner product. £ ® 1* is
just & + N.

Let @ = ji, (bn) - .- Ji, (01)€ and @' = jy (b,) ... jy, (01)§ (ti,t; € T; b;, b € B) be elements
in £. Then

(z 2"y = T((¢1,07), ..., (ta, b)), (T, 01) o, (21, 01)).

For y = ki, (bn) .. ke, (b1)EF and o = Ky (V),,) ... Ky (D)€" in E* we find

(W.y) = Te((t0,00), o, (0, B), (£, 00) - (21,01).

Therefore, by sending x ® 1¥ to y we define a unitary mapping u: £ ® E* — E*. Essentially
the same computations show that the isomorphism B“(E ® E*) — BY(E*),a — uau™
respects (12.4.4). m

12.4.15 Proposition. Let (C = BY(E*), k) and (C' = B*(E¥), k') be two mazimal weak
Markov quasiflows. Then there ezists a morphism «: (C, k) — (C', k'), if and only if there
exists a morphism i: (Co, ko) — (Cy, kp). If i exists, then a is unique. In particular, (C, k)
and (C', k") are isomorphic weak Markov quasiflows, if and only if (Co, ko) and (Cy, k) are

isomorphic objects in h(B).

Proor. If ¢ does not exist, then there does not exist a morphism a. So let us assume
that 4 exists. In this case we denote by (¥, 1%¥") the GNS-construction of i. One easily
checks that £ ® EM = & and 1* ® 1" = 1¥. Thus, E¥ = E¥ © £, Tt follows that
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a:a — a®id defines a contractive homomorphism B?(E¥) — B*(E*). Clearly, we have
ki (b) = ky(b) ®id, so that « is a morphism of weak Markov quasiflows.

If i is an isomorphism, then we may construct £* as the GNS-module of i~'. We find
EF @ EFk = EF @ EF @ EF'F = E*. This enables us to reverse the whole construction, so

that « is an isomorphism. The remaining statements are obvious. m

12.4.16 Corollary. Let (C,k) be an arbitrary weak Markov quasiflow. Then the minimal
and mazimal weak Markov quasiflows associated with (C,k) are determined up to isomor-

phism by the isomorphism class of (Co, ko) in b(B).

12.4.17 Corollary. Let (Cy, ko) be an object in h(B). Then there exist a unique minimal

and a unique mazimal weak Markov quasiflow extending k.

ProoF. Construct again the GNS-module £* of kg and set E¥ = E @ ¥, Then, obvi-
ously, (12.4.4) defines a maximal weak Markov quasifiow (B*(E*), k) with a minimal weak
Markov quasiflow sitting inside. By the preceding corollary these weak Markov quasiflows

are unique. m

The following theorem is proved by appropiate applications of the preceding results.

12.4.18 Theorem. The mazimal weak Markov flow (B*(E), j) is the unique universal ob-
ject in the category of mazimal weak Markov quasiflows. In other words, if (C, k) is another
mazximal weak Markov quasiflow, then there exists a unique morphism «: (B*(E),j) —
(C, k).

The minimal weak Markov flow (Aw, j) is the unique universal object in the category of
all essential weak Markov quasiflows. In other words, if (C, k) is an essential weak Markov
quasiflow, then there exists a unique morphism «: (A, j) — (C, k). Moreover, if (C,k) is

minimal, then a 1s onto.

Let (C, k) be an essential weak Markov quasiflow. We could ask, whether the Ey—semi-
group ¥ on B%(E) gives rise to an Ey-semigroup on B(E*) (or at least to an eg—semigroup
on Cy). A necessary and sufficient condition is that the kernels of T} should contain the
kernel of kg. (In this case, T; gives rise to a completely positive mapping T on ko(B).
Denote by EF the GNS-module of TF. It is not difficult to see that E* © EF carries a
faithful representation of the time shifted weak Markov quasiflow k!, and that the mapping
a — a ® id sends the weak Markov quasiflow k& on E¥ to the weak Markov quasiflow
on E* ® EF. From this it follows that the time shift on Ca is contractive.) However, the
following example shows that this condition need not be fufilled, even in the case, when B

is commutative, and when 7T is uniformly continuous.
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12.4.19 Example. Let B = C2. By setting T3 (%) = 252 (}) + e "2522(Y)) we define a
unital CP-semigroup 7. We define a homomorphism k: C?> — C, by setting k(ﬁ;) = 2.
Then k(3) =0, but ko T;(9) =1 — e~ #£ 0 (for t # 0).

12.5 Arveson’s spectral algebra and the Evans-Lewis

dilation

In [Arv90a, Arv89b] Arveson associates with a product system $© = (ﬁt) teR, of Hilbert
spaces $); the spectral C*—algebra C*($® ). The spectral algebra may be understood in the
following way. Denote by L?($®) the direct integral over the family $, with respect to the
Lebesgue measure on R For v € L'($®) (i.e. the ‘function’ ¢t — v(t) € $, is measurable
in a suitable sense, and [ [[v(¢)|| dt < co) define the ‘creation’ operator @(v) c B(L*(H®)),
by setting

W) A(t) = / o(3) @ f(t — ) ds

forall f € L2($® ). Then the C*—algebra generated by £*(L'($® )){(L'($®)) is the spectral
algebra. (Also here we follow the probabilists and physicists convention, and denote the
creator by *.) It is the goal of this section to propose a generalization to Hilbert modules.
This raises natural questions on the structure of the spectral algebras which have been
answered for Arveson systems, like nuclearity (Arveson [Arv90al) or its K-theory (Zacharias
[Zac96]). The discrete version of the spectral algebra stems from an earlier (unbublished)
version of Bhat and Skeide [BS00]. At the end of this section we give a rough idea what a

‘continuous time’ version for Hilbert modules might be.

12.5.1 Remark. Considering a product system on the semigroup Ny equipped with the
counting measure instead of R, we recover the usual full Fock space 22(55@) = F(91).
The creators Z*(v) are just the generalized creators (Definition [6.2.3) which play a crucial
role in the calculus on the full Fock module (Part IV)). Specializing to functions v with
v(l) = v, € H; and v(t) = 0 for ¢ # 1, we find the usual creators £*(v1). Of course, the
creator of the vacuum *(£2) is the identity operator so that £*(v;)¢(Q2) = ¢*(v;). Therefore,
the spectral algebra may be considered as a continuous time analogue of the Cuntz algebra
[Cun77].

It should be clear what is the analogue of the spectral algebra for a product system E® of
Hilbert B-B-modules E;, acting as an algebra of operators on the ‘direct integral’ L?(E®) of
the Hilbert modules F;. However, a direct integral, in particular, a direct integral of Hilbert

modules is connected with technical problems. Therefore, we start with a more algebraic
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version using direct sums rather than direct integrals, which works for arbitrary product
systems, and then see how it can be translated to continuous time, where we require a unit
fulfilling a certain measurability condition.

So let us equip T with the counting measure. Denote by ¢*(E®) the direct sum over
all £, (i.e. the direct integral with respect to the counting measure). We consider the
elements of (?(E®) as functions on T. Denote by ¢'(E®) the set of all ‘functions’ v: ¢ —

v(t) € E; fulfilling 3 ||lvg|| < oc. Define for each v € ¢*(E®) the generalized creator (*(v) €
teT

Ba(?(E®)), by setting

@)1= Y v(s)© f(t—s)
s: 0<s<t
for all f € (*(E®). We define the discrete spectral algebra C'(E®) associated with E® as
the pre-C*—algebra generated by *(¢*(E®)){(¢*(E®)). Unlike the continuous version, our
discrete version contains £*(¢1(E®)) = £*({1(E®)){(w) where w = 1 € B = Ey C (2(E®).
(%(E®) is a pre-Hilbert B-B-module so that we may identify B as a unital subalgebra of
B(¢*(E®)). Moreover, ¢ = (w, ew) defines a conditional expectation ¢: B((2(E®)) — B.

Our next goal is to point out that the representation module ¢?(E®) of the spectral
algebra plays a crucial role in the Evans-Lewis dilation theorem [EL77]. We do this by
rephrasing the original proof in terms of Hilbert modules. First, let us extend ¢2(E®) to all
times ¢ in R and in Z, respectively, (i.e. the Grothendieck group T of T). Weset £, = Ey = B

for t < 0 and define the pre-Hilbert B-B-module (?(E®) = € E;.

teT

We consider the C*-algebra §°(T, B) and the B-3*°(T, B)-module ET of all bounded
functions T — B and z: ¢ — Ey (t € T), respectively. By setting

{z,y)(t) = (x(t), y(1))

we turn ET into a pre-Hilbert B-3>(T, B)-module.

We set B = P B and consider it as a pre-Hilbert Sm(ﬁ‘,B)—B—moduIe in an obvious
teT
manner. (The completion of B is just the exterior tensor product B @ (*(T) = (*(T,B).)

TAhe time shift s; (/t\ € ’]AT), defined by sending (bs)S€T to (bsﬂ) .7 defines a unitary group on
B. Of course, for T = R this group is not continuous, neither uniformly continuous, nor in
a weak topology.

Clearly, we have EToB = é@). Suppose £® is a unital unit for E®. The family
EG = (a)teT with fAt =& fort > 0 and fAt = 1 otherwise, is a unit vector in ET. (This is not
to be confused with the several £ which appeared in Section 12.3.) Therefore, the mapping
£oid:B—EToB= f@) is an (adjointable) isometry.
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12.5.2 Observation. Let v: E — F be an adjointable isometry between pre-Hilbert mod-
ules. Then u +— vuv* 4+ (1 — vv*) defines a group homomorphism from the unitary group
U(B*(F)) into the unitary group U(B*(F)).

We obtain the discrete analogue of what [EL77, Theorem 13.1] asserts for a family of

completely positive mappings on B indexed by R in a pre-Hilbert module version.

12.5.3 Theorem. Let T be a unital CP-semigroup on a C*—algebra B with GNS-system
E® and unital generating unit £ such that TS =T. Set T, = id for t < 0. Then

u = (€O id)s(* ©id) + (1 — €6 O id)
defines a unitary group on E@) such that (Eo,utbu;aﬁ = T,(D).
12.5.4 Remark. Let ¢t > 0. Then u_; maps elements of ﬁ@) which are 0 for s < 0 to
such elements which are 0 for s < t. If we apply an element of B, we do not change this.
Application of u; sends back the result to a family which vanishes for s < 0. In other words,

uy ® u_y restricts to an Ey-semigroup 9 on B(¢*(E®)). This semigroup sends the unit of B
to 1 so that also (EQ(EQ),Q/g,i =id | B,EO) is a unital dilation of 7T'.

12.5.5 Remark. Notice that the submodule @ E; (with E; = Ey = B for t < 0) of 6@)
teT
is the GNS-module of the completely positive mapping

T: B — 3T, B),b— (T;(b))

teT"

The mapping T (and its Stinespring construction) and Observation [12.5.2] are also the
corner points of the original proof in [EL77]. In contrast with [EL77], where the semigroup
structure of the family 7" plays no role, we are able to describe precisely the space which is
generated by the time shift and B in terms of product systems. It is just 6@) (when E®
is the product system of the minimal dilation).

The idea of Observation 12.5.2]is to send a unitary on E to a unitary on vF C F, and
then to extend it by 1 on the orthogonal complement kerv* of vE. This shows that the
dilation in Theorem 12.5.3/ has nothing to do with the ampliation of an operator on a factor
in a tensor product of Hilbert spaces (or modules) as explained in Sections [12.2 and 6.3. It

is not compatible with usual notions of filtration.

The discrete spectral algebra we constructed for arbitrary product systems. Without
further technical conditions it seems impossible to go beyond the counting measure. For
Theorem [12.5.3 we required a unit giving back 7. (The construction of the dilation also

works for product systems, being bigger than the GNS-system.) If there is a (unital) unit,
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then we may embed all F; into the one-sided inductive limit E and, finally, we have the
possibility to pose easily meaurability conditions. (Cf. also the discussion of type II systems
in Section [15.2.)

Let us restrict to the case T = R, and let us come back to the Lebesgue measure. In the
sequel, we speak always about Hilbert modules. We may construct L?(R ., F) (as analogue
of (*(R,, E)) and we want to identify the subspace of L*(R,, E) consisting of ‘functions’
f with f(t) € E; almost surely (which would be the analogue of /*(E®)). A ‘reasonable’
way to identify these elements is the requirement that the projection p; (lifted to L*(R,, E)
does not change Iy f for all t € Ry. We denote this space by L*(E®).

The easiest way to show that L?(E®) contains many elements, is to construct them.
For instance, for any partition t € P we define a projection p; on the right continuous step
functions &"(Ry, E) by setting p(xf(s4)) = py, 2l [s4) for [s,¢) C [ti—1,t;). The net (p) of
projections is increasing over P and, therefore, converges to a projection p at least on the
strong closure L?*(R,, E). We know neither, whether p leaves invariant L?(R,, E), nor,
whether its range contains L?(E®). We expect that these questions have an affirmative
answer under the measurability condition that for all x € E the function ¢t — px € E
is (norm) measurable. Observe that this is a manifest condition on the unit, because it
is equivalent to the condition that the function s — (£ ® idg,_,)x; is mesaurable for all
teT,x € E,.

The same type of questions has to be answered for the subspace L'(E®) (the anlaogue of

(1(E®) of L*(E®) being defined in an analogue manner. For step functions v, f the operator

FOAO = [ oo

is perfectly well defined and sends step function in L'(E®) and L*(E®), respectively, to a
continuous function in L?(E®). Obviously, *(v) is bounded on step functions. Moreover,

it has an adjoint, namely,

A0 = [ ) @ de)(s+0ds

Thus, we may propose as a preliminary definition of spectral algebra to consider the C*—alge-
bra generated by operators (*(v)f*(v') on the closure of the step functions in L2(E®) to step
functions v,v’. We postpone the solution of the mentioned technical problems to future
work. This should also contain a ‘continuous time’ analogue of Theorem 12.5.3 and the
correct interpration of the representation space of the Evans-Lewis dilation as (the strong

closure of)) the representation space of the spectral algebra.



Chapter 13

Type 1. product systems

After the “intermezzo” about semigroups we come back to type I product systems. Our
final goal in this chapter is to show that type IS product systems of von Neumann modules
are time ordered Fock modules. This is the analogue of Arveson’s result that the type I

Arveson systems are symmetric Fock spaces [Arv89al. We follow Barreto, Bhat, Liebscher
and Skeide [BBLS00].

In Section [13.1/ we show that a type I. product system is contained in a time ordered
product system, if it contains at least one (continuous) central unit. More precisely, we
show that existence of a central unit implies that the generator of the associated CPD-
semigroup has Christensen-Evans form (Theorem [13.1.2). This enables us to to give an
explicit embedding into a time ordered Fock module (Corollary 13.1.3). In Section [13.2/ we
study the continuous endomorphisms of the time ordered Fock module (Theorem [13.2.1).
We find its projection morphisms (Corollary 13.2.5)and provide a necessary and sufficient
criterion for that a given set of (continuous) units is (strongly) totalizing (Theorem [13.2.7).
The basic idea (used by Bhat [BhaOl] for a comparable purpose) is that a product system
of von Neumann modules is generated by a set of units, if and only if there is precisely
one projection endomorphism (namely, the idenity morphism), leaving the units of this set
invariant. In Section 13.3 we utilize the Christensen-Evans Lemma A.6.1 to show that the
GNS-system of a uniformly continuous CPD-semigroup has a central unit and, therefore,
is contained in a time ordered Fock module by Section [13.1. By Section [13.2 these units
generate a whole time ordered subsystem. We point out that the result by Christensen and

Evans is equivalent to show existence of a central unit in any type I7, system.

In Sections 13.4/ and [13.5 we provide suplementary material. We analyze the positivity
structure of contractive positive morphisms of general type I° product systems and of the
time ordered Fock module, and we show how the full information about a the GNS-system

of a CPD-semigroup can be put into a single CP-semigroup on a bigger algebra.

209
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13.1 Central units in type I. product systems

In this section we show that type I. product systems are contained in time ordered Fock
modules, if at least one of the continuous units is central. So let w® be a central unit and

let £ be any other unit. Then
SEY(0) = (&, bw) = (&wi)b = UF(1)b (13.1.1)

and

U (1) = WUUE (1) = U (1)Ug(1).

In other words, 4¢(1) is a semigroup in B and determines 4* by (13.1.1). In particular,
(1) is a semigroup in Cy(B). If w® is continuous, then all L[;"“(1) are invertible. Hence-
forth, we may assume without loss of generality that w® is unital, i.e. 7% = id is the trivial

semigroup.

13.1.1 Lemma. Let w® be a central unital unit and let £ be another unit for a product
system E® such that the CPD-semigroup & | {w®, {9} is uniformly continuous. Let (3
denote the generator of the semigroup 4<<(1) in B, i.e. 4°(1) = '®, and let LE denote the
generator of the CP-semigroup T¢ on B. Then the mapping

b — L5(b) — b3 — 3D (13.1.2)
is completely positive, i.e. L* is a CE-generator.

PRrROOF. We consider the CP-semigroup ¢ = (il@ ) :

€Ry
whose generator is

@) bii b2 _ i U7 (by) ﬂf’g(bm) _ 0 bi23
a1 by dt[,g \ U5 (ba1) 85 (bao) B*bar L8(bas)
By Theorem 5.4.7 and Lemma/5.4.6/ £() is conditionally completely positive. Let A; = (0 2)
and B; = (§ ). Then A;B; =0, i.e. > A;B; =0, so that

on My (B) with U = (u%w u?g)

t
ﬂf’w Llf’&

0 ata;f
@) - o " e} .
0< X BiLPAA)B; = ) B <6*az‘aj cf(afaﬂ) B

i,3 i,J
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- Z <O b; (L%(aja;) — aja;8 — Wafaj)bj) |

2y

This means that (13.1.2) is completely positive. m
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Now we show how the generator of CPD-semigroups (i.e. many units) in product systems
with a central unit boils down to the generator £¢ of a CP-semigroup (i.e. a single unit) as

in Lemma [13.1.1. Once again, we exploit Examples [1.7.7 and 4.2.12/ as basic idea.

13.1.2 Theorem. Let E® be a product system with a subset S C UW(E®) of units and a
central (unital) unit w® such that 4 [ SU{w®} is a uniformly continuous CPD-semigroup.
Then the generator £ of the (uniformly continuous) CPD-semigroup T = 4 | S is a CE-

generator.

PROOF. For €2 € S denote by (: € B the generator of the semigroup 4(1) in B. We
claim as in Lemma [13.1.1] that the kernel £y on S defined by setting

55 (0) = £ (0) — b — b

(for (£9,¢'%) € S x S) is completely positive definite, what shows the theorem. By Lemma
5.2.1(4) it is equivalent to show that the mapping 2(()") on M, (B) defined by setting

(£57(B)),, = £ (by) = biyBer — Beiby

ij
is completely positive for all choices of n € N and §i® esS(i=1...,n).

First, observe that by Example 4.2.12 M, (E®) = (Mn(Et))teT is a product system of
M, (B)~M,,(B)-modules. Clearly, the diagonal matrices Z; € M, (E;) with entries /d;; form
a unit =¢ for M, (E®). Moreover, the unit Q® with entries §;;w® is central and unital. For
the units Q% and Z® the assumptions of Lemma [13.1.1 are fulfilled. The generator 3 of the
semigroup 4*=(1) is the matrix with entries 6;;3:. Now (13.1.2) gives us back 2(()") which,

therefore, is completely positive. m

13.1.3 Corollary. The GNS-system E® of ¥ is embeddable into a time ordered product
system. More precisely, let (F,() be the (completed) Kolmogorov decomposition for the
kernel £y with the canonical mapping (: € +— (c. Then

£9 r— €%(Be, )
extends as an isometric morphism E© — I'O(F).

Notice that (in the notations of Theorem [13.1.2)) the preceding morphism may be ex-
tended to E5® where S, = S U {w®}, by sending w® € U(E®) to w® € U(F).

13.2 Morphisms of the time ordered Fock module

In the preceding section we found that, roughly speaking, type I product systems with a

central unit may be embedded into a time ordered Fock module. In this section we want
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to find criteria to decide, whether this Fock module is generated by such a subsystem. To
that goal, we study the endomorphisms of I'®(F).

After establishing the general form of (possibly unbounded, but adjointable) continuous
morphisms, we find very easily characterizations of isometric, coisometric, unitary, positive,
and projection morphisms. The generalizations of ideas from Bhat’s “cocycle computations”
in [Bha01] are straightforward. Contractivity requires slightly more work and, because we do
not need it, we postpone it to Section [13.4. Then we use the characterization of projection
morphisms to provide a criterion for checking, whether a set of (continuous) units is strongly
totalizing for a time ordered product system, or not.

Besides (11.1.3), the crucial property of a morphism is to consist of adjointable mappings.
Adjointability, checked on some total subset of vectors, assures well-definedness by Corollary
1.4.3. If w® is a morphism except that the w, are allowed to be unbounded, then we speak
of a possibly unbounded morphism.

Recall that a continuous morphism w® of time ordered Fock modules corresponds to a

transformation

§9(8.¢) — &7((B,€), mu(8,¢)) (13.2.1)

among sets of continuous units. We want to know which transformations of the parameter
space B x F of the continuous units define operators w; by extending (13.2.1) to vectors of
the form (11.2.3).

13.2.1 Theorem. Let F' and F’' be Hilbert B-B-modules. By setting

wi&(8,¢) = &(v+8+(n,¢), 0 +aC) (13.2.2)

we establish a one-to-one correspondence between possibly unbounded continuous morphisms

w® = (wt)teﬂh from T (F) to TY®(F') and matrices

P = (7 ’7*> e B BGFBGF) = <CB(B) Cs(E)” )

77, a CB(F') Ba,bz‘l(F’ F’)

Moreover, the adjoint of w® is given by the adjoint matriz I'* = (”;7 7(7;*)
PRrOOF. From bilinearity and adjointability of w, we have

(6(8.0) » b (3, ) (8,0 ) = {(&(lB,0)malB,0) , W6l C))  (13.2.3)

forallt € Ry, 6,6 € B, ( € F, ' € F' or, equivalently, by differentiating at ¢ = 0 and
(74.1)

(Gt (B',¢)) + by (B,¢) + 870 = (1(8,€), bC") + 8"+ 7. (8, €)"D. (13.2.4)
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It is easy to check that validity of (13.2.2) implies (13.2.4) and, henceforth, (13.2.3). There-
fore, (13.2.2) defines a unique adjointable bilinear operator @, from the bimodule generated
by all &(6,¢) (6 € B, € F) (i.e. the Kolmogorov decomposition of 4; [ U.(F)) into
MM (F'). Tt is clear that (as in the proof of Proposition 13.4.2) the @, define an operator on
ITH(F) via Proposition [A.10.3, that this operator is the extension of (13.2.2) to vectors of
the form (11.2.3)), and that the operators fulfill (11.1.3). We put wy = idg, and the w; form
a morphism.

It remains to show that (13.2.2) is also a necessary condition on the form of the functions
Yw: BX F — Bandn,: BxF — F'. Putting ( =0, =0 in (13.2.4), we find

by (3,0) + B0 = b3 + 7u(8,0)%D. (13.2.5)

Putting also f = ' =0 and b = 1, we find 7,,+(0,0)* = 7,(0,0). We denote this element of
B by 7. Reinserting arbitrary b € B, we find that v € Cs(B). Reinserting arbitrary § € B,
we find 7,,(3,0) = v+ § and, similarly, v, (5',0) = v* + 3.

Putting in 13.2.4/ ¢ = 0, inserting v,,(/3,0)* and subtracting 5*b, we obtain

bYa (ﬁla C/) - <77w(67 0)7 b</> + bﬁ/ + 7*b = <77w<ﬁa O)a bC/> + by (6/7 0)

(recall that v commutes with b), or

v (B',¢) = by (8,0) = (n(8,0),6¢"). (13.2.6)

We obtain a lot of information. Firstly, the left-hand side and the right-hand side cannot
depend on " and f3, respectively. Therefore, 1,,(3,0) = 1,(0,0) which we denote by ' € F".
Secondly, we put b = 1 and multiply again with an arbitrary b € B from the right. Together
with the original version of (13.2.6) we obtain that " € Cz(F’). Finally, with b = 1 we
obtain v, (6,¢) = v+ 3 4+ (1, ). A similar computation starting from ¢’ = 0, yields
M= (B',0) = 1,+(0,0) = n for some n € Cp(F) and 7,(8,¢) =+ B+ (1,C).

Inserting the concrete form of 7, into (13.2.4) and subtracting v*b6 + b3’ + *b =
by* + b3’ + B*b, we obtain

(Gt (8,6)) +b(n',¢") = (0u(8,€),b¢") + (¢, mb. (13.2.7)

Again, we conclude that 1, (3, (") = 1.+ (0, (") and 7, (5, () = 17w (0, () cannot depend on '
and (3, respectively. Putting b = 1, we find <C, N (0, C’)—n> = <77w(0, ¢)—1', C’>. It follows
that the mapping a: ¢ — 1,,(0,{)—n' has an adjoint, namely, a*: (' — 1,+(0,¢")—n. Since F'
and F’ are complete, a is an element of B*(F, F"). Inserting a and a* in (13.2.7), and taking
into account that n and 7’ are central, we find that a € B4 (F, F"), and 1,(3,¢) = 7' + al
and (0, (") = n+ a*(’ as desired. =
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13.2.2 Corollary. A (possibly unbounded) continuous endomorphism w® of TW®(F) is
self-adjoint, if and only if I is self-adjoint.

©

Of course, the correspondence is not functorial in the sense that ww'™ = (wtw,’f) — is

not given by I'l”. However, we easily check the following.

13.2.3 Corollary. Let w® be a morphism with matriz I'. Then

10 0\ /1 1 100
v 1| [ 8] = [0 andthe mapping w® — T = |4 1 5
70 a) \¢ Gu(3,€) n 0 a

is functorial in the sense that " =TT for w"® = ww'®.

» ) is isometric,
if and only if a is isometric, n = a*n’ (7' € Cg(F")) and v = ih — <"/2—77/> (h = h* € Cp(B)).

It is coisometric, if and only if a is coisometric, ' = an (n € Cg(F)) and v = ih — @

13.2.4 Corollary. The continuous morphism w® with the matriz I’ = (

(h = h* € Cg(B)). It is unitary (i.e. an isomorphism), if and only if a is unitary, n' = an
(n € Cg(F)) and v = ih — @ (h = h* € Cg(B)) or, equivalenty, if a is unitary, n = a*n
(' € Cs(F")) and v = ih — Y10 (h = h* € Cp(B)).

The form of these conditions reminds us very much of the form of the corresponding
conditions for solutions of quantum stochastic differential equations; see e.g. Section [16.5.
By Theorem 11.6.1 and Example 11.5.2 the morphisms correspond to cocycles, too. These
cocycles are, however, local which means that the corresponding cocycle perturbation of the
time shift does not change any CP-semigroup T¢ for any £©.

After the characterizations of isomorphisms we come to projections. Of course, a pro-

jection endomorphism must be self-adjoint and so must be its matrix.

13.2.5 Corollary. A continuous endomorphism w® of T%®(F) is a projection morphism,

if and only if its matriz I' has the form

r — <—<n7n> 77*)
noop

where p is a projection in B*Y(F), and n € (1 — p)Cp(F).

Since a continuous morphism of a product system I'”(F) or I'*®(F) (or between such)
sends continuous units to continuous units, it restricts to a morphism of I'“®(F) (or be-
tween such). Therefore, all characterizations extend to the case of Hilbert modules and the

case of von Neumann modules.
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Now we characterize strongly totalizing sets of continuous units for time ordered prod-
uct systems of von Neumann modules. The idea is that, if a set of units is not strongly
totalizing, then by Observation [11.1.2 there exists a non-trivial projection morphism onto
the subsystem generated by these units. In order to apply our methods we need to know

that this morphism is continuous.

13.2.6 Lemma. Let p® be a projection morphism leaving invariant a non-empty continuous
subset S C U.(F) of units for T*®(F) (1.e. p€© = £© for all €© € S). Then p® is continuous.

PrOOF. By Lemma(7.4.1(2)), the B—weak closure (therefore, a fortiori the strong closure) of
what a single continuous unit £9(3, () € S generates in a time ordered system contains the
unital unit é@(—%, ) Therefore, we may assume that S contains a unital unit 2. Now
let ¢’ be an arbitrary unit in U,(F). Then the function ¢ +— (&, pi&l) = (pi&s, €1) = (&, &)

is continuous. Moreover, we have

<pt§£apt§£> — (& &) = (52 - ft,pt§£> + <§t7pt(€£ —&)) — 0

for t — 0. From this it follows as, for instance, in (11.6.1) that also the function ¢ —
(p€l, p&)) is continuous. By Lemma 11.6.6 also the unit p&’® is continuous. As ¢'® was

arbitrary, p® is continuous. m

13.2.7 Theorem. Let F' be a von Neumann B-B-module and let S C U.(F) be a contin-
uous subset of units for W*°(F). Then S is strongly totalizing, if and only if the B-B-

submodule
Fy = {Z%’Qbi ’ neN; ¢ €Sp; a,b €B: Zaibi = O} (13.2.8)
=1 i=1
of F' is strongly dense in F, where Sp = {{ €l |3B€B:£2B,() € 5}_

PROOF. Denote by I'* “ the strong closure of the product subsystem of I'*®(F) generated
by the units in S. We define another B-B-submodule

F* = {3 aiGbi | neN; G € SpianbieB)
i=1
of F. We have FF D F° > F,". Denote by po and p° in BY(F) the projections onto
Fy® and FO°, respectively. (Since Fy® and FO are complementary by Theorem 3.2.11 and
Proposition [1.5.9, the projections exist, and since F, and FO° are B-B-submodules, by
Observation [1.6.4 the projections are bilinear.) We have to distinguish three cases.
(i) F # FO°. In this case p° # 1 and the matrix (8 z%) defines a non-trivial projection

. . o . .
morphism leaving I invariant.
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(ii) F = F9 £Fy°. Set ¢ =1 — py. We may rewrite an arbitrary element of FO as

n

> aiGihi = Z( iGi — gazb+§jgaz Cai)b +<Zabz,

i=1 =1

where ( € Sp is arbitrary. We find anZQb = qCZ a;b;. Putting a; = b; = 1, we

see that the element n = ¢( cannot depend on (. Varrylng ap = b for (,, = ¢, we see that
bn = nb, i.e. n € Cp(F). Finally, py # 1 and n # 0. Hence, the matrix ( <Z’]” ) defines a
non-trivial projection morphism leaving ' “ invariant.

(iii) F = FO° = F,". Consider the projection morphism with matrix (~@m 1) and
suppose that it leaves 5 invariant. Then ¢ =n+ pC for all ( € Sp. Since 7 is in the
center, an element in Fy written as in (13.2.8) does not change, if we replace ¢; with p¢;. It
follows pF = pF, = F, = F, whence p = 1 and 7 = (1 — p)n = 0. Therefore, the only

(continuous) projection morphism leaving ' © invariant is the identity morphism. m

13.2.8 Corollary. A single unit £9(3,() is totalizing for '*°(F), if and only if F =
span®{(b{ — ¢b)V': b, b’ € B}.

13.2.9 Remark. In the case where B = B(G) for some separable Hilbert space G we have
F =3B(G,G®$H) where H = id®$H = Cp(F) is the center of F and ( = ) b, ® ¢, for some

ONB (en)neN (N a subset of N) and b; € B such that > b:b, < co. The condition stated in

Bhat [BhaO1], which, therefore, should be equivalent to our cyclicity condition in Corollary
13.2.8, asserts that the set {1,bq,bs,...} should be linearly independent in a certain sense

(stronger than usual linear independence).

13.2.10 Example. It is an easy exercise to check that the inner derivation to the vector
¢ in the von Neumann module B(G,G ® G) from Example 4.4.13 generates it as a von

Neumann module, if and only if G is infinite-dimensional.

13.2.11 Observation. We see explicitly that the property of the set S to be totalizing or
not is totally independent of the parameters § of the units £9(3,¢) in S. Of course, we
knew this before from the proof of Lemma 13.2.6.

13.2.12 Remark. We may rephrase Step (ii) as F9° = Fy @ ¢B for some central projection
in ¢ € B such that ¢B is the strongly closed ideal in B generated by (n,n). By the same

argument as in Step (iii) we obtain the most important consequence.
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13.2.13 Corollary. The mapping

£9(6,¢) +— €2(B+22 ¢ —n)

(which by (7.4.1) is isometric) extends as an isomorphism from the subsystem of '*®(F)
generated by S onto IFSG(FOS). In other words, each strongly closed product subsystem of
the time ordered product system IT°°(F) of von Neumann modules generated by a subset
S C U(F) of continuous units, is a time ordered product system of von Neumann modules

over a von Neumann submodule of F.

13.2.14 Remark. If S contains a unit £9(5,{y) with {, = 0 (in other words, as for

the condition in Theorem [13.2.7/ we may forget about [y, if S contains the vacuum unit

w® = £9(0,0)), then Fy = FY. (Any value of Z a;b; may compensated in Z a;b; by a suit-
i=1 =0

able choice of ag, by, because ay(yby does not contribute to the sum Z a;(;b;.) We recover

i=0
Theorem [7.4.3.

13.3 Type I}, product systems

13.3.1 Theorem. LetT = (Tt)te]R+ be a normal uniformly continuous C'P-semigroup on a
von Neumann algebra B. Let F, ¢ € F, and 3 € B be as in Theorem!|A.6.3 (by [CE79]), i.e.
F is a von Neumann B-B-module such that F' = span®{ (b —Cb)V': b,b' € B} and TS =T.
Then the strong closure of the GNS-system of T is (up to isomorphism) I'*®(F) and the

generating unit is £2(3,¢). Here F and £°(3, () are determined up to unitary isomorphism.

Proor. This is a direct consequence of Theorem |A.6.3 and Corollary 13.2.8 of Theorem
13.2.7. m

PROOF OF THEOREM 5.4.14. By Theorem [13.3.1/ the subsystem of the GNS-system gener-
ated by a single unit in .S has a central (continuous) unit. By Theorem [13.1.2 the generator
of ¥ is a CE-generator. The uniqueness statement follows as in Corollary [13.2.13 from the

construction of the module FOS. n

13.3.2 Theorem. Type I, product systems are time ordered product systems of von Neu-

mann modules.

ProoOF. By Theorem 5.4.14/ (and Corollary 13.1.3) a type I, product system is contained
in a time ordered product system. By Corollary 13.2.13 it is all of a time ordered product

system. m
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13.3.3 Corollary. The (strong closure of the) GNS-system of a uniformly continuous nor-

mal CPD-semigroup is a time ordered product system of von Neumann modules.

Extensions. Section 13.1/ works for Hilbert modules F' (even for pre-Hilbert modules, but
honestly speaking, it is not reasonable to do so, because the construction of sufficiently many
units in a time ordered Fock modules involves norm limits). Also the analysis of continuous
morphisms in Section 13.2 works for Hilbert modules. In the proof of Theorem [13.2.7 we
need projections onto submodules in two different places. Firstly, we need the projections
onto the submodules Fp* and FO of F. Secondly, if S is not strongly totalizing, then there
should exists projections onto the members of the subsystem strongly generated by S.

For both it is sufficient that F' is a right von Neumann module (the left action of B need
not be normal). Then the projections onto Fy’ and ﬁs, clearly, exist. But, also for the
second condition we simply may pass to the strong closure of the members of the product
systems. (For this it is sufficient that B is a von Neumann algebra. By Proposition 3.1.5
left multiplication by b € B is strongly continuous as operation on the module. It just
may happen that left multiplication is not strongly continuous as mapping b — bzx.) This
even shows that I'”(F) and I'*®(F) have the same continuous morphisms (in particular,
projection morphisms), as soon as F' is a right von Neumann module (of course, still a
Hilbert B-B-module), because any continuous morphism leaves invariant the continuous
units and whatever is generated by them in whatever topology.

As Lemma A.6.1 does not need normality, Theorem [13.3.1 remains true for uniformly
continuous CP-semigroups (still on a von Neumann algebra). We find Theorem 5.4.14! for
uniformly continuous CPD-semigroups. Consequently, Theorem 13.3.2 remains true for type
I5 product systems of (right) von Neumann modules and Corollary 13.3.3 remains true for
uniformly continuous CPD-semigroups on von Neumann algebras.

Finally, all results can be extended in the usual way to the case when B is a (unital)
C*-algebra, by passing to the bidual B**. We obtain then the weaker statements that
the type I. product systems and GNS-systems of uniformly continuous CPD-semigroups
are strongly dense subsystems of product systems of von Neumann modules associated with
time ordered Fock modules. Like in the case of the CE-generator, we can no longer guarantee

that the inner products of the canonical units £ and the (3, are in B.

Resumé. Notice that Theorem 13.3.1 is the first and the only time where we use the results

by Christensen and Evans [CE79] quoted in Appendix [A.6 (in particular, Lemma |A.6.1).
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In Sections [13.1 and 13.2 we reduced the proof of Theorem [13.3.2/ to the problem to show
existence of a central unit among the (continuous) units of a type I, product system. In
fact, Lemma [13.1.1 together with Corollary 13.2.13/ shows that existence of a central unit is
equivalent to Lemma A.6.1. With our methods we are also able to conclude back from the
form (5.4.3) of a generator to Lemma [A.6.1, a result which seems not to be accessible by
the methods in [CET79).

If we are able to show existence of a central unit directly, then we will not only provide a
new proof of the results by Christensen and Evans [CE79] but also of the result that bounded
derivations on von Neumann algebras are inner. We do not yet have concrete results into
that direction. We hope, however, that a proof, if possible, could avoid a subdivision of the
argument into the three types of von Neumann algebras.

We remark that the methods from Section 13.1 should work to some extent also for
unbounded generators. More precisely, if E® is a product system with a central unital
unit w® such that the semigroups 4 in B have a reasonable generator (not in B, but for
instance, a closed operator on GG, when B C B((G)), then this should be sufficient to split
of a (possibly unbounded) completely positive part from the generator. As Example [7.3.7
shows, it is far from being clear what a “GNS-construction” for such unbounded completely
positive mappings could look like. Nevertheless, the splitting of the generator alone, so far

a postulated property in literature, would constitute a considerable improvement.

13.4 Appendix: Morphisms and order

The goal of this section is to establish the analogue of Theorem 5.3.3 for the (strong closure
of the) GNS-system of a (normal) CPD-semigroup ¥ in Kg(B) for some von Neumann
algebra B. It is a straightforward generalization of the result for CP-semigroups obtained
in Bhat and Skeide [BS00] and asserts that the set of CPD-semigroups dominated by ¥ is
order isomorphic to the set of positive contractive morphisms of its GNS-system. Then we
investigate this order structure for the time ordered Fock module with the methods from
Section [13.2.

13.4.1 Definition. Let T be a CPD-semigroup in Kg(B). By Ds we denote the set of CPD-
semigroups & in Kg(B) dominated by T, i.e. §; € Dg, for all ¢t € T, which we indicate by
T > &. If we restrict to normal CPD-semigroups, then we write K%(B) and DE, respectively.

Obviously, > defines partial order among the CPD-semigroups.

13.4.2 Proposition. Let T > & be two CPD-semigroups in Ks(B). Then there exists a

unique contractive morphism v® = (vt) from the GNS-system E® of T to the GNS-system

teT
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F® of &, fulfilling v& = (7 for allo € S.
Morever, if all vy have an adjoint, then w® = (v;‘vt)teT 15 the unique positive, contractive
endomorphism of E® fulfilling Gf’gl(b) = (€7, w, b7 for all 0,0’ € S, t € T and b € B.

PROOF. This is a combination of the construction in the proof of Lemmal5.3.2 (which asserts
that there is a family of contractions v; from the Kolmogorov decomposition Et of ¥, to the
Kolmogorov decomposition F, of S;) and arguments like in Section [11.3. More precisely,
denoting by A%, i and BS,i° the mediating mappings and the canonical embeddings for
the two-sided inductive limit for the CPD-semigroups ¥ and &, respectively, we have to
show that the mappings itev‘tht — F;, where vy =10, ® ... ® 0, (t € J;), define a mapping

vy By — F, via Proposition [A.10.3 (obviously, contractive and bilinear). From
ijs © i/)t - 1\35\,{ (1341)

we conclude S0, = U85. Applying i° to both sides the statement follows. Again from
(13.4.1) (and Remark [11.3.6) we find that vs ® v; = vs4,. Clearly, v® is unique, because we

know the values on a totalizing set of units. The statements about w® are now obvious. m

13.4.3 Theorem. Let E© = (Et)teT
E,, and let S € U(E®") be a subset of units for E® . Then the mapping O: w® — &,
defined by setting

be a product system of von Neumann B-B-modules

(&55)e(b) = (&, wib€))

forallt € T, & €8S, b e B, establishes an order morphism from the set of contractive,
positive morphisms of E® (equipped with pointwise order) onto the set D% of normal CPD-
semigroups & dominated by T = U [ S. It is an order isomorphism, if and only if B =
EY.
Proor. If Esés #* Eés, then O is not one-to-one, because the identity morphism w; = idg,
and the morhism p = (pt) w7 Of projections p; onto E_tss are different morphisms giving
the same CPD-semigroup ¥. On the other hand, any morphism w® for ES® extends
to a morphism composed of mappings w,;p; of E% giving the same Schur semigroup G,,.
Therefore, we are done, if we show the statement for Esés = E°".

So let us assume that S is totalizing. Then O is one-to-one. It is also order preserving,

because w® > w'® implies

(S55)(b) — (G55)u(b) = (& (we —wbE]) = (Vw, — wi&, by/w, — wj€))  (13.4.2)

so that (&) > (6, ): in Ks(B). By obvious extension of Proposition 13.4.2 to von Neu-

mann modules, which guarantees existence of v}, we see that O is onto. Now let T > & > &'
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with morhisms w® = O7Y(6) and w'® = O~1(&') and construct v, € B (E; F,),
vi € BYYN(E, FT), and u, € BYY(F, F"}), for the pairs € > &, T > &, and & > &,
respectively, as in Proposition 13.4.2 and extension to the strong closures. Then by unique-
ness we have v; = wv;. It follows wy — w; = v (1 — uju)vy > 0. This shows that also
O~ respects the order and, therefore, is an order isomorphism. (Observe that for the last
conclusion (13.4.2) is not sufficient, because the vectors b&;t' (€© € S;b,0" € B) do not span
E.) m

Observe that this result remains true, if we require that the morphisms respect some
subset of units like, for instance, the continuous units in the time ordered Fock module. We
investigate now the order structure of the set of (possibily unbounded) positive continuous
morphisms on I'e®(F). We will see that it is mirrored by the positivity structure of the
corresponding matrices I' € B4 (B @ F) where F is an arbitrary Hilbert B—B-module.
Recalling that by Lemma [1.5.2 positive contractions are dominated by 1, we find a sim-
ple criterion for contractive positive morphisms as those whose matrix I' is dominated (in
Beb(F)) by the matrix T' = (§ §) of the identity morphism.

13.4.4 Lemma. A (possibly unbounded) continuous endomorphism w® of I'®(F) with

the matriz T = (3 ) is positive, if and only if it is self-adjoint and a is positive.

PROOF. w® is certainly positive, if it is possible to write it as a square of a self-adjoint

~ 1
morphism with matrix A = <§( % >?> say (0 and c self-adjoint). In other words, we must
(&

have
1 0 0 1 0 0 1 0 0 1 0 0
~v 1 n* = b 1 x* 0 1 x* = |20+ (x) 1 x*+ (ex)*
n 0 a x 0 ¢ Y 0 ¢ x+ex 0 c?

This equation can easily be resolved, if a > 0. We put ¢ = /a. Since ¢ > 0 we have
1+ ¢ > 1 so that 1 + ¢ is invertible. We put x = (1 + ¢)"'n. Finally, we set § = w
(= 6*). Then A determines a self-adjoint endomorphism whose square is w®.

On the other hand, if w® is positive, then I" is self-adjoint and the generator £, of the
CPD-semigroup &,, is conditionally completely positive definite. For £,, we find (rewritten

conveniently)

ST W) = (¢ bac’) +b((n.¢) + 5+ F) + ((Cn) + 57+ 3)b.

For each ¢ € F we choose 3 € B such that (¢,7) + 3"+ 3 = 0. Then it follows as in Remark
13.2.14 (¢ =0 € F) that the kernel b — ((,ba¢’) on F' is not only conditionally completely
positive definite, but completely positive definite. This implies that a > 0. =
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13.4.5 Remark. By applying the lemma to the endomorhism with matrix 3, we see that

it is positive, too.

13.4.6 Lemma. For two self-adjoint possibly unbounded morphisms w® and v® with ma-

trices ' = (3 7) and A = (§ X), respectively, we have w® > v, if and only if I > A in
(Ba,bil(B D F)

PRrROOF. By Theorem [13.4.3/and Lemma 5.4.12 we have w® > v, if and only if &,, > &,,, if
and only if £, > £,. By Equations (13.2.2) and (13.2.4) we see that in the last infinitesmal
form £, — £,, only the difference I' — A enters. Furthermore, evaluating the difference of
these kernels at concrete elements £°(3, (), £9(5, ("), the 3, 3’ do not contribute. Therefore,
it is sufficient to show the statement in the case when A = 0, i.e. w® dominates (or not)
the morphism v® which just projects onto the vacuum, and to check completely positive

definiteness only against exponential units. We find
Z b} (L, — L,) 009 (gra;)b; = Z by <<Ci7 a; ajacy) +(Gi, a;ya;n) +a;a;(n, ¢;) +a§kaﬂ) b
irj irj

- Z<%‘C¢bu aa;Cbs) + (aiGbi, magb; + (aibi)*(n, a;b;) + (aibi) va;b; = (Z,1'Z),
2
where Z = > (a;b;, a;(;b;) € B @ F. Elements of the form Z do, in general, not range over

all of B @ F. However, to check positivity of I' with ({,3) € B @ F we choose (; = A(,
(o=0,a1 =ay =1, and b; = %, by = 3. Then Z — (53,() for A — oo. This means that
Lp—L, >0, ifandonly if I'(=T—-A)>0. m

13.4.7 Corollary. The set of contractive positive continuous morphisms of I'®(F) is order
isomorphic to the set of those self-adjoint matrices I € B*(B & F) with a > 0 and
r<(89):

It is possible to characterize these matrices further. We do not need this characterization.

13.5 Appendix: CPD-semigroups on Ks(B) versus CP-
semigroups on B(Hg) ® B

In the proof of Theorem [13.1.2/ we utilized the possibility to pass from a product system E®
of B-B-modules to a product system M, (E®) of M, (B)-M,(B)-modules. Given a family
€ (i=1,...,n) of units for E® we defined the diagonal unit Z° for M, (E®) with diagonal

entries 57;@.
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We remark that Z° is totalizing for M, (E®), if and only if the set S = {€'® ...  "®} is
totalizing for E£®. In this case T=(B) = (Z;, BZ;) is a CP-semigroup on M,,(B) whose GNS-
system is M,,(E®). Moreover, T= is uniformly continuous, if and only if the CPD-semigroup
U(E®) T S is (and the same holds for normality, if B is a von Neumann algebra). We may
apply Theorem [13.3.1 to 7= and obtain that the GNS-system of M, (B)-M,(B)-modules
is isomorphic to a time ordered product system. Taking into account that by Examples
1.7.7 and 4.2.12/ a product system of M,,(B)-M,,(B)-modules is always of the form M, (E;)
where the E; form a product system, we obtain that the two descriptions are interchangable.
Specifying that, on the one hand, we look at product systems generated by not more than
n units and, on the other hand, that we look only at CP-semigroups on M, (B) and units
for M, (E®) which are diagonal, we obtain that the analogy is complete.

This way to encode the information of a CPD-semigroup into a single CP-semigroup is
taken from Accardi and Kozyrev [AK99] which was also our motivation to study completely
positive definite kernels and Schur semigroups of such. In [AK99] the authors considered only
the case of the product system of symmteric (i.e. time ordered) Fock spaces I'®(L%(R,)) &
I'(C), where two exponential units, namely, the vacuum plus any other, are totalizing
(Corollary [7.4.4). They were lead to look at semigroups on M(B(G)). Notice that in our
case we have even interesting results with a single totalizing unit. What we explained so far
is the generalization to n generating units (in the case of B = B(G) already known to the
authors of [AK99]).

Now we want to extend the idea to totalizing sets S containing an arbitrary number
of units. It is good to keep the intuitive idea of matrices, now of infinite, even possibly
uncountable, dimension. Technically, it is better to change the picture from matrices M, (E)
to exterior tensor products M, ® E as explained in Example 4.3.8. Now the unit Z© should
have infinitely many entries. For that we must be able to control the norm of each entry.
Some sort of continuity should be sufficient, but as we want to control also the norm of the
generator, we restrict to the uniformly continuous case.

Let S be a set of continuous units for I'*®(F) and denote by Hg the Hilbert space with

ONB (65)5665. We have

LRy, B(Hs) & F) = L*(Ry) &' (B(Hs) @ F)
— B(Hs) @ (L*(Ry) @ F) = B(Hs) & L*(Ry, F),

where B(Hg) ®° F and, henceforth, L*(R;, B(Hg) ®° F) is a von Neumann B(Hg) ®° B~
B(Hs) ®@° B-module by Example 4.3.4. Consequently, we find

B(Hs) ®° IM*°(F) = I"°(B(Hs) ®° F).

A continuous unit {¥(B, Z) (B € B(Hs) ®° B, Z € B(Hs) ®° F') is diagonal (in the matrix
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picture), if and only if B and Z are diagonal. A diagonal unit (¥ (B, Z) is strongly totalizing
for T*®(B(Hg) ®° F), if and only if the set {¢9(3,()} running over the digonal entries of
€9(B, Z) is strongly totalizing for I'®(F).

Can we put together the units from S to a single diagonal unit for I'*°(B(Hgs) ®@° F)?

In order that a family (a¢),_, of elements in B (in F') defines (as strong limit) an element

in B(Hg) ®° B (in B(Hg) @fseif) with diagonal entries, is it necessary and sufficient (cf. the
proof of Lemma 2.3.7) that it is uniformly bounded. This will, in general, not be the case.
However, as long as we are only interested in whether S is totalizing or not, we may modify
S without changing this property. By Observation 13.2.11 we may forget completely about
the parameters 3. Moreover, for the condition in Theorem [13.2.7 the length of the (¢ is

irrelevant (as long as it is not 0, of course). We summarize.

13.5.1 Theorem. Let ¥ be a normal uniformly continuous CPD-semigroup on S in Ks(B).
Then there exists a normal uniformly continuous CP-semigroup T on B(Hg) ®° B such that
the GNS-system (of von Neumann modules) of T is B(Hg) @° E® where E® is the GNS-

system (of von Neumann modules) of X.

So far, we considered diagonal units for the time ordered Fock module I'*“(B(Hg)®° F).
Of course, {9(B, Z) is a unit for any choice of B € B(Hg) ®° B and Z € B(Hg) ®° F. The
off-diagonal entries of such a unit fulfill a lot of recursive relations. In the case of Hilbert
spaces (B = C) and finite sets S (B(Hg) = M,,) we may hope to compute £ (B, Z) explicitly.
This should have many applications in the theory of special functions, particularly those

involving iterated integrals of exponential functions.



Chapter 14

Other constructions of product

systems

In this chapter we present two different constructions of product systems. The first con-
struction in Section [14.1 is the generalization to Hilbert modules from Bhat’s approach
to Arveson systems [Bha96] as described in Skeide [Ske0Oa]. As an important application
we obtain that any (strict) dilation on a Hilbert module is also a weak dilation (Theorem
14.1.8)), another result which seems out of reach without product systems. In Section [14.2
we present the construction from Liebscher and Skeide [LS00b] which allows to construct a
product system from markovian systems of transition expectations as in Section 11.3. With
the help of this product system we construct as in Section 11.4' a generalized weak Markov

flow which gives us back the original transition expectations.

14.1 FEy—Semigroups on B*(FE)

In [Bha96] Bhat discovered another possibility to construct the Arveson system of a (normal,
strongly continuous) Ey—semigroup ¥ on B(H) (H an infinite-dimensional separable Hilbert
space). Contrary to Arveson’s original approach [Arv89al via intertwiner spaces of 1;, Bhat’s
approach generalizes directly to Hilbert modules.

Let (E,9,€) be a triple consisting of a Hilbert B—module, a strict Fy—semigroup ¥ on
B*(E), and a unit vector £ € E. (Equation (14.1.1) below forces us to consider completions.)
To begin with, we do not assume that (E£,9,¢) is a weak dilation of a CP-semigroup on B.

By jo(b) = £bE* we define a faithful representation of B on E. We define the representa-
tions j; = ¥y o jo and set p; = 7;(1). On the Hilbert submodule E; = p,FE of E we define a
left multiplication by bx; = j;(b)x;, thus, turning E; into a Hilbert B—B-module. (Clearly,
1z, = x4 and Ey 2 Bvia { — 1.)

225



226 Chapter 14. Other constructions of product systems

14.1.1 Theorem. The mapping
U x @xy — (x€)ay

extends as an isomorphism E ® E, — E. Moreover, the restrictions ug = uy | (Es © E})
are two-sided isomorphisms Es © Ey — FEgyy, fulfilling (11.1.1) so that E©® = (Et)te’ll‘ 8 a
product system. Using the identifications (11.4.1) and (11.1.2), we again find (11.4.2) and

Yi(a) =a @ idg,.
ProoOF. From
(x Oz, Ox) = (2, (v,2)ay) = (v, 0(E(x, ))ah) = (Dp(x&*)ay, 0o(a'E)a})

we see that wu; is isometric. Let u? Z vpwy” (kY w) € E) be an approximate unit for

K(E) which, therefore, converges strlctly to 1 € BYFE). We find

r = hmq?t :1: = hmg Ui (v
_ AR\ A A¥
= hin Ek Do (V&) (Ewy ) = h)r\n Ek vy @ 0¢(Ewy )z, (14.1.1)

where 0,(éw) )z = pdy(€w) )z is in E,. In other words, u, is surjective, hence, unitary.
Clearly, in the identification (11.4.1)) we find

Y(a)(x @ zy) = Y(a)h(z€)xy = (axé )y = ax © xy.

Suppose psz = x. Then p, 1 u (rOx;) = Vs y s (§6°)Vi (2§ ) 1 = Vy(psz€™) w0 = U2 O24) S0
that ug; maps into Egyy. Obviously, jsi(b)u(z® ) = w(js(b)z ©xy) so that u, is two-sided
on E;® FE;. Suppose psx = x and apply psy¢ to (14.1.1). Then a similar computation shows
that we may replace vy with pyv? without changing the value. Therefore, x € u(E, ® E).
In other words, u; restricts to a two-sided unitary uy: Es ©® Fy — Esy. The associativity

conditions (11.1.1) and (11.4.3)) follow by similar computations. m

14.1.2 Proposition. The product system E© does not depend on the choice of the unit
vector . More precisely, if ' € E is another unit vector, then wyx, = 94(&'¢")xy defines an
isomorphism w® = ( )teT from the product system E ©to the product system E' ©= (E’)tET

constructed from &'.

PROOF. p,d,(&'6*) = 94(€') so that w, maps into £}, and 9,(&'&*)*9,(£'6*) = py so that w,
is an isometry. As ¢, (£'€*)9,(£'€*)* = p), it follows that w, is surjective, hence, unitary. For
b € B we find

wijo(b) = D (EE)(EET) = D (EDE*) = V(EDET)0(E'E") = Ji(b)wy
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so that w, is two-sided. In the identification (11.1.2) (applied to £® and E'®) we find

wszs O wyy = Vp(wsxs& Nugwy = 9y (V5(€'E) w5 )0 (€ )y
= l(}ert(f/f*)f}t(31735*)% = ws+t($s®yt)-

In other words, the w; form a morphism. m

14.1.3 Example. If £ = (G is a Hilbert space with a unit vector g, we recover Bhat’s con-
struction [Bha96] resulting in a tensor product system G® = (G,) wop Of Hilbert spaces. Let
us consider the original product system $® with the product system E;, = B(G,G ® $;) =
B(G); of von Neumann modules as explained in Examples11.1.3/ and 11.1.4. We know that
E,© G =G ® 9 and that the isomorphism of B(G, G ® $;) and B(G), give rise to an iso-
morphism of G ® $); and G. Fixing the subspace g ® §;, we may identify $); with a subspace
of G. We claim that this subspace is G;. Indeed, G; = ¥;(gg*)G which corresponds under
the isomorphism to (g¢* ® id)(G @ ;) = g ® H;. Moreover,

Gs® g = U(9:9")g = (99" ®@id)(g® ) = gs@hy = g hs ® hy,

so that also the product system structure is the same.
A similar comparison of the products system E© of Hilbert B-B-modules constructed
from (E,4,€) and the product system B(E)© of B*(E)-B*(E)-modules B*(E), as defined

in Example 11.1.3/ seems not to be possible.

14.1.4 Example. Let us consider (I'(F),8,w) where 8 is the time shift automorphism
group restricted to ¢ > 0. Then § leaves invariant ww* so that for all ¢ € R, we have
pID(F) = Bw = B. If we look instead at (I'(F),8,w) where now § is the time shift
endomorphism obtained by restriction to B*(I'(F)) = BY(I'(F)) ® id ¢ B*(ID(F)) then
po @id = ww* ®id evolves differently. It is just p; ©id where p, is the projection onto II';(F).
We find that the product system of the time shift endomorphism semigroup on II'(F') is
II'®(F). A similar argument also applies to general product systems £ © , if we investigate
the relation between the endomorphism white noise constructed in Section [11.5 on the one-
sided inductive E with the help of a central unit, and the extension to an automorphism
white noise on E .

Let E = L*(R, F) and use the notations from Observation 6.3.8. Again the time shift 8
on F(FE) leaves invariant ww* so that for (F(E), 8, w) we end up with the trivial product sys-
tem. On the contrary, if we look at the restriction of the time shift to an Ey—semigroup § on
B*(F(Er,)) (coming from the identification B(F(Lg,)) = B*(F(Lr,)) ©@id C B*(F(E))
in the factorization F(E) = F(Er, ) © (Bw @ Er_ © F(F)) according to Proposition 6.3.1),
then py ©® id = ww* ©id evolves as p; ® id, where p; is a family of projections on F(Eg, ). A



228 Chapter 14. Other constructions of product systems

further applications of Proposition 6.3.1 shows that p,F(Er,) = Bw @ Ejp © F(Eg,). By

Theorem [14.1.1] these spaces form a product system and one may check the identification

(Bw ® Epq ® F(Er,)) ® (Bw® Ejgq ® F(Fr,))
= F(s1)(Bw @ Ejoq © F(Eg,)) © (Bw @ Ej g © F(Eg,))
= (Bw® Ej144 © F(Ejo0)) © (Bw @ Egy © F(Ew,))
= Bw ® Ejgy © F(Er,) ® Ejt1s © F(Elo) © (Bw @ Epy ® F(ER,))
= Bw @ Ejy O F(Er,) © B © F(Er,) = Bw @ Ejg44 © F(Er,).

For F' being some separable Hilbert, this result is due to Fowler [Fow95]. He also showed
that the product system is isomorphic to I'(¢?), independently of the dimension of F. We
expect also in the Hilbert module case that the product system is some type I. system, but

we did not yet investigate that point.

In how far Ey—semigroups on B%(F) are classified by their product systems? Of course,
we expect as answer that they are classified up to outer conjugacy. First, however, we must
clarify in which way we have to ask this question. In Arveson’s set-up all Hilbert spaces on
which he considers Ey—semigroups are isomorphic. It is this hidden assumption which makes
the question for cocycle conjugacy possible. Nothing gets lost (up to unitary isomorphism),
if we restrict Arveson’s set-up to a single infinite-dimensional separable Hilbert space. Now

we can ask the above question in a reasonable way.

14.1.5 Theorem. Let (E,§) be a Hilbert B-module E with a unit vector §. Furthermore,
let ¥ and V' be two strict Ey—semigroups on BY(E). Then the product systems E® and
E'® associated with 9 and V', respectively, are isomorphic, if and only if 9 and V' are outer

conjugate.

PROOF. Let u be a unitary left cocycle for ¥ such that 9" = 9*. Then w;p; = pju;. Therefore,
u; restricts to a unitary w,: Ey — E} (with inverse uj = uj [ Ej, of course). Moreover,
identifying (very carefully) E® E;, = E = E ® Ej, we find

ut<ﬂf@$t) = utﬁt(xﬁ*)xt = ﬁ;($€*>ut$t = T O Uy.

It follows that (a ®idg )u; = w(a©idg,) for all @ € B*(E). Specializing to a = jo(b) so that
a®idg, = ji(b) and a © idg = j;(b), we see that u, is the (unique) element in B! (E,, Ej)
such that u; = id ®u;. From

idOusrs = Uy = Ww(u,) = (dOidg Ou)(id Ous ®idg,) = idOu, © uy

we see that u® = (u;) .ep 18 @ morphism. (Pay again attention to the identifications, e.g.

like idp = idp ©® idg; when writing u; = idp ©uy.)
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Conversely, suppose «® is an isomorphism from E® to E' ©. Then = idoOu: E =
E® FE, — E® E; = E defines a unitary on £E. We find

w(a)u; = (idOw)(e@idg,)(idoOu;) = (a©id)(ildOwu;) = a®idg = ¥(a)
and as above
Uy = idOu, Ouy = (idOidg Ouy)(id Ous @ idg,) = wdy(u,)
In other words, u = (ut) w7 18 a unitary left cocycle and YV =09" m

Now we want to know under which circumstances (F, 9, §) is a weak dilation, or even a

white noise.
14.1.6 Proposition. For the triple (E,9,§) the following conditions are equivalent.
1. The family p; of projections is increasing, i.e. py > po for allt € T.

2. The mappings T;(b) = (&, j:(b)§) define a unital CP-semigroup T, i.e. (E,9,§) is a

weak dilation.
3. Ty(1) =1 forallt € T.

Under any of these conditions the elements & = & € E; form a unital unit £ such that
Ti(b) = (&, b&), and the j; form a weak Markov flow of T on E. The one-sided inductive

limit for £© coincides with the submodule E., = tlim pE of E.

ProoOF. [Il= 2. If p; is increasing, then p,§ = pipol = poé = £ so that T,(1) = ({,p) = 1

and

LoT(b) = (€7 ((€5000)€) = (& V(6 D(ebENOENE)
= <fapt19t079s(§bf*)ptf> = <§ﬂ93+t<§b£*)§> = s+t(b)'

2 = 3 is clear. For 3 = [Il assume that T; is unital. We find py = £ = €T3(1)§" =
EE* VL (EE%)EE™ = popipo, hence, by Proposition A.7.2(4) p; > po for all t € T.

If p; is increasing then p;& = & so that £ is, indeed, contained in all EF;. Obviously,
& O & = 04(EE7)E = 19:(E€%)E = £ so that €9 is a unital unit. However, the identification
of £ as an element & € E; changes the left multiplication, namely, b&; = j;(b)€, i.e. Ty(b) =
(&;,b&;). The Markov property follows as in the proof of Theorem [11.4.8. As above, we have
§s © 1y = pyry = x4 In other words, 7(s44) is the canonical embedding of the subspace E;

into E, ;. This identifies F,, as the inductive limit for (. m
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14.1.7 Proposition. On E,, there exists a (unital!) left multiplication of B such that all
E; are embedded into E, as two-sided submodules, if and only if the unit £° is central, i.e.
if (Eoo,9,1,&) with i being the canonical left multiplication of B on E is a (unital) white

noLse.

PRroOOF. Existence of a left multiplication on E,, implies (in particular) that b§ = jo(b) =

&b. The converse direction follows from Section 11.5. m

This shows once again the importance of existence of a central unit. Without central
unit we may not even hope to understand a dilation as a cocycle perturbation of a white

noise.

14.1.8 Theorem. Let (E,9,£) be a triple consisting of a Hilbert B-module E, a strict
Ey—semigroup 9 on B*(E), and a unit vector £ € E, and let i: B — B*(E) be a represen-
tation of B on E. If Ty(b) = (£,9; o i(b)) defines a unital CP-semigroup T on B, i.e. if
(E,9,1,€) is a dilation, then (E,0,&) is a weak dilation of T. In other words, any dilation

on a Hilbert module has sitting inside also a weak dilation.
PRrROOF. We have (£,1(b)§) = b so that

Ty(b) = (§,9:0i(0)5) = (£@& (i(b) ©idp) (O &) = (& (& i(0)€)&) = (£ 5:(b)¢). m

The set-up of this section is probably most similar to that of Arveson in that we study
Ey—semigroups on the algebra of operators on a Hilbert module instead of a Hilbert space.
(Normality is replaced by strictness. Passing to von Neumann modules we may again weaken
to normality.) The only ingredient what we require is existence of a unit vector, in Hilbert

spaces a triviality, here a restriction even in von Neumann modules.

14.1.9 Example. For a projection p € B let E = pBB be some right ideal in a von Neumann
algebra B. Then by Example1.1.5 F is a von Neumann B-module. Let ¢ € B be the central
projection generating the strong closure g3 of By = span(BpB). Already in this simple case,
the question for a possible unit vector pb € E has different answers, depending on the choice
of B and p.

Let p = (§3) € M. Then E consists of all matrices B = (§4%) (b, € C). Consequently,
(B,B) = B*B = (& ) 1f this is 1 then ¥/b = 0 from which b’ = 0 or b = 0 so that o't = 0
or bb = 0. Hence, (B, B) # 1.

Conversely, by definition in a purely infinite unital C*—algebra B for any a > 0 (in
particular, for the projection p) there exists b € B such that b*ab = 1. Instead of exploiting

this systematically, we give an example. Consider the elements b = ¢* (é) and b = (* ((1))
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in B = B(F(C?)). (Observe that the von Neumann algebra generated by b,b" is B. The
C*-algebra generated by b, is the Cuntz algebra Oy [Cun77].) Now the matrix B € My (B)

defined as before is a unit vector in pMs(B) (where p acts in the obvious way).

To answer the interesting question, whether each product system comes from an Ey—semi-
group (answered in the affirmative sense by Arveson [Arv90b] for seprarable Hilbert spaces),
we certainly have to find first the right technical conditions (measurability in Arveson’s set-

up). We reserve these and related problems for future work.

We close with a discussion in how far the set-up of Kiimmerer [Kiim85] (being the
basis for Hellmich, Kostler and Kiimmerer[HKK9S8, Hel01, K6s00]) fits into ours. We do
not require all assumptions from [Kiim85], and phrase only those which we need when we
need them. In the first place, we do not consider only von Neumann algebras with faithful
invariant normal states, but unital pre-C*—algebras with a faithful conditional expectation.
Invariance of this conditional expectation takes place, if and only if we are concerned with
a white noise.

Let A be a unital pre-C*-algebra with a C*-subalgebra B, containing the unit of A,
and a faithful essential conditional expectation ¢: A — B (cf. Definition [4.4.1). Denote by
(E, &) the GNS-construction for ¢. Since ¢ is contractive, so is the pre-Hilbert A-B-module
E. Since ¢ is essential, we may identify .4 isometrically as a pre-C*—subalgebra of B*(E).
Since ¢ is faithful, the mapping a — af is a bijection A — FE. Recall that E is also a
B-B-module, and that £ € Cg(E).

An automorphism « of A gives rise to a bijective mapping u: a§ — «a(a)§ on E. If «
leaves invariant ¢ (i.e. p o a = ), then (ua,ud’€) = p(a(a*d)) = p(a*ad’) = (a&,d’§) so

that u is a unitary. Moreover,
uauw*d'é = uwaa(d )¢ = alaa'(d))¢ = ala)d€.

In other words, o = ueu* extends to an inner automorphism of B%(E) and further of B(E).
Now suppose that (A, a,id, ) is a (unital) white noise with an automorphism group «. It
follows that there exists a unitary group u in B%(FE) such that (E,u e u*,id, &) is a (unital)
white noise with a semigroup of inner automorphisms. In particular, any white noise over
B in the sense of [Kiim85] may be first identified as a white noise on a subalgebra of B*(FE)
an then extended to a white noise on the Hilbert module E. It is routine to show that
also (after passing to the von Neumann module ES) technical conditions like normality and
strong continuity of u e u* are preserved. Of course, the extension (¢, e¢) to B4(E) D B of
the conditional expectation ¢ is no longer faithful (but, still essential).

Observe that u leaves invariant £ so that the associated product system is the trivial

one (cf. Example [14.1.4). This situation does also not change, if we pass from the white
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noise a to a cocycle perturbation o* (dilating some non-trivial CP-semigroup 7'), because
by Theorem [14.1.5/ the product system is an invariant for outer conjugacy.

Suppose the automorphism white noise (A, «, id, ¢) comes along with a filtration which
is covariant for the time shift automorphism group «. In particular, A has a future sub-
algebra A, which is left invariant by all o4 for ¢ > 0. Thus, by restricting o to A, and
t > 0 as in Example [14.1.4, we obtain an Ey—semigroup ¢ on A, (which under a simple
minimality condition on the filtration is non-trivial, if « is) and (A, 9,1, ¢ | A, ) is a unital
endomorphism white noise.

The GNS-module of ¢ | A, is the submodule E, = A,¢ of E. We may ask whether it
is possible to extend the Ey—semigroup ¥ on A, to an Ey—semigroup on B*(E,). Another
way to say this, is to ask whether the unital embedding A, — A allows for an extension
to a wnital embedding B*(E,) — B%(E) such that that restriction of u e u* to B*(E,)
gives rise to an Fy—semigroup on F,. A solution of this problem should be related to
the question whether it is possible to factorize F into E, ® ER. (Like for the full Fock
module in Example 14.1.4, also Eg should be some submodule of F, but it need not be the
GNS-module E_ of the past algebra A_.) Presently, we do not know whether there is an
affirmative answer. Hower, if the answer is affirmative, then we will have a canonical way to
associate with a white noise (A, «, id, ¢) in the sense of [Kiim85] a white noise (E,1,,1i,§)
of (non-trivial) endomorphisms, and further a (non-trivial) product system. Thus, we may

hope that product systems help classifying also white noises in the sense of [Kiim8&5].

14.2 Transition expectations

In [Lie0Ob] Liebscher proposed a continuous time version of quantum Markov chains in the
sense of Accardi [AccT4, [Acc75). For 0 < t < oo let us consider the Hilbert spaces H; =
G&T(L*([0,t),$) (with initial space G and another Hilbert space §). Denoting B = B(G),
Ar = B(H;) and Af = B(I(L*([0,t),$)), we have 4, = B ®° Af and A5, = AS ®@" AS,
whence, also Agy = As ®° Af. Liebscher defines a system of transition expectations as a
family (7}7) teR,

TE, = T} o (T; ® id). One can show that the typical system of transition expectations

of unital (normal) completely postitive mappings TF: A, — B fulfilling

arises via TF = u} e u; from a family u = (ut) — of isometries u,: G — H,; fulfilling
Usr¢ = (us ® id)uy. Since this property reminds us of a cocycle property, Liebscher called u

a cocycle of type (H).

14.2.1 Remark. The discrete version in the case where A = B®" (A°, = ... ® B ® B)
and A, = B ® AS gives us back Accardi’s quantum Markov chains. Here the transition

expectations T are determined uniquely by T:*: B® B — B and the composition property.
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14.2.2 Remark. By restriction to $ = {0}, i.e. A = C, we are concerned with the case

of unital CP-semigroups on B.

We know that we may interprete H, as E, ® G where E, = [I'(L**([0,1),95)) via
Stinespring representation, and that A; = B(E}), whereas A¢ is just the B—center B4V (E)
of A;; see Examples 6.1.6 and [14.1.3. In this module interpretation u, is an element in
B(G, H;) = E; and the cocycle property means nothing else, but that w is a (unital) unit
such that T} = (uy, eu,).

EY = (Et)teﬂh
an arbitrary product system E® then T}(a;) = (&, a;&) defines a family of unital completely
positive mappings B*(E;) — B fulfilling T, ¢(V:(as)ay) = Ti(Ts(as)af) for all a; € B*(Ey)
and af € B*(E,). Contrary to the case B = B(G), here we do not know, whether
B C BYE;) and B*Y(E;) C B*(E;) are in tensor position (i.e. whether the subalgebra
span(BBY(E,)) of B4(E;) is isomorphic to B ® B¥Y(E;) (this is certainly wrong if BN
Babil(E,) # C1), nor do we know, whether this subalgebra is strongly dense in B*(E}).
The same questions are open for the (mutually comuting) subalgebras idp, ©B**!(E};) and
BB ®idg, of BYY(E,,,).

Following Liebscher and Skeide [LS00a], we present a set of axioms on families (A;)
and (Ag)teﬂl‘

transition expectations (Tt) reT which allows us to show a reconstruction theorem. More

is isomorphic to a time ordered product system. If £€® is a unital unit in

teT
of pre-C*—algebras (there is no reason to consider only the semigroup R, ) and

precisely, we want to find a product system E® such that on each F; we have a representation
of Ay, and a unit £ such that Tj(a;) = (&, a:&). The obstacles mentioned just before show
that we may not hope to conclude backwards, i.e. to find such families from a given pair
(E®,£9). The reconstruction will follow very much the lines of Section 11.3. As this
construction is purely algebraical, we start also here on an algebraical level, pointing out
the places where to put topological conditions like contractivity or normality. We only recall
that B is always a unital C*—algebra (sometimes a von Neumann algebra).

B ® Af is a particularly simple example of a B-algebra; see Definition 4.4.1. Of course,
a B-algebra is a B-B—module, and as such it can be centered or not. We are interested in
B-algebras with a distinguished subalgebra A¢ C Cs(.A) of the B—center of A such that .4
is (toplogically) spanned by B.A°. From the discussion above we know that 4. may be, but
need not be all of Cg(A).

14.2.3 Definition. Let A® = (A;) wep D€ a family of x-B-algebras with a family A® =
(Af),oq of *-subalgebras Af C Ci(A;) of the B-center of A, such that span(BA;) = A,.
We require Ay = B and Aj = C.

Let a = (asat)s,teﬂr
span o ¢ (AS @ A7) = AS,,. (This implies, in particular, that spanag(As @ A7) = Agpy.)

be a family of unital homomorphisms A4, ® Af — A,y such that
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We require that ag; is the canonical mapping b ® a; — ba, and that o, = id4,, We define
oty = agy | (AL ® AY). We say (A®, A® ) is a left tensor product system of x—B-algebras

with central tensor product system A°®, if o fulfill the associativity condition
Qrspe 0 (Id®ag,) = appqo (., ®id).

If we speak about pre-C*-algebras, we require that the «; are contractive. If we speak
about von Neumann algebras o, should be normal. For C*-algebras or von Neumann
algebras, instead of the linear span we take the closure (in the respective topology) of the

linear span.

14.2.4 Definition. Let T = (Tt) rer be a family of unital completely positive mappings
EZ .At — B with TO = IdB and

Teproasy = Tyoapso(Ts®id).

We say T is a
indextransition expectations!system ofhlsystem of transition expectations, if there exists a

family (Zoi¢¢) of mappings Zsys¢: Aspy — A such that

s,teT
Teirroasr = apgo (Ty®id). (14.2.1)

We use the conventions as in Definition [14.2.3| for topological variants.

If 7 exists, then it is uniquely determined by (14.2.1). Basically, (14.2.1)) tells us that the
unital completely positive mapping bas ® a; — Ts(bas)a; (b € B,as € A, a; € Af) factors
through ay ;. Therefore, also 75, is unital and completely positive. If all a,; are injective
(like in [Lie00Db]), then we may forget about (14.2.1), at least, from the algebraical point of
view. Later on, (14.2.1) shows to be responsible for the possibility to define a representation
of A¢ on the member E; of the GNS-system E® of T

Another aspect of (14.2.1), even if the oy, are injective, is the topological one. (The fact
that A, ® A¢ is algebraically isomorphic to (a dense subset of) Ay, does not mean that
some natural topology on the tensor product A; ® A¢ gives us back the correct topology on
Asi.) The topological requirements on 7 provide us with all necessary information in order
that the construction of the GNS-system is compatible with existing topological structures.

Before we come to the construction of the GNS-system, we draw some general conse-

quences from Definition 14.2.4.

14.2.5 Corollary. The embeddings as; | (1 ® A5) of AS into Asys are injective. In other

words, we may consider A as a subalgebra of Agyy.
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PrOOF. We apply (14.2.1) to 1®a, and obtain T, joas 1 (1®a) = o 0(Ts®id)(1Ra;) = ay.
Therefore, T 0 sy | (1 ® AY) and a fortiori o | (1 ® Af) is injective. m

The embedding, in general, does not extend to 4;. Saying that the copy of B in A; is
attached to time t, it is, roughly speaking, acting at the wrong time to be imbedded into
A,y where it should act at time s + t. We will see later on very clearly that the different
actions of B at different times correspond to a weak Markov flow. Of course, there is an
embedding ag; | (As ® 1) of A, into Ay, but (except for s = 0) it need not be injective.

14.2.6 Corollary. The A{ with the embeddings of, | (1 ® Af) form an inductive system
with inductive limit A°. On A® we define an Ey-semigroup © by setting ©(a,) = af (a,®1)
(where we identify as € AS and as(as ® 1) € AS,, with the corresponding elements in A°).

14.2.7 Proposition. Toitt © Tgsqtort = Lo
ProOOF. We have

7—H~s+t,t O Qpqst O (ar,s ® |d) = Qpt© (TrJrs ® |d) % (ar,s b2y |d>
= ap0(Ts®id) o (s ®id) o (T, ®id®id) = Ty 0 a5 0 (aps ®id) o (T, @ id®id)
= S-‘rt,t O 040’8+t (@] (|d ®O[§,t) O (TT‘ ® |d ® |d) — S+t,t O OéO,S-‘rt O (T’!’ ® |d ® |d) @) (|d ®Oz;t)

. ¢ .
= g4t © Z‘—l—s—l—t,s—l—t O Qp s+t © (ld ®0557t> = L4t © Z"—l—s—&-t,s—l—t O Qpyst O (ar,s ® |d)

Since, the range of o, 45, 0 (o, s ® id) is all of A, ;44 this shows the statement. m

The mappings 7,4, have some aspects from a markovian system of conditional expec-
tations; see Accardi [Acc78]. Of course, neither 7, ¢, nor Topy, [ (AS,,) are conditional
expectations. The former are not, because (cf. the discussion before Proposition [14.2.7) A,
cannot be identified with a subalgebra of A, and the latter are not, because they map
into A;, not Af.

We come to the construction of the GNS-system. Denote by Eert,t the GNS-module of
7511 With cyclic vector §s+t,t and denote by Et the GNS-module of T; with cyclic vector
fvt. We may consider the A, ,—A;—module ESJFM also as A,—B-module (of course not, pre-
Hilbert module, because the inner product takes values in 4;, not in B) via the embeddings
As — a5 (As®@1) C Agyy and B — ap (B 1) C A,

14.2.8 Proposition. The A,-B-submodule of Es+t,t generated by §S+t7t 18 1somorphic to
the pre-Hilbert As—B-module E, and the A,~B-linear extension of the mapping

€s+t,t — gs

18 the isomorphism.
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PROOF. It is sufficient to show that

<§s+t,ta asi(as ® 1)§s+t,t> = Top0a5(as,®1) = ap(Ts(as) @1)

for all as € A,. Then also the As—B-linear extension is isometric (of course, it is surjective)
and, therefore, well-defined. A fortiori the inner product of the submodule of Esﬁt takes
values in o (B®1) =B C A =

We observe that the elements of A{ (C Agi¢) commute with all elements in the the
A, B-submodule E, C Es%t, and that Es%t is generated by A§ and E,.

14.2.9 Proposition. Let F' be a pre-Hilbert A,—~C—module (which we may also consider as
a pre-Hilbert B-C—module). Then

ESQF - Es—l—t,t@F-

In particular, E,0F isa pre-Hilbert Ay ,—C—module.

v

PROOF. l:?s%t ® F' is spanned by elements of the form z,a; ©y = 2, © ay € Es © F
(rs € Eyyay € ASy € F). m

14.2.10 Corollary. Let t € J; and s = o(t) € I (see Proposition|B.3.2). Then

v v

Et = Etn ®...® Etl = ESn,Sn—l © Esn—lasn—Q ©...0 Evslao

is a pre-Hilbert A,-C—module.

14.2.11 Remark. The crucial point here is that, although we construct E; as multiple
tensor product of B-B-modules, it carries a well-defined left action of A;. The reason why
this works can be traced back to the condition in (14.2.1). The message is that an element
a=ay, ...a; € Af which is thought of, roughly speaking, as a product of elements a;, € A7,
suitably shifted to the interval [s;_1, s;] acts as a(x;, © ... O xy) = ay, 2y, © ... O ayxy,. We

do not formulate this in a more precise manner. We only want to give an intuitive idea.

Now we are reduced precisely to the situation in Section 11.3. We define two-sided
isometric mappings S : Es — Et and construct an inductive limit E;. The only difference is
that we are concerned with an inductive system of pre-Hilbert A,—B—modules. Consequently,
also the inductive limit E; is a pre-Hilbert A;—B-module. Nevertheless, considering FE; as
a pre-Hilbert B-B-module, the E; form a product system E®. Also here the ét give rise to
elements & € E; which form a unital unit £® for E®. We collect these and some more fairly

obvious results.
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14.2.12 Theorem. Let T be a system of transition expectations for (A®, A°® «). Then
there exists a pair (E©,£%) consisting of a product system pre-Hilbert B-B-modules E® and
a unital unit £° for E°, fulfilling the following properties.

E, is also a pre-Hilbert A;—BB—module, and generated as such by Ef@}. The restriction
of the left multiplication of A; to the subset B gives back the correct left multiplication of
B. In particular, AS is represented as a subset of B*Y(E,). Finally, Ty(a) = (&, a&;) for
a € A;.

The pair (E®,£9) is determined by these properties up to isomorphism. We call E® the
GNS-system of T.

Such a product system has a unit, but it need not be generated by it. It is also not
sure, whether E® will be generated by all of its units. (This fails probably already in the
case B = B(G), when we tensorize B with a type II Arveson system $ and take for T' the
expectations generated by a unit for §© .) It is interesting to ask, whether the preceding
construction allows to find non-type I product systems which are not tensor products with

non-type I Arveson systems. We postpone such questions to future work.

14.2.13 Theorem. On the one-sided inductive limit E for the unit £ (see Section|11.4),

besides the weak Markov flow 7 of B, we have a family j¢ = (jf) of unital representations

a; — id ©a; of AS. These representations are compatible with tfideuctifue structure of the
Af (e jSooey | (1®AF) = j7 ). Therefore, there is a unique unital representation jS, of
A¢ on E. (As there is, in general, no natural left action of B on E, it does not make sense
to speak about bilinear operators on E.) Moreover, j5 o ©p = U, o jS..

By Jioagy =mo (j; ®jf) (where m denotes multiplication in B*(E)) we define a family
J= ()

property

wer Of representations Jy of Ay, These representations fulfill the generalized Markov

prdsri(a)pr = Jpo Topis(a).

14.2.14 Corollary. An adapted unitary cocycle u® for © (i.e. u§ € A¢) gives rise to a local

cocycle u for ¥ via uy = id Quy.

Needless, to say that all statements extend to completions or closures under the assumed
compatibility conditions. We do not go into details, because it is fairly clear from the corre-
sponding arguments in Chapter 11. We only mention as typical example for the argument
that the assumption of normality for 7;1,; (when B and A; are von Neumann algebras)

=S
guarantees that £ ,, is a von Neumann 4,~B-module.
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Chapter 15

Outlook

In this chapter we summarize what we achieved about product systems and compare it with
existing results in special cases. Then we put it into contrast with open problems for which

we have not yet a solution or only a partial solution.

15.1 Existing and open correspondences

By Theorem [14.1.1/ we associate with any strict Ey—semigroup ¢ on B%(FE) a product system
E®, if at least one unit vector £ € F exists. Moreover, we construct an isomorphism of E® E;
and E such that ¥ can be recovered as ¥;(a) = a ® idg,. Proposition 14.1.2 asserts that
E® does not depend (up to isomorphism) on the choice of {. Theorem [14.1.5 tells us that
two strict Ep—semigroups ¥ and ¢' on B*(F) have the same product system, if and only if
they are outer conjugate. (These results require no assumption on some continuity of the
t—dependence of 9. The form we recover ¢ with the help of the associated product system
shows, however, that strictness of each ¥, is indispensable.)

Specialization to the case where F = G is some Hilbert space (and strongly continuous
normal Ey—semigroups with T = R,), gives us back Bhat’s construction [Bha96] of product
system which is, as discussed in Example 14.1.3, equivalent to the result of Arveson’s original
construction [Arv89al.

Arveson’s result [Arv90b] that any Arveson system arises in that way from an Ey—semi-
group is, presently, out of our reach and probably wrong in the stated algebraic generality.
First, we must find the correct technical conditions replacing Arveson’s measurability as-
sumptions on the product system. For the time being, from our construction in Theorem
14.1.1l we cannot say much more than that, starting from a product system E®, its mem-
bers E; should be embeddable (as right modules) isometrically into a fixed (pre-)Hilbert

B-module E with a unit vector £. In this case there would also be supply for measurability

239
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conditions on certain cross sections.

The following diagram illustrates the situation.

[Ske00al
(B,9,6) ? — po
specializatidn
wo [BLa%6] (~ [Arv89al) e
G, 0, ®
( g) [Arvo0b| ﬁ

If (E,9,¢) and (E,v, ') are strict Ey—semigroups on the same B?(F) with possibly different
unit vectors &, & but isomorphic product sytems E® = E'®. then we know from Proposi-
tion 14.1.2 and Theorem [14.1.5/ that the semigroups are outer conjugate, as with normal
Ey—semigroups on B(H) and Arveson systems. However we know nothing like that, if F
is not isomorphic to the module £’ where ¢ lives. In particular, we do not know, whether
this may happen at all.

The situation gets considerably more complicated, if the triple (£, 9, £) is a weak dilation.
By Proposition 14.1.6/ this is the case, if and only if (£, 9,(£€*)§) = 1 for all ¢t € T, in which
case the mappings T, = (&, j,(8)§) with j, = 9;(£ @ £*) form a unital CP-semigroup 7" on B
dilated by 9, and the j; form a weak Markov flow j on E for T. The product system E®
associated with this weak dilation has a unital unit £® and T¢ = T. By Theorem [14.1.8 we
may always pass from a dilation (E, 4,1, §) to the weak dilation (F,,£).

Conversely, if we start with a product system E® with a unital unit £®, then the one-
sided inductive limit from Section [11.4/ provides us with a dilation (E,#,&) of the unital
CP-semigroup T¢. If E,, = E, this dilation is called primary. In general, the pair (E®,£®)
constructed from an arbitrary weak dilation (F, 4, ) gives us back the weak dilation via the
one-sided inductive limit, if and only if it is primary.

Also starting from a unital CP-semigroup 7', the two-sided inductive limit from Section
11.3/ provides us with a product system E® and a unital unit £2. The product system is the
minimal, i.e. E{ﬁ}Q, whence by Proposition 12.1.1 the dilation constructed via the one-sided
inductive limit is the minimal one, i.e. £ is cyclic for the weak Markov flow j.

We illustrate this.

(E7 197 i? 5) T Té
? [BS00)]
\ T[SkeOOaj T
[Ske00a, A0 .
(E,9,6) l J (E®E°)==== == (E{E}Q’ér@)
[SkeO0a XS _F=Fu EO—Rl&}
/ restr\ <~ \L[BSOOJ i[BSOOJ
. ] | N Boo=E"1" min
(Eyj> restr. (Eoo7]) restr. (Eooﬂ?,f) ***** (E 71975)
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Here the interrupted arrows hold, if and only if the assigned conditions hold. Thus, starting
with a dilation (F,d,£) and going upwards to the CP-semigroup 7', the clockwise way
arround the diagram gives back the dilation, if and only if £ = E™™", i.e. if the dilation
is the GNS-dilation of T'. Restricting the GNS-dilation ¥ on B*(E™") to A, = alg jr(B),
we obtain the minimal ep—dilation from Bhat [Bha99]. Open is the question, in how far
it is possible to turn a weak dilation (E,d,€) into other types of dilation (E,¥,1i,§), in
particular, into unital dilations. There is a partial result by Bhat [Bha01] who provides us
with a criterion (cf. Remark 13.2.9) to decide from the form of the generator of a normal
uniformly continuous unital CP-semigroup on B(G), whether the Ey—semigroup of the GNS-
dilation coincides with the unital dilation constructed from that generator on the symmetric
Fock space with the help of Hudson-Parthasarathy calculus.

On the level of dilation the relation of the diagram with existing work on B(G) is rather
boring. Choosing any unit vector in G we obtain a dilation of the only possible unital
CP-semigroup C, namely, id. It is more interesting to think of the construction of a product
system from a CP-semigroup as a generalization of Arevson’s construction of a product
system from an Fy—semigroup on B(G). The generalization has two aspects. Firstly, passing
from Ey—semigroups to CP-semigroups 7" but still on B(G). This was done already by Bhat
[Bha96] who constructed the unique minimal dilation to an Ey—semigroup on some B(H)
and then applied Arveson’s construction. We pointed out that we arrive at the same result,
we if construct our product system of von Neumann B(G)-B(G)-modules and then restrict
our attention to the subsystem of Hilbert spaces consisting only of the centers as explained
in Example 11.1.4. Secondly, we can stay with Ey—semigroups but now on an arbitrary
(unital) C*—algebra B. We discussed this in Example 11.1.3. Restrospectively, it is clear
that this is not more than a restriction from our construction for CP-semigroups, and also
the extraction of Arveson’s results for B = B(G) is the same as before. An interesting
question is what happens in the case B = B*(FE) for some (pre-)Hilbert C-module. What
is the relation of the product system (Bt) ser Of B-B-modules from Example11.1.3 and the
product system E® of C—C—modules constructed in Theorem [14.1.17 Presently, we do not
know the answer. We expect, however, from the example C = C that there are interesting

relations.

15.2 Type II product systems

In Section [11.3/ we associated with each CPD-semigroup ¥ on a set S with values in Kg(B)
a GNS-product system E® and a mapping £: S — U(E®), 0 — £°© such that ‘i’f’gl(b) =
(7, b€7") and such that the subset €59 C U(E®) of units for E® is totalizing. An arbitrary
product system E® arises in this way, if and only if it is of type I. Any product system
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contains a type I subsystem generated by its units

Similarly, type I Arveson systems are those which admit a totalizing set of units. How-
ever, Arveson’s units have to fulfill a measurability requirement. One can show that an
arbitrary normalized unit differs from a measurable unit just by a possibly non-measurable
phase function and that to any algebraic normalized unit there exists a measurable struc-
ture on the product system for which this unit is measurable; see Liebscher [Lie00a]. The
measurability conditions assure that inner products among measurable units are continuous
time functions. We see that in the case of Arveson systems we start with nothing and end
up with continuous units.

In our case, in general, it is neither possible to normalize a unit (and also for a continuous
unit it is not a triviality) nor do we know in how far the CP-semigroup 7% for a normal-
ized unit £ differs from a measurable (in what sense ever) CP-semigroup. Therefore, we
restricted our attention to type I. product systems which are generated by a set S C U(E®)
of units for which the associated CPD-semigroup i [ S is uniformly continuous. By The-
orem [11.6.7 this is equivalent to that inner products among units from S are continuous
time functions. In Chapter 13/ we showed that type I. product systems are contained in a
time ordered product system and that type I, product systems are time ordered product
systems of von Neumann modules (generalizing the fact that type I Arveson systems are
time ordered Fock spaces). Example [7.3.7 shows that type I5, product systems may have
units which are only strongly continuous. We consider it as an interesting question, whether
it is possible to extend the preceding result to type 1%, product systems (i.e. the strongly
totalizing set S of units leads to a CPD-semigroup i [ S which may be only strongly con-
tinuous). This would imply that type I¥, product systems, actually, are type I,. We hope
that as many type I* product systems as possible turn out to be type I, so that, at least,
for von Neumann modules there can be a single definition of type I.

Type II Arveson systems are those which admit at least one (measurable) unit (and
are not type I). Already Arveson pointed out that life is much easier, if there is a unit.
For instance, the construction of an Ey—semigroup from an Arveson system with unit was
already mentioned in [Arv89al, whereas the construction for general Arveson systems had
to wait until the last one [Arv90b] in a series of four long articles. Zacharias [Zac96, Zac00]
shows many properties of Arveson’s spectral algebras [Arv90a] (among these their K-theory
and their pure infiniteness) if the underlying product systems have at least one unit.

In our case the existence of a unital unit allows to embed all members E; of a product
system E® into one space, namely, the one-sided inductive limit E as constructed in Section
11.4L In Section 12.5 we explain how this can be used to define the analogue of Arveson’s
spectral algebra. Also a measurable structure drops out immediately, by saying that a family

(xt) et of elements x; € E; is measurable, if the function ¢t — z; € E is measurable.
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We used a similar definition for continuity of units relative to a fixed (continuous) one
already in Section 11.6. By Theorem [11.6.7 the continuity of a set S of units relative
to a fixed one implies continuity of any unit in S relative to any other and, therefore, is
an intrinsic property of S not refering to the inductive limit constructed from one of the
units. This is similar to Section 13.1] where existence of a single central unit among a
set of continuous units allowed already to conclude that the generator of the associated
CPD-semigroup is a CE-generator.

Let us recall that the type IZ, product system generated by a single continuous unit is
all of a certain time ordered system of von Neumann modules and, therefore, contains not
only a unital, but also a central unital unit (for instance, the vacuum of that time ordered
system). Conversely, we pointed out that extistence of a central unit in such a system is
equivalent to the results by Christensen and Evans [CE79]. (We repeat the question, whether
it is possible to show extistence of a central unit without utilizing [CET79], thus, giving an
independent proof of [CET79].) Finally, by Example 11.2.6/in the case B = B((G) the central
units for a product system of von Neumann modules correspond precisely to the Arveson
units for the central subsystem of Hilbert spaces. We propose the following defintion of type
IT product systems and leave a detailed analysis in how far the internal structure (such as
independence of the maximal type I subsystems of the choice of a reference unit) to future
work. The remaining product systems should be type III, however, until now it is totally

unclear, how to impose technical conditions to them (in a reasonable way, of course).

15.2.1 Definition. A product system E® is type /I, if it is not type I and has at least one
central unital unit. It is type /[, if this unit can be chosen continuous (i.e. T¢ is uniformly
continuous). If we speak about product systems of Hilbert modules and von Neumann
modules, then we write type Il and type IF, respectively. It follows that a product system

of von Neumann modules is type II¢ (or, actually, type I1%,), if it has a continuous unit.

Liebscher [Lie00a] shows us a way to associate (on-to-one) with an Arveson system a

type II Arveson system. We believe that his construction works also for Hilbert modules.

15.3 Index

Two Ey—semigroups on B(G) may be tensorized to obtain a new Ey—semigroup on G ® G.
If G is inifinite-dimensional and separable as in Arveson’s set-up, then so is G ® G and,
therefore, again isomorphic to G. (We could try to speak of a tensor product within the
category of Fy—semigroups on B(G). However, because it is not reasonable to distinguish a
certain isomorphism of G ® G and G, the operation of tensor product is rather an operation

up to unitary isomorphism.) In general, there is no reason to restrict the dimension of G to
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a certain value, and we speak of a tensor product of pairs (G,d) and (G’,9’) giving a new
pair (GG, ¥R 79).

The Arveson system $© of any E, semigroup ¢ contains a maximal type I Arveson
subsystem $° generated by its (measurable) units which is isomorphic to I'®($)) for some
Hilbert space $ which is determined by the product system up to unitary isomorphism.
In other words, we can associate with any Arveson system a number in n € Ny U {0},
the so-called index being the dimension of §); see Arveson [Arv89al. (There is no reason
to exclude the cases n = 0 and $) non-separable.) For type I Arveson systems we have
['(9H)®RM2(H) =T?$HDH) so that the indices are additive under tensor product (thus,
justifying the name indez). One can show (roughly speaking, because units in the tensor
product of two Arveson systems must be elementary tensors of units) that the same is true
for non-type III systems. Putting by hand the index of a type III system to oo, we obtain
that the index is an invariant of Arveson systems for outer conjugacy of Ey—semigroups on
Hilbert spaces, which is additive under tensor product.

Also in our product systems we have that a type 11, system E©" contains (after having
fixed a continuous unit, replacing somehow Arveson’s measurability requirements) a maxi-
mal type [, subsystem EIGS isomorphic to some II'®*(F) and F is determined by E®" up
to (two-sided) isomorphism. The module F' (by Proposition [14.1.2 and Theorem 14.1.5/ an
outer conjugacy invariant of the Ey—semigroup 9 constructed from any of the unital contin-
uous units) is, however, no longer determined by a simple dimension. If we want to define
an index, then we have to consider the whole space F' as a candidate. But then we have
to ask what is the operation among product systems which sends I'“(F) and I'®(F") to
II®(F @ F'). Alternatively, we can ask what is the operation among weak dilations (FE, 9, £)
which sends (IT®(F),8,w) and (IT®(F’),8,w) to (IT®(F & F'),8,w). Since we do not yet
know the answer, we hesitate to call the invariant F' of product systems of von Neumann
modules (maybe, paired with with a continuous unit) an index.

The described problem is typical for independence over the algebra B in the sense
that we have to put together two B—algebras in order to obtain a new one which contains
the two as B-subalgebras. The proper independence (over C) in Arveson’s framework is
tensor indpendence and the construction is just the tensor product. But already in [Ske98a]
we pointed out that a tensor product of B-algebras in general cannot be eqipped with a
reasonable multiplication law. An exception are centered B—algebras as considered in Skeide
[Ske96, Ske99a]. Also Landsman [Lan99] constructed a different example. For the solution of
our problem we expect a module variant of the independence arising by looking at creators
and annihilators on the time ordered Fock space (see Example [9.1.4) as introduced by Lu
and Ruggeri [LR98]. This independence is also subject to a systematic investigation by
Muraki [Mur00].



Part 1V

Quantum stochastic calculus

The beginning of quantum stochastic calculus how it is used today is probably the calculus

on the symmetric Fock space T'(L*(Ry, H)) by Hudson and Pathasarathy [HP84]. (Cf.,
however, also the works [AH84] devoted to a calculus on the Fermi Fock space and [BSW82]
devoted to the Clifford integral.) The free calculus on the full Fock space F(L*(R,)) was
introduced by Kiimmerer and Speicher [KS92, [Spe91]. Shortly later Fagnola [Fag91] showed
that free calculus fits after very slight modifications into the representation free calculus in
Accardi, Fagnola and Quaegebeur [AFQ92].

One of the main goals of quantum stochastic calculus is to find unital dilations of unital
CP-semigroups on a unital C*—algebra B (see Section [10.1). In usual approaches the initial
algebra B is taken into account by considering the tensor product of the Fock space by an
initial space G on which B is represented. In the calculi in [HP84, [KS92, Spe91] the dilation
problem has been solved for special CP-semigroups on B(G), namely, those with (bounded)
Linblad generator [Lin76] of one degree of freedom (i.e. the one-particle sector is L*(R,)
and in each of the possibly infinite sums of Equation (17.1.1) only one summand remains).
A general Lindblad generator (for separable G) requires a calculus with arbitrary degree of
freedom (with one-particle sector L2(R,, §)). For the symmetric calculus this problem was
solved in Mohari and Sinha [MS90] where infinite sums of integrators appear. A similar
calculus on the full Fock space was treated in Fagnola and Mancino [FM92]. (However, this

calculus is only for one-sided integrals and the conservation integral is only mentioned.)

Here we concentrate on the free calculus on the full Fock module as developed in Skeide
[Ske00d]. Already in the case of Lindblad generators (i.e. CP-semigroups on B(G)) it has
enormous advantages using Hilbert modules just as a language. The initial space disappears.
Instead, we consider two-sided Hilbert modules over B(G). The infinite sums of integrators
are replaced by a finite sum (just one summand for creation, annihilation, conservation and
for time integral). We explain this in Section [17.1.

However, a calculus on Fock modules does more. It allows to find dilations for (bounded)
generators of CP-semigroups on arbitrary C*—algebras B whose form was found by Chris-
tenson and Evans [CET9]. Recently, Goswami and Sinha [GS99] introduced a calculus on
a symmetric Fock module (Skeide [Ske98al), and used it to solve the dilation problem for

Christensen-Evans generators.
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The one-particle sector is obtained by GNS-construction from the generator and, there-
fore, it is a Hilbert B—B-module. One problem which had to be faced in [GS99] is that (see
Chapter 8) the symmetric Fock module over an arbitrary Hilbert B-B-module does not
exist without additional assumptions. One sufficient assumption is that the Hilbert module
is centered. We know that von Neumann B(G)-B(G)-modules are always centered (see
Example 3.3.4). And, indeed, in [GS99] it is one of the first steps to embed the the Hilbert
B-B-module which arises by GNS-construction into a bigger Hilbert B(G)-B(G)-module.
On the contrary, a full Fock module can be constructed over arbitrary one particle sectors.

Therefore, in our case we do not have to enlarge the one-particle sector.

A first attempt for a calculus on a full Fock module was made by Lu [Lu94] where the
calculus lives on the Fock module F(L*(R,,.A)) (instead of F((L*(R,, E)). As A is the
simplest A-A-module possible, the module structure of the one-particle sector very simple.
In fact, the calculus is isomorphic to the calculus on G ® F(L*(R,)) in [KS92] where A
is represented on G. However, the algebra A = B*(F(FE)) is very big and contains the
original algebra B only as a, usually, very small subalgebra. We also mention the abstract
calculus by Hellmich, Késtler and Kiimmerer [HKK98, [K&s00, Hel01] where a one-to-one
correspondence between additive and multiplicative adapted cocycles with respect to an
abstract white noise is established. These results are, however, restricted to the set-up of

von Neumann algebras with faithful normal (invariant) states.

Our approach to calculus is inspired very much by [KS92] and we borrowed also some
essential ideas from [Spe91] as far as conservation integrals are concerned. [KS92| develops
stochastic integration for creation and annihilation processes. All limits there are norm lim-
its. Taking into account also conservation integrals destroys norm convergence. In [Spe91]
this problem is solved with the help of a kernel calculus. We follow, however, the ideas in

Skeide [Ske98b] and use the *—strong topology, dealing always with concrete operators.
The basic idea in [KS92) Spe91] is probably to use the graduation on the Fock space in

order to define a new norm. It is this idea which is responsible for the fact that we are in a
position to find a calculus of bounded operators. In Appendix A.3/ we present this idea in a

general set-up and we proof the necessary generalizations for strong limits.

For the full Fock module basic operators on it we use the notations from Chapter 6.
In particular, the generalized creators and annihilators as introduced in [Ske98b] simplify
notation considerably. Our notion of adaptedness (defined in Section 6.3, again following
[Ske98b]) is simpler and more general than the original notion in [KS92]. Also here the gen-
eralized creators play a crucial role in drawing consequences of adaptedness in a transparent
way.

In [KS92] the theory is developed for processes which belong to some L*-space. This
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is in some sense the most general class possible. Here we consider x—strongly continuous
processes. This is sufficient, because all integrals lead to processes belonging to this class.
Additionally, our restriction has the advantage that all integrals are limits of Riemann-
Stieltjes sums. On the other hand, our theory is dealing with very general integrators.
(Whereas the integrators in [KS92, Spe9l] are the simplest possible.) In fact, our integra-
tors are so general that the differential equation resolving the dilation problem has not a
single coefficient. The function spaces from which we take our processes and integrators are

introduced in Appendix B.

In Section 16.1 we show existence of integrals for the considered class of processes and in-
tegrators. In Section 16.3/we show that conservation integrals are essentially non-continuous.
In Section 16.4/ we establish the Ito formula. As the techniques used here depend highly on
the class of processes and integrators, these sections differ considerably from the correspond-
ing Sections in [KS92]. In particular, the results in Section [16.3 are much more involved

than the corresponding results in [Spe91].

In Section 16.2] we show existence and uniqueness of solutions of differential equations.
In Section 16.6 we establish that solutions of particular differential equations, those with
“stationary independent increments”, have cocycles as solutions. In Section [16.5 we state
necessary and sufficient conditions for unitarity of the solution and in Section 16.7 we use
the results to solve the dilation problem for a general Christensen-Evans generator. The
ideas to all proofs in these sections are taken directly from [KS92, Spe91]. It is noteworthy
that, actually, the proofs here, although more general, are formally simpler than the original

proofs. (This is due to absence of coefficients in our differential equations.)

In Section 17.1] we explain that the calculus on the full Fock space G ® F(L*(R, $))
([KS92, Spe9l] treated only the case $ = C) is contained in our set-up. In Section [17.2
we show that the calculus on the boolean Fock module is included. In particular, we show
that the (non-conservative) CP-semigroups 7" on B which may be dilated with the help
of a boolean calculus are precisely those having the form T;(b) = bbb; where b, = e¥
(7 € B,Rej < 0) is a semigroup of contractions in B. Finally, we extend our uniqueness
results from Sections16.3 and [16.4/to differential equations with arbitrarily many summands.
This is done by the same trick as in Section 13.5, simple for modules, but completely out

of reach for Hilbert spaces.

Convention: In the sequel, in constructs like ‘quantum stochastic calculus’ or ‘quantum

stochastic differential equation’, etc., we leave out the words ‘quantum stochastic’.

Since we are interested mainly in adapted processes, the steps in a Riemann-Stieltjes sum

take their value from the left border. Consequently, we do not consider all step functions,
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but only those where indicator functions to left closed and right open intervals are involved.
The limits of such functions are precisely the (strongly) right continuous functions with
left (strong) limit in each point, the so-called (strong) cadlag functions (continue a droite,
limitée a gauche).

The full Fock module and operators on it are defined in Chapter 16. Results related
to the grading on the Fock space are collected Appendix [A.3. The function spaces used
throughout and their basic properties, are introduced in Appendix/B. Particularly important
is Appendix B.4/where we investigate the general properties of integrals over cadlag functions
like (B.4.1) without refering to the “stochastic structure”. Existence of all integrals in
Chapter IV!is covered either by Observation B.4.3, or by Proposition B.4.5. Adaptedness

is explained in Section 6.3.

Convention: The notions from Appendix B! will be used, usually, without mention. The

results in Appendix B.4 form a vivid part of Chapter [16.



Chapter 16

Calculus on full Fock modules

16.1 Integrals

In this section we define the x—algebra 2l; of adapted processes and define for them stochastic
integrals with respect to creation, annihilation, conservation processes, and the time inte-
gral. We use, however, a condensed notation where, formally, only conservation integrals
appear, however, where the class of processes which are allowed as integrands is bigger. This
condensed notation does not contain more or less information. It allows, however, for more

economic proofs.

Let B be a unital C*—algebra and let F' be a B—B-Hilbert module. We work on the
full Fock module F = F(E). Recall Observation 6.3.8 for E., and related notions. See
Definitions [6.2.1 and 6.2.2! for the graded structure of F and B = B*(F). We abbreviate
also F, = Fy(Ew) and F; = F1(Ew).

(R, B(F)),

respectively. They enter integrals only as restrictions to some compact interval K = |7, T].

16.1.1 Remark. The arguments of our integrators are in L7 (R, F') and L2

loc loc

For a simple function = € L2.(R, F) (or a step function; see Remark B.4.8) we have

K K K K
=™ < llzlly < Vo=Tlzlly, < Vo=Tlzls

so that L®(K, F)“C’"L>®(K,F) C L%(K,F) C L*(K,F) (of course, the “embedding”
LX(K,F) — L>®(K,F) is not faithful). Moreover, the elements of L>®(K, B*(F)) act
as bounded operators on L?(K, F) and leave invariant L>°(K, F'), L>°(K, F'). See Appendix
B.1 for details.

As explained in the beginning, we express all our integrals in such a way that they for-

mally look like conservation integrals. So we use only one integrator function p € L7 (R, B;)

249
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with p; = p(fl(—s0,). The form of Riemann-Stieltjes sums as in (B.4.1) with two processes

as integrands reminds us of an inner product with values in B¢(F). We make this explicit.

Let K = [, 7] be compact intervall and let P be a partition in Pg. By setting

N
(A) B)P - Z Atk,1 dptk Btk,17
k=1

we define a B*(F)-valued, B*(F)-B*(F)-bilinear (i.e. (aA, Bd'), = a(A,B),d for all
a,a’ € B*(F)) mapping on the B*(F)-B*(F)-module of all mappings R — B*(F). By
the following lemma this mapping is positive (i.e. (A*, A) p 2> 0) so that we may speak of a

bilinear (not a sesquilinear) inner product. Of course, (A, B)*P = (B*, A*) P
16.1.2 Lemma. For all functions A, B: R — B*(F) we have

(A,B), = (A1) ,(1,B) (16.1.1)

P P

PRrRoOOF. This follows immediately from dp;, dp;, = dpy, Orxe. w

16.1.3 Corollary. We have the Cauchy-Schwarz inequality

*

(4.8),|" = (1.B)],

1)p(1,B),
1);( ; 1)P|| (17 B);(l’ B)P - H <A7 A*)PH (B*’ B)P'
Lemma/16.1.2 may be considered as a particularly simple example for an Ito formula. We
see that in order to analyze under which circumstances the two-sided integral f A, dp; By ex-
ists, it is sufficient to understand under which circumstances the one-sided integrals [ dp; B
and [ A dp, exist. Of course, the two typs are adjoints of eachother (put A = B*). There-
fore, if we show existence of both one-sided integrals as a strong limit, actually, we show that
both exist as *—strong limits. If, additionally, the nets (A7 1) p and (1, B)
then also the net (A, B) p converges x—strongly.

p are bounded,

Lemma 16.1.2 holds for arbitrary processes A, B. In order to show convergence of the

inner product (A, B) p» We have to restrict our processes to smaller classes.

16.1.4 Definition. The x-algebra of processes P = C*(R, B*(F)) N C*(R, B*(F))* consists
of all families A = (A;) e Of elements A, € BY(F) which are *—strongly continuous as
mappings t — A,. Let K be a compact intervall. Then PB¥ is nothing but the C*-algebra
C*(K,B*(F)) N C*(K,B*(F))*

We decompose P into the homogeneous subspaces B = {A € P: A, € B™ (¢t € R)}
(n € Z). By B, we denote the algebraic direct sum over all ™ and by B, we denote its
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completion with respect to the ¢*-norm |[|e||, as defined in Appendix [A.3. We use similar
notations for LXK,

The x—algebra of adapted processes 2 consists of all A € P such that A, is adapted to
E;. By ™ C B we denote the x—algebra of those processes where A; is adapted to E; at
least for t > 7. We set A = A NP, A, = ANP,, and A; = A NPy, We use similar

notations for AX and A".

We are interested in showing existence of the following four limits over Pg. Firstly,
(A, B)P where A, B are adapted. This corresponds to the usual conservation integral.

In order to include also an argument 7" € L2 (R, B*(F)) for the integrator, we consider

the slightly more general (A,p(T)B)P = (Ap(T), B)P. Secondly, (A,E*(Z[Kx)B)P where
r € LY (R, F) (so that I xx € Ey), and, thirdly, its adjoint. These correspond to the usual

loc

creation integral and annihilation integral, respectively. Fourthly, (A¢(I xz),¢*(Ixy)DB) P
where x,y € L9° (R, F'). This corresponds to the integral with respect to the operator valued

loc

measure 7[5, 1)) = (z, L1y y).
We start with the last one. Obviously

(T ) pr € (T cy) = (o, T gy) = / (2(5),y(s)) ds

(t € K) where by Cauchy-Schwarz inequality (z(t),y(t))xx(t) is a bounded function. In
other words, the assumptions of Proposition B.4.5 are fulfilled and we are concerned with a

generalized time integral.

16.1.5 Corollary. The integral
T
/T Ay B = Jim (AU a), C(Icy)B),

exists x—equistrongly for all A, B € B, and it concides with fT“TAt(x(t),y(t»Bt dt.

Moreover,
(AT k), (T cy) B) p|| < (T =7) =™ Iyl ™ AN 1B ™
and, in particular,
(1,0 (@) A) p| = (A" k), 1) | < VT =7 1] A1 (16.1.2)
for all A, B: R — Ba(F).

Let us come to the remaining integrals.
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16.1.6 Lemma. Let A: R — B™ (n € Z) be an adapted function. Then
1A, 1) o = [1(x, 4%) || < A1

PROOF. Observe that A*A, € B(®. Therefore, by Corollary 6.3.7 and the relations in

Proposition 6.1.3/ we have

N 2
‘Z Atkfl dptk =
k=1

N N
Z dptk A;fkk_lAtlfl dpt( = Z dptk ]EO(A;;C_lAtZ—I) dpte

k=1 k=1

N
=D dpy Bo(A7, Ay ) dpy, < (IA]7) detk < (A1) m
k=1

16.1.7 Proposition. All Riemann-Stieltjes sums (e, ®)p are bounded in ¢*-norm on the
considered class of processes. More precisely, let A,B € U], z,y € LI(R,F), and T €

loc

L2 (R, BY(F)). Then
(A, p(T)B) pl, = [[(Ap(T), B) pll, < ITI* 1A 1BIY (16.1.3a)
(A, 0 (Ixx)B) ||, = |[(B (I kx), A7) ||, < VT =7 =" AT B (16.1.3b)

(AT ). 0 (Ery), B) |, < (T =) eyl I1AIE 1 BIE (16.1.30)

1

PrOOF. By Lemma A.3.1 it is sufficient to show the estimates for homogeneous processes
A, B. By Corollary [16.1.3 and Lemma [16.1.6/ we find

(4@ B) | < IAI* [ (1. p(T)B) ol = 1A [[(P(T), B),
= 41" [lp(T) (1, B) || < ITI* A1 IBI*

This shows (16.1.3a). Equations (16.1.3c¢) and (16.1.3c) follow in a similar manner from
Corollary 16.1.5. =

16.1.8 Theorem. Let A, B € A7, z,y € LX(R,F), and T € LS. (R, B(F)). Then the

loc loc

conservation integral

/TAt dp(T) B, := lim (A p(T )B)P, (16.1.4a)

PePg

the creation integral

/TAt dlf(z) By := lim (A, (* (][Ky)B) (16.1.4b)

PePg
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and the annihilation integral

/TAt dly(z) By == lim (Al(Igz),B) (16.1.4c)

PePy P
exist, like the (generalized) time integral fTTAt duY By = fTTAt<x(t),y(t)>Bt dt, as x—equi-
strong limits in the x—strong topology of B.

Moreover, for all four integrators the process M defined by setting

f: Agdly By, fort >

0 otherwise

s an element of A7.

Proor. By Proposition 16.1.7/ the assumptions of Lemma [A.3.2/ are fulfilled so that we
may reduce to homogeneous elements. Moreover, all nets are bounded. Therefore, as
explained after Corollary [16.1.3, it is sufficient to show strong convergence in each of
the cases (1,B)P and (1,6*(Z[K;E)B)P and the respective adjoints. (Of course, the case
(1,p(T)B)P = p(T)(l, B)P is included in the case (1, B)

By Lemma 6.3.5, in (l,B)P

continuous by Corollary 6.2.7. Therefore, by Proposition 16.1.7 we are in the first case of

p)

we may replace B by the process ¢(B*w) which is ||e||,~

Proposition B.4.3. This even settles norm convergence of both (1, B)P and (B*, l)P.

Strong convergence of (1, (I Kx)B) is settled by the strong analogue

P
(1, (I x)B) 2| < VT =7 |l " IBIlS

of (16.1.2) for all Z in the whole domain F.

For the case (B*((Ikz),1), we choose Z = z ® Z' where z € L5.(R, F) N Ey, and

P loc
7' e F. We find

(T gx)dp, Z = (Ikx, dl;, 2) 7.

Therefore, by Corollary 16.1.5

T
(B (I kx),1) ,Z = (B*(x),0*(2)1) , 2 — / B du;* 17 (16.1.6)

P

equiuniformly. Since the net (B*f(x), 1) is bounded, and since the z ® Z’ form a total

P
subset of F, we obtain equistrong convergence on F.

Clearly, M; is adapted to F;. And, clearly, by Proposition 16.1.7/ the time, creation,

and annihilation integrals depend even continuously on their upper bound. To see strong
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continuity (once again, this is sufficient by symmetry under adjoint) of the conservation
integral, we also may consider ff B} dp, and fTT dp; B; separately. The former case is clear
by (16.1.6). For the latter the idea is the same, but we need a more refined argument. We
choose B € A7™ where n > 0 (otherwise Z(B*w) =0),and Z = Z" © 2 ® Z' where
ZM ¢ E™ and z, Z' as before. We find

[(.B) 2] = (2. (57, B) ,2)]
= 12", (eI k). (Tx2)0) 20| < (T = )(ICI)” 121

for all P € P, where ( is the adapted process t — (w, B;Z™) € B C B;. For P sufficiently
fine, (1, B ) pZ s close to fj dp; B;Z. This implies strong continuity on a total subset, hence,

everywhere. m

16.1.9 Remark. In the sequel, we will use shorthand notations like
T T t
/ Ad[B:/ Atd]tBt, / Ad_[B:Mt, and /Ad]B:M,

if no confusion can arise. But keep in mind that M; =0 for ¢t < 7.

16.1.10 Remark. As the proof shows, many statements in Theorem [16.1.8 can be specified
further. Additionally, weakening the convergence to *—strong convergence, all integrals exist

also if the processes are only x—strong cadlag functions.

Conversely, if we restrict to continuous integrands, then also the creation, annihilation,
and time integral converge in norm. Therefore, if we omit the conservation integral (which
is essentially non-continuous; see Lemma [16.3.2), then we may restrict like in [KS92] to a

theory of continuous processes where everything converges in norm.

We also mention that for most statements it is not necessary to factorize according
to Lemma [16.1.2. We emphasize, however, that convergence of the annihilation integral

becomes much more complicated without this factorization.

16.1.11 Remark. In [Lie98] Liebscher considers a generalization of the usual conserva-
tion integral in the calculus on the symmetric Fock space by Hudson and Parthasarathy
[HP84, Par92]. In this generalization the conservation integral is explained not only for
time functions 7', but for all operators 7" € B%(F.,). Unlike the usual behaviour in sym-
metric calculus, the integrators do no longer commute with the processes. Consequently,
in [Lie98|] there are two types of conservation integrals, one with the process on the right
of the integrator, and one with the process on the left. One of the two possibilities is so

complicated that its existence is guaranteed (explicitly) only for simple integrands.
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A literal translation into our free setup encourages to consider limits of (p(T), A) p and

of (A,p(T)) p- However, by the particularly simple rules in Proposition 6.1.3/ we find

(p(T)7 A)P =p(T) (1, A)P and (A,p(T))P = (A, 1)Pp(T).

Convergence of these expressions becomes a trivial application of Theorem [16.1.8. We
ask two questions. Firstly, could it be possible to translate this back into the symmetric
framework? Secondly, is it possible to treat limits of expressions with two integrands like
(Ap(T), B) , and (A,p(T)B),? (Of course, (4, p(T)B), = (A,1),(1,p(T)B) , still holds.
However, as p(T') does no longer commute with dp;, we cannot treat (1, p(T)B) p» as before.)

Presently, we do not know the answers.

16.2 Differential equations

In this section we show that a quite general class of quantum stochastic differential equations

has unique solutions. A typical differential equation has the form
dW =W dM W, =w (16.2.1)

where dM = A°dI B + A" d¢*(z) Bt + A~ dl(y) B~ + A'dp(T) B* (as in Theorem [16.4.4
below) and w is an operator on F adapted to E,. (Of course, also the adjoint equation is

considered.) A solution of such a differential equation is a process W € 7 fulfilling
t

The standard procedure already used in the calculus on the symmetric Fock space [HP84]
is successive approximation. We also follow this approach. However, thanks to the fact
that we are dealing with bounded operators, we are able as in [KS92, Spe91] to show
convergence by an application of Banach’s fix point theorem. As in [KS92] for a calculus
without conservation integrals we may apply the fix point theorem directly. If conservation
integrals are involved, we need a triple iteration (cf. [Spe91]). In both cases we will meet more
general types of differential equations, when we consider unitarity conditions. Therefore,

we decided to keep the description from the beginning as general as possible.

16.2.1 Definition. A general integralis a linear mapping J: A7 — B*(F) which is contained
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in the linear span of mappings of one of the following forms:

T T

Wr—>/ WAdI B Wl—)/ Eo(W)AdI B

W|—>/ AW dI B W|—>/ AEo(W)dI B
T‘T T‘T

W|—>/ AdIWB W|—>/ AdIEy(W)B
T‘T T‘T

W»—>/ Adl BW W»—>/ AdI BEo(W)

where dI is one of the integrators di, d¢*(x), dl(z), or dp(T') (I' € L2.(R, B), x € L2.(R, F),
T e L (R, B*(F)) and A, B € %, or

loc
T
W»—>/ AdI®W) B

where the argument of the integrator dI™") depends linearly (or anti-linearly for the
annihilator) and continuously (in the repective norms) on Eo(W). We write J7, if we want

to indicate the end points of the involved time interval. By J,.(W) we denote the process
t— JL(W)

A special general integral is a general integral where the appearing conservation integrals
are subject to the restriction that the parameters A, B in each conservation integral take
values only in B C B*(F).

The definition of a general integral is motivated by the way how processes enter the
Ito formula (cf. (16.4.1) below). Whereas the restriction for the special general integral is
necessary, if we want to apply the following refined version of Banach’s fiz point theorem.
Already in the calculus on the full Fock space Speicher [Spe91] has shown that there exist
differential equations with general conservation integrals which do not have a solution even,

if we allow for unbounded operators.

16.2.2 Proposition. LetJ be a general integral. Assume that for each compact interval K
there exist constants 0 < C' < 1 and d > 0 such that

1772 03, 0 (W), < C W],

forallt € K and 0 < 6 < d. Then for all T € R and w € B*(F) adapted to E, the

differential equation
W, = w + IL(W) (16.2.2)

has a unique solution in A7.
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ProoF. For s € [t,t + d| and W, adapted to E; we find a solution by successive approx-
imation, i.e. we set W2 = W, and W™ = W, + J5(W™) for n > 1. Then as in the proof
of Banach’s fix point theorem the W form a Cauchy sequence in ¢!-norm whose limit is
the unique solution (16.2.2) on [¢,t 4 d]. By splitting a compact interval into finitely many
intersecting intervals of length d, we construct a unique solution on each compact interval
K. In this way, we obtain for each ¢ € R a solution on [7,t]. By uniqueness the solution
restricted to a subinterval [7, s] must coincide with the solution constructed on this subin-
terval so that we obtain a unique solution on [r,00). Finally, we extend this solution by
the constant w to times smaller than 7 and obtain the unique solution on R which is by

construction in A]. m

16.2.3 Theorem. LetJ be a special general integral. Then the differential equation (16.2.2)
with w € B(F) adapted to E; has a unique solution in A7 .

Proor. We show that the assumptions of Proposition [16.2.2 are fulfilled. By Lemma
A.3.1 it is enough to understand this for each of the (finitely many) homogeneous parts
of the operator 3?5 0Jy0J;: AT — By and for homogeneous W. In the iterated integral
Ji9 0 J, 0 J,(W) we have two types of summands. Either at least one time, creation, or
annihilation integral is involved. Then existence of suitable constants Cd follows from
(16.1.3bl 16.1.3c). Or we have an iterated conservation integral. In this case, we conclude
from the fact that dp commutes with all functions taking values in B and from dp;, dp;, = 0

for k # ¢ that the triple conservation integral is 0. m

16.3 0—Criteria

In this section we prepare for Theorem [16.4.4/ which asserts in how far the coefficients in a
stochastic differential equation are unique. The main result is Lemma 16.3.2/ which tells us
that conservation integrals are essentially strongly continuous. This allows to separate them
from the other types of integrals in Theorem [16.1.8 (which are continuous by Proposition
16.1.7) by looking at their continuity properties.

All results in this section, besides Proposition [16.3.3, may be considered as consequences
of Lemma [16.1.2 which by computations as in the the proof of Lemma [16.1.6] gives rise
to a particularly simple case of an Ito formula for homogeneous integrands in one-sided
conservation integrals. For a full prove of Theorem [16.4.4 we need the full Ito formula for
creation and annihilation integrals. Therefore, it is postponed to the end of the following

section.
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16.3.1 Proposition. Let K = [1,T] be a compact interval, and let f € L®°(K, F). Then

there exists a to € K such that esssup ||f(t)|| = esssup || f(t)| for all § > 0.
tE[to,to-ﬁ-(S]ﬂK teK

ProoOF. If the contrary was true, then we could cover K with finitely many open intervals

on which the esssup of f is strictly less than its esssup on K. m

Lemma [B.1.6/ and Observation B.1.7 tell us that L*>°(K,B*(F)) is a C*—subalgebra of
Ba(L2(K, F)).

16.3.2 Lemma. Let A,B € ] and T € LS. (R, B*(F)). Then for the process M defined

loc

by setting M; = f Adp(T) B the following conditions are equivalent.
1. M =0.
2. M 1is continuous.

3. esssup”Eo (A AT, Eo(B, By H =0.

te(r,00)

Proor. 1 = 2. Obvious.

2 = 3. We conclude indirectly. So let us assume that there is a compact interval
K = [r,7] (T > 7) such that C' = ess supHEo (A A T,Eq (B B; || > 0. By Proposition

16.3.1 we may choose ty € [1,T) such that

ess sup H]Eo (A7 A TE( (B BY)

te(to,to+8]NK

—C (16.3.1)

’[to,tg—f—(s]l'"lK > 07 HBH[to,to-‘ré]ﬁK

for all 6 > 0. Of course, this implies ||A| > 0, and

C
(HAH[to,toJrélﬁK ||B||[to,to+5]ﬁK)2

esssup ||T3|| >
te(to,to+d|NK
Necessarily, we have ||Eq(A;, Ay,)|| > 0 and ||Eo(By,B;,)|| > 0. Otherwise, by continuity of
Eo(A;A;) and Eo(B,B;), we obtain a contradiction to (16.3.1).
If we choose § sufficiently small, then the following assertions become true. (For sim-
plicity, we assume tg + § € K.) Firstly, t°+6 dM is close to By p(I sy 40+5T) Asy, because
the norm of the partition (o, %o + 0) is ¢, therefore, small. Consequently,

to+0
P tg,60+5)) Asy (/ dM> B p(I (1,10+5])

to

is close to Eo(Aj Asy) p(Ltg,40+5)1") Eo (B, By, )-
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Secondly, Eq(Af Ay,) Ty Eo( By, Bf)) is close to Eo(A; Ay) Ty Eo (B By) for all t € [to, to+ 0],

0

because Eq(A;A;) and Eq(B;B;) are continuous. Therefore, by Proposition 6.1.3

HEO(AIOAto) p(ﬂ[to,to-l-tﬂT) E()(BtOB;O) H
— ([P (Bo(4i, A) i1V BB By ) || = B0 47, A) (Moo T) Eo( B B,
= esssup H]EO(A:OAtO) T, Eo(By, By) H

tE[to,t0+5]

is close to C'. As C does not depend on the choice of 9, HMt0+6 — Mto” is bounded below
by a non-zero positive number. Therefore, M is not continuous at .

3 = 1. Again, we conclude indirectly. So let us assume that M; # 0 for some t > 7.

We may write A = Y. A™ and B = Y. B"™. (The components with n < 0 do not
neNp n€Ng
contribute.)

Observe that Eg(A*A) = 3 Eo(A™" AM) and, similarly, for Eq(BB*). By Proposition

n€ENg

A.7.3(2) it is sufficient to show that the element Eo(A™™AM) T Ey(BC™BE™") =£ 0 in
the C*—algebra L*([r,t], B*(F)) for some n,m € Ny.
As M, # 0, there exist n and m such that

/t A® gp(T) BE™ = (/t A® dp> p(T) (/t dp B<-m>) £0. (16.3.2)

T

By Proposition [A.7.3(1) we have f: dp AW” f: AM dp(T) BC™ f: BE™"dp £ 0. By com-

putations similar to the proof of Lemma [16.1.6 we find

t t t
/ dp A" / A gp(T) B / B 4y

_ 1 (n)* (n)
_nglﬁt](lﬂA )P(A 71)P

p(T) (1, BT™) (B 1),

t
:/ Eo(A™AM)Y dp(T) Eo(B™ BE™)

T

¢
= / dp(]EO(A(”)*A(")) TEO(B(*m)B(*m)*))

T

= p(I qEo(A™" AM) T Ey(BC™ BE™T)) £ 0. (16.3.3)

Equality of the last integral and the integral before follows, because it is true for step func-
tions, and because both Eo(A™*A™) and Eo(B™ B"™") may be approximated equiu-
niformly by step functions. Since T — p(T') is an isometry by Proposition 6.1.3, we arrive

at

o8 SupHEo(A(”)*Agn))Ts Eo(Bgfm)Bgfm)*)H £0. m

S
s€(T,t]

In order to proceed, we need to know, when time integrals are 0.
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t
16.3.3 Proposition. Let A, B € U] and x,y € L2.(R, F). Then M, = / Adu™ B =0,
if and only if ’

esssup|| A (z(t), y(t)) By|| = 0.

te[T,00)

PROOF. By changing the function A; (z(t),y(t)) B; on a (measurable) null-set, we may
achieve that esssup ||e|| = sup||e||. Now the statement follows by Corollary [16.1.5. m

16.3.4 Lemma. Let A,B € U] and z € LS.(R, F). Then

loc

t
esssup|| By (x(t),Eo(A;A)z(t)) Bi|| =0 implies M, = / Adl*(z) B =0.

te[r,00) -

An analogue statement is true for annihilation integrals.

PROOF. Of course, esssup||B; (z(t), Eo(A; A¢)z(t)) By|| = 0 implies

te[T,00)

ess supHBt* <x(t),]E0(A£”)*AE"))m(t)) Bt“ =0

te|r,00)

for all n € Z. By computations similar to (16.3.3) we find

t 2 t .
/ A™ qe*(z) B ‘ N / B o™ A g
which is 0 by Proposition 16.3.3 so that f: A de*(z) B = 0 for all n € Z. Therefore,
M, = [fAdt*(z)B=0. m

16.3.5 Remark. The converse direction of Lemma [16.3.4/ is done best by using the Ito
formula. We postpone it to the following section. Notice, however, that computations like

(16.3.3) already constitute an Ito formula in a particularly simple case.

16.4 Ito formula

We start by introducing explicitly the notation which turns all integrals into conservation
integrals, formally. For that goal, we consider the formal “operators” (* (X) and 0 (X) where
cither X = w (whence *(X) = {(X) = 1), or X = = € L°(R,F). This notation is
formal in the sense that ¢*(z) and ¢(x), in general, are not elements of B*(F). In integrals
they appear, however, only in combinations like p(f x)¢*(x) = ¢*(Il xx) which are perfectly

well-defined.
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In this notation all integrals in Theorem [16.1.8 including the time integral can be written

in the form
T ~ A~
/ AUX) dp(T) F(V) B

for suitable choices of X, Y, and T'. By slight abuse of notation, we say AZ(X ) € QLIZ(}"OI)
and (*(X)B € (*(F)AT where F' = B@® L2 (R, F).

Of course, for creation, annihilation, or time integral we are reduced to 7' = 1. However,
in the cases X = x, or Y = y, the operator p(T') in dp(T) = p(T)dp may be absorbed either

into the creator on the right, or the annihilator on the left by Proposition 6.1.3.

16.4.1 Theorem. Let M, M’ be processes in 2] given by integrals
t t
M; = / Adp(T)B and M| = / Aldp(T") B’

where A, A' € ATUFY), B,B' € (*(FV)AT and T, T € L>(R,B*(F)). Then the product
MM’ € A7 is given by

t t t
M,M] = / Adp(T) BM' + / MA dp(T") B' + / Adp(TEo(BA)T') B (16.4.1)

where Bo(BA') is the function t — Eo(B;A,) € B C BY(F).
In differential notation dM = Adp(T) B and d(MM') = dM M’ + M dM' +dM dM' we
find the Ito formula

dM dM' = Adp(TE(BAT') B’
PROOF. Let us fix the compact interval K = |7, T]. The nets (A,p(T)B)P and (A’p(T’)7 B’)P
converge *—strongly uniformly over Py for all compact intervalls K’ = [r,t] C K to M, and

M, respectively, by Theorem [16.1.8. By Proposition 16.1.7/ all nets are bounded uniformly
for all K’ ¢ K. Therefore,

(A, p(T)B) ,(A'p(T"), B') , ——“T=UE  yp 0,

Splitting the double sum over k and ¢ into the parts where k > ¢, k < ¢ and k = ¢, we
find

(4,p(T)B) p(AP(T'), B')
|: Z Z :|Atk 1 dptk ) BtkqA:tg,l dpt@ (T/) B;g 1

1<b<k<N  1<k<tLZN

+ > Ay, dpy (T) By, Ay, dp (T') By, . (16.4.2)

k=1
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We will show that the first summand and the third summand of (16.4.2) converge strongly
to the first summand and the third summand, respectively, of (16.4.1)), establishing in this
way that also the second summand of (16.4.2)) converges strongly. Looking at the adjoint, we
have formally the same sums, except that the first and the second summand have changed
their roles. This shows that not only the limits are *—strong limits, but also that the limit
of the second summand of (16.4.2) is the second summand of (16.4.1)).

Let Z € F;. By Theorem 16.1.8

[CS SRR ANE

for all k, if only the norm of P € IP’K is sufficiently small. Therefore, strong versions of
(16.1.3a)) and (16.1.3b)) (depending on whether B € ] or B € {(y)]) tell us that the first
summand in (16.4.2)) converges strongly to the first summand in (16.4.1).

For the last summand of (16.4.1) we assume concretely that A = A¢(X) and B = ¢*(Y)B
(A, B € Ay;; X, Y € FY), and similarly for A’, B'. For the case Y = X’ = w we find from
Corollary 6.3.6 and the proof of Theorem [16.1.8 convergence in norm to the correct limit.
In the remaining cases Eo(B;A}) is 0. Let us check, whether this is also true for the limit of
the last summand of (16.4.2). For instance, assume that Y =y € L2 (R, F). We find

loc

N
HZ Atkﬂ dptk (T> BtkﬂA:tk,l dptk (T/) Bz:k 1
k=1

< H(A p PHHdetk Btk 1A:£k 1dptk

Ip(T), B') |

For the square modulus of the sum we find by computations as in Lemma [16.1.6

N
detk AI; 1 t*k 1dptk BtkAA:tk,ldptk
k=1
N o —
< Wy, dpo | A, Bi. Bu Al || dpy, < e (||{y, dpy, w)1)]| 4" BBA.

As the first factor tends to 0, we find covergence to 0 in norm. m

16.4.2 Corollary. Let M; = f(fAd]B and M, = fot A'dI' B" be integrals as in Theorem
16.1.8. Then dM dM' = Adl" B' where dI" has to be chosen according to the Ito table

di\dI' | du¥' de(z') de(z") dp(T")

dp®y 0 0 0 0

de(z) | 0 0 0 0

de(z) | 0 dpBo(BA)! 0 dl(T"Eo(BA)"z)
dp(T) | 0  d*(TEo(BA)z') 0  dp(TEo(BA)T).
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16.4.3 Remark. It is easy to see that the Ito formula extends also to more general time
integrals [ Adl B where [ is an integrator with a locally bounded density I' € L7 (R, B).
Of course, also Proposition [16.3.3 remains true replacing (z(t),y(t)) with a more general

density ['.

16.4.4 Theorem. Let A", B' € AT (i = 0,+,—,1), z,y € Lo(R, F), T € L2 (R, B*(F)),
and let | be an integrator with locally bounded density I' € L72.(R, B). Let

loc

t t t t
Mt:/dM0+/dM++/dM+/dM1

be a sum of integrals where dM° = A%dl B°, dM™ = A" d¢*(x) BY, dM~ = A~ dl(y) B™,
and dM' = AYdp(T) B'. Then the following conditions are equivalent.

1. M =0.
2. /dMoz/dM+:/dM:/dM1:o.
3. esssupHAO I BOH =0 esssup”Eo (AVAD T, Eo(BLB)|| =0

te[r,00) te(r,00)

ess sup|| B (a(1), Eo( AT A7 )a(t)) BY|| = 0

te[r,00)

esssup|| A7 (u(t), Eo(B; By )y(1)) A7 = 0.

te[T,00)

ProoF. By Proposition [16.3.3 and Lemmata [16.3.2 and [16.3.4 we have 3 = 2 and, of
course, we have 2 = 1.

So let us assume M = 0. In particular, M is continuous. Since [ dM°+ [dM™*+ [dM~
is continuous by Proposition 16.1.7, so is [ dM'. By Lemma [16.3.2 we conclude that
[ dM* =0, and that the condition in 3 concerning the conservation integral is fulfilled.

Writing down the Ito formulae for M*M and MM?*, and taking into account that
M = M* = 0 and that the conservation part is absent, we find that [dM*dM =
[ BT dp#FoAT AN Bt — (0 and [dM dM* = [ A~ duvFeB B W A=* = 0. Therefore,
by Proposition [16.3.3 also the conditions in 3 concerning creation and annihilation part
must be fulfilled.

Since all parts except the time integral are known to be 0, also the time integral must
be 0. Again by Proposition 16.3.3/ we find that also the last condition in 3 must be fulfilled.
Thisis 1 = 3. =
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16.5 Unitarity conditions

We are interested in finding necessary and sufficient conditions under which a solution U of
a differential equation like (16.2.2) is unitary. Usually, this is done by writing down what

the Ito formula asserts for
d{U*U) =dU*U + U*dU + dU* dU (16.5.1a)
and

d(UU*) = dU U* + U dU* + dU dU*. (16.5.1b)

If the coefficients of d(U*U) and d(UU*) are 0, then this is certainly sufficient to con-
clude that U is unitary. To have necessity we must conclude backwards from [d(U*U) =
[ d(UU*) = 0 that also all coefficients vanish. Presently, however, we have only the crite-
rion Theorem [16.4.4, where each type of integrators dI,d¢*,dl¢,dp appears not more than
once. Unfortunately, even in differential equations of the simpler form 16.2.1/ the Ito formula
yields, in general, more summands of the same type which cannot be summed up to a single
one. We explain in Section 17.3 how we can treat such sums, but we do not need them.
Here we consider differential equations without coefficients. This means that there are
no processes A, B arround the integrators. At the first sight, this looks poor. However,
we allow for rather arbitrary arguments in the integrators. As we explain in Section [17.1)
this is already sufficient to include the case of a calculus on a full Fock space with initial
space and arbitrarily many degrees of freedom. (In [KS92, Spe91] only the Fock space over
L?*(R) is considered which, roughly speaking, corresponds to one degree of freedom. In

the unitarity conditions in

Spe9l] at least some of the processes arround the integrators
may vary over ;. So, at least in the cases were [Spe91] applies the conditions given there
are more general.) The proof of the following theorem is very much along the lines of the

corresponding proof in [Spe9l].

16.5.1 Theorem. Letx,y € L2 (R, F), T € LS (R, B*(F)), and let | be an integrator with

loc loc

locally bounded density I! € L2 (R, B). Then the unique solution in A3 of the differential

loc

equation
dU = U (dp(T) + dt*(z) + dl(y) + dl) Uy=1 (16.5.2)
1s unitary, if and only iof the following conditions are fulfilled.
1. T(t) + 1 is unitary almost everywhere on R,

2. x(t)+ T (t)y(t) + y(t) = 0 almost everywhere on R.
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. U(@)+ U7 (t) + (x(t),z(t)) = 0 almost everywhere on R
PROOF. From
dU* = (dp(T™*) + dt*(y) + dl(z) + dI*)U* Us =1
we find for (16.5.1a/16.5.1b)) the explicit expressions

AUV = (dp(T*) + de*(y) + dé(z) + dI*)U*U
+ U U (dp(T) + d*(x) + dl(y) + dl)
+ dp(T*Eo(U*UNT) + de* (T Eo(U*U)z) 4 d(T*Eo(U*U)z) 4 dp™EoW V=
(16.5.3a)

and

dUU*) =U (dp(T) +de () + de(y) + di
+dp(T™) + dl*(y) + dl(z) + dl*
+dp(TT") + dt*(Ty) + dU(Ty) + dp* ) U*
—U(dp(T +T" + TT") + dt*(x + y + Ty) + dl{x +y + Ty)
(dl+dl + dp) UL (16.5.3b)
If U is unitary, then Eq(U*U) = 1 and (16.5.3a) simplifies to
0=dp(T+T*+T'T)+dl*(x+y+Tx)+dl(x+y+Tx) + (dl + dl* + du™").

By Theorem 16.4.4 we find (T'+ T* + T*T)(t) = 0 (i.e. (T + 1)(¢) is an isometry), (z +y +
T*x)(t) = 0, and I(t) + I*(t) + (x(t),z(t)) = 0 for almost all t € R,. Equation (16.5.3h)
implies (notice that U and U* dissappear in all suprema in Theorem [16.4.4], if U is unitary)
that also (T'+ T* + TT*)(t) = 0 for almost all t € Ry. In other words, (T"+ 1)(¢) is a
unitary, such that also (r +y+Ty)(t) = (T'+ 1)(x +y+ T*z)(t) = 0 and dp?¥ = du™”.
Conversely, if the three conditions are fulfilled, then by (16.5.3b), d(UU*) = 0. Together
with the initial condition (UU*)g = 1 we find that U is a coisometry. Whereas, U*U
fulfills the differential equation (16.5.3a) also with initial condition (U*U)y = 1. One easily
checks that U*U = 1 is a solution of (16.5.3a). By Theorem [16.2.3| this solution is unique.

Therefore, U is unitary. m

It is noteworthy that, although our differential equation has no coefficients A and B, we
needed Lemma [16.3.2 in full generality in order to be able to conclude from (16.5.3b)) to
T+T*+TT*=0.
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A more common way to write down a differential equation with unitary solution is
1
dU = U(dp(W — 1) +di*(Wy) —dl(y) + (idH — 3 d,uy’y)) Uy=1,

where W is unitary, y is arbitrary, and H is self-adjoint.

16.6 Cocycles

Let us return for a moment to the differential equation in the form (16.5.2) (without uni-
tarity conditions). U, is adpted to F; and the differentials dp,d¢*,dl,dI are adapted to
the complement of F;. As pointed out by Speicher [Spe98| this means that in the sense of
Voiculescu [Voi95] U; and the differentials are freely independent with amalgamation over
B in the vacuum conditional expectation. In other words, U is a process with independent
(right) multiplicative increments.

If we choose constant functions T'(t) = 7, z(t) = &, y(t) = ¢, and I'(t) = y (with
7€ BYF), £ ¢ € F,j€ B), then U has even stationary increments. The goal of this section
is to show that in this case U is a cocycle with respect to the time shift automorphism group
on B(F). The results by Hellmich, Késtler and Kiimmerer [HKK98, K6s00, Hel01] indicate
that (at least, when B is a von Neumann algebra with a faithful normal state) for unitary
cocycles U also the converse is true.

In the sequel, we identify a constant function in some L>°—space with its constant value.
It should be clear from the context, whether we refer to the constant function or its value.

See Example 6.1.5 for the time shift automorphism group 8§ and Definition 10.3.1/ for
cocycles. The proof of the following theorem is like in [KS92]. We just do not require that

the cocycle is unitary.
16.6.1 Theorem. Let 7€ BY(F), {,( € F, and j € B. Then the solution of

dU = U (dp(7) + d* (&) + de(¢) + ydt) Uy=1 (16.6.1)
is an adapted left cocycle for the time shift S.

PRrROOF. Thanks to the stationarity of the differentials (i.e. the arguments of the integrators

do not depend on time) we have the following substitution rule

5. /0 Au(dpu(9) + d03(€) + dbe(C) + dt) By)

s+t
= [ 8o (Anel) + 6 (€) + dlulC) + 5 ). (B)
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which is easily verified by looking at the definitions of the integrals in Theorem [16.1.8. We
insert this for U, and find

s+t
U585<Ut) = Us + / Usss(Ut’fs)(dpt’(T) + dgrl(g) + dgt/(C) "—]dt/) (1662)

In other words, the process U/ = Us84(U;_,) fulfills for ¢ € [s,00) the same differential

equation as U; with the same initial condition U] = U, i.e. Uy =Uj fort > s. =

Notice that the initial condiditon Uy = 1 (or at least a condition like Us84(Uy) = U for
all s) is indispensable. Otherwise, the first summand in (16.6.2)) was U S5(Up) so that we

gain the wrong initial value.

16.7 Dilations

In this section we construct unital dilations (F,8Y,id,w) (see Definition [10.5.1) of a uni-
formly continuous unital CP-semigroup 7" on a suitably chosen Fock module F = F(FE,).
Here id means the canonical (unital) embedding of B into the operators on the B—B-module
F. We find the dilating Ey—semigroup by perturbing the time shift 8§ (which leaves invariant
B) by an adapted unitary cocycle U. In other words, we dilate T to the automorphism
semigroup 8V (which, of course, may be extended to an automorphism group). As usual, U
is the solution of a differential equation. Because U is adapted also to Er, , we may restrict
as in Example 14.1.4/ 8V to an Ey-semigroup on B*(F(Eg,). This is more similar to the
approach in [HP84].

Lt = (T), ..

continuous or, equivalently, which has a bounded CE-generator £, i.e. £ has the form (5.4.3).

be a unital CP-semigroup on a unital C*—algebra B which is uniformly

(If B is a von Neumann algebra and 7' is normal, then this is automatic. Otherwise, we
always achieve this by passing to the enveloping von Neumann algebra B**. See Appendix
A6 for these results obtained by Christensen and Evans [CE79].) Since T is unital, £(1) =0
and L can be written as in (16.7.1)).

16.7.1 Theorem. Let T = (T,f)te]R+ be a unital CP-semigroup on a unital C*—algebra B
with bounded generator L of Christensen-Fvans form, i.e. there is a Hilbert B-B-module F

with a cyclic vector ( € F, and a self-adjoint element h € B such that

£) = (c.q) - Ao GO0

Let w be a unitary in B*(F'). Let U be the adapted unitary left cocycle obtained as the unique

+i[h, ). (16.7.1)

solution of the differential equation

dU = U (dp(w — 1) + de*(wC) — de(C) + (ih — %(c, Gd)  To=1.  (16.7.2)
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Then 8Y is a dilation of T, i.e. Ty = Eqo 8V | B.
Conversely, if F' is a Hilbert B-B—module and ( € F, h € B, then by setting T, =
Eo o 8V | B, where U is the adapted unitary left cocycle fulfilling (16.7.2), we define a

uniformly continuous unital CP-semigroup T whose generator L is given by (16.7.1).

PROOF. It is enough to show that for U given by (16.7.2) the family T;(b) = Eq o 8Y(b)
fulfills T} (b) = T} o L(D).

As 8 leaves invariant B, we have 8Y(b) = U,bU;. Applying, for fixed b € B, the Ito
formula to this product of integrals, we find

d8Y (b) =dU bU* + UbdU* + dU bdU*
= U ((dp(w — 1) + de* (wC) — dE() + (ih 1<g ¢))dt)b
+ b(dp(w* — 1) — dt*(¢) + dl(w¢) — (ih + = <C ¢))dt)

+dp((w = D)p(w* = 1)) = de*((w = 1)bC) — di{(w — 1)'C) + ((,b) dt ) U™
By Lemmal6.3.5/in all summands containing dp or d¢* we may replace U on the left by v (Uw)
and in all summands containing dp or d¢ we may replace U* on the right by 7 (Uw). It follows

that applying the vacuum conditional expectation only the time differentials survive. As

Eq: B*(F) — B is continuous in the x—strong topology on B*(F) and the uniform topology
on B, it follows that

1)~ b= [ Eo(U((6h = (6.0 —blih+ 3. 0)+ (6.0 ds) ;)
:/tEO(U DU ds) /Toc )ds. m



Chapter 17

Restrictions and extensions

17.1 The case B = B(G)

Let T be a normal unital CP-semigroup 7" on a von Neumann algebra B C B(G) with
bounded generator £ (which is o—weak by Observation [5.4.9). All our operators in the
calculus extend to the strong closure of the Fock module (and it plays no role, if we close
the one-particle sector first) and we find a normal strongly continuous dilation of 7" on this
closure.

Now since we know that our results extend to von Neumann modules, we restrict our
attention to the special case B = B((G). By Example [6.1.6 the Stinespring representation
(see Definition 2.3.6) is an isomophism between the von Neumann algebras B*(F*) and
B(G @ F($) where $ is the center of F (= B(G,G @ $H) by Example 3.3.4). Applying
Example 4.1.15 to the cyclic vector ¢, we find

¢= Z b @ e;
i€T
with unique coefficients b; = (1 ® ¢;, () € B(G). We recover the well-known Lindblad form
b bibs + 3 bbb

L) =Y vwb, — <~ 21'62 +i[h, b] (17.1.1)
i€

of the generator [Lin76]. Also the unitary operator w appearing in the differential equation

(16.7.2)) can be expanded according to the basis. We find a matrix (bij)ijeI of elements in

B(G) such that w(l ®e;) = > b;; @ e;. Expressing all ingredients of (16.7.2) in this way,
jez

we find an expansion of our integrators into “basic” integrators dp(e;e;), df*(e;), and dé(e;)

as used in [MS90, Par92| in the calculus on the symmetric Fock space with arbitrary degree

269
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of freedom. The Mohari-Sinha regularity conditions

Zb;‘bi < oo and bejbij <ooforalljeZl
ieT ieT
mean just that ¢ is a well defined in B(G,G ® $) and that w is a well-defined operator at
least on the B(G)-linear span of all 1 ® e;. If the constant in the above condition for b;;
does not depend on j then w is a bounded operator on B(G,G ® 9).
In other words, for B = B(G) our calculus can be interpreted as a calculus with arbitrary
(even uncountable) degree of freedom on the tensor product of the initial space G and the
full Fock space F(L*(R)®$). In

to one degree of freedom. Let us compare. Although we follow in many respects directly

Spe91] only the case $) = C is treated, which corresponds

the ideas in [KS92, Spe91], we can say that our calculus is both formally simpler and
more general. It is formally simpler, because our differential equation for U contains no
coefficients. (Of course, the coefficients are hidden in the much more general arguments of
the integrators.) And our calculus is more general, because it allows to find dilations for
arbitrary CE-generators on arbitrary C*—algebras B. As a special case we showed in this
section how the calculus for an arbitrary Lindblad generator is contained, which on a Fock

space — symmetric or full — requires a calculus with arbitrary degree of freedom.
Recently, in [GS99] a calculus on the symmetric Fock B(G)-B(G)-module
[*(B(G) @ L*(R4, H) = B(G, G & T(L*(R+, 9)))

has been constructed. This calculus allowed for the first time to dilate an arbitrary CE-
generator on a von Neumann algebra (and also the construction of Evans-Hudson flows,
which we do not consider at all). The construction of the one-particle sector in [GS99] is,
however, less canonical in the following sense. The completely positive part of the generator
L gives rise only to a B-B-module F' (see the proof of Theorem [A.6.3). Before finding the
B(G)-B(G)-module B(G)®’$, from which the symmetric Fock module can be constructed,
it is necessary to extend the module structure from B (which is rarely centered) to B(G)
(which is always centered). Also the techniques in [GS99] refer more to Hilbert spaces,

which do not play a role in our treatment.

17.2 Boolean calculus

There are several possibilities to translate the concept of independence from classical (or
commutative) probability to quantum (or non-commutative) probability. The minimal re-
quirement for a notion of non-commutative independence is probably that used by Kiim-

merer [Kiim85], where (speaking about unital x—algebras and states instead of von Neumann
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algebras and faithful normal states) two (unital) x—subalgebras A; (i = 1,2) of a x—algebra

A are independent in a state ¢ on A, if p(a;ar) = ¢(a;)p(a;) (k # j;a; € Aizi = 1,2).

A more specific notion of non-commutative independence as introduced in [Sch95] re-
quires that the values of ¢ on alternating monomials in 4; and 4 may be obtained from
a universal product @@, of the restrictions ¢; [ A;, where a universal product is a state on
the free product (with identification of units) A; x Ay (i.e. the coproduct of A; and A in the
category of unital *—algebras) fulfilling conditions like associativity and functoriality (i.e.
the construction commutes with unital *—homomorphisms). The conditions are motivated
by the fact that, when interpreted classically (i.e. in the context of commutative unital
x—algebras) there is only one such universal product, namely, the tensor product of ; and
P2.

In the non-commutative context, besides the tensor product (corresponding to tensor
independence), we have the free product of states which corresponds to free independence
introduced by Voiculescu [Voi87]. Speicher [Spe97] showed that under stronger (from the
combinatorial point of view very natural) assumptions there are only those two universal
products. In [BGS99] Ben Ghorbal and Schiirmann show how the original set-up from
[Sch95] can be reduced to [Spe97].

Allowing for non-unital x—algebras, there is a third universal product, namely, the boolean
product introduced by von Waldenfels [Wal73] which corresponds to boolean independence.
(Actually, there is a whole family of such products labelled by a scaling parameter; see
[BGS99]. We consider only the simplest choice of this parameter.) The boolean product is
in some sense the simplest possible product, as it just factorizes on alternating monomials,
i.e. the boolean product sends a monomial ajas ... where two neighbours are from different
algebras just to the product ¢;(a1)pi(as) ... where a; must be evaluated in the appropriate

state, i.e. 7 =1 for a; € A; and j = 2 for a; € A, and so on.

Each type of independence has its own type of Fock space which is suggested by the GNS-
construction for the respective product states; see [Sch95] for details. For tensor indepence
this is the symmetric Fock space. (This is mirrored by the well-known factorization I'( H; &
Hy) =T'(H,) ® I'(Hs).) For free independence this is the full Fock space. (This is mirrored
by the fact that F(H; @& Hs) is the free product of F(H,) and F(H,) with their respective
vaccua as reference vector.) The boolean Fock space over H is just F,(H) = CQ@® H. (Here
the composition law is just the direct sum of the one-particle sectors. We may view this as
a direct sum of F,(H;) = CQ; & H; (i = 1,2) with identification of the reference vectors §;.)

The primary goal of this section is to discover a calculus on the boolean Fock space.
Like for the symmetric and the full Fock space the solution of a differential equation like

(16.6.1)) should be a process with stationary boolean independent multiplicative increments;
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cf. Section [16.6. The way we find this calculus is to assign to a Hilbert space H (i.e. a Hilbert
C-module) a suitable C-C-module structure (where C denotes the unitization of the unital
C*—algebra C). Then the full Fock module over this C-module turns out to be (up to one
vector) the boolean Fock space. However, for a couple of reasons we find it convenient to
start from the beginning with amalgamated versions. Firstly, the C*—algebra C is a source
of continuous confusion of the several different copies of C which appear in this context.
Secondly, the examples without amalgamation are rather poor and can easily be computed
by hand. Last but not least, we classify the uniformly continuous contractive, but, not
necessarily unital CP-semigropus 7" on a unital C*—algebra B which may be dilated with
the help of an almagamated boolean calculus, as those which are of the form T;(b) = e bel?

for suitable y € B.

As usual, B is a unital C*—algebra. Let E be a Hilbert B—module. We equip F with
the structure of a Hilbert B-B-module as in Example 1.6.5. By Example 4.2.14 we have
E ® E = {0} so that

F(E) = B&E.

On F(E) we may define the central projection ¢ = 1": x + z1. The range of ¢ is
the Hilbert B-module F(E) = B @ E; cf. also Section 12.3. Its orthogonal complement is
the one-dimensional subspace spanned by the element 1 — 1 of BcF (E). We may think
of Fy(FE) as the boolean Fock module over E. (This may be justified by giving a formal
definition of boolean independence with amalgamation over B paralleling that of Voiculescu
[Voi95] for free independence and that of Skeide [Ske96, Ske99a] for tensor independence.)

17.2.1 Proposition. ¢ is a central projection in B*(F(E)). Moreover, ¢B*(F(E)) is an
ideal in B*(F(E)) which is isomorphic to B*(Fy(E)) and has codimension 1. Consequently,
BYF(E)) = BYFp(E))". In other words,

B(F(E)) = C(1r - q) & B*(Fy(E)) = (S B“(fz(E”>

acting on F(E) = (%}@?), where 1 denotes the unit in B*(F(E)).

ProOOF. Let a € BY(F(F)). Then qaxr = (ax)l = a(x1l) = agz. From this the remaining
statements are obvious. m
As Fy(E) = (8), we may decompose also B*(F,(E)) = (5§ 5+()). We find

cCo 0 C(1-1)
BYYF(E)=]10 B E* acting on F(F) = B . (17.2.1)
0 E BYE) E
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Now let £ and F' be Hilbert B—modules both equipped with the Hilbert B-B-module

structure as described above. Then
FEGF)=FE) © B® FOF(E®F)=(B®E)® (B&F)=F(E)o®F(F)
(which, of course, equals B® E & F as E© F = {0}).

17.2.2 Proposition. ¢ € B*(F(E @& F)) is not adapted to E.

PROOF. Let X = (1,0,0) € F(F) and Y = (1,0,y) € F(F) (y #0) as in (17.2.1). Then

in F(E @ F). Applying ¢ to this vector, we obtain (0,0,y). However, as
B 1 .
()e6) = (i)

there is no vector X’ € F(F) such that X' ©Y = ¢(X ®Y). A fortiori there is no operator
a on F(E) such that g=a®id. m

=1

This property makes the definition of adaptedness to E of operators on F,(E@ F') a little
bit delicate. In [Ske0Od] we proposed to say an operator a € B*(F,(E® F)) is adapted to E,
if it is adapted to £ in B*(F (L ® F')). (Then ¢ = 1,(ger) is not adapted, whereas, all the
operators p(T') (T € B*(E)), *(z) (x € E) and, consequently also ¢(x) would be adapted
in this sense.) We owe thanks to U. Franz (private communication) for the suggestion of
the following definition. We say an operator B*(F,(E @ F)) is adapted to E, if it can be
written as ga for an operator a € B*(F(FE @ F)) adapted to E. Now ¢ = ¢qlz is adapted.
Clearly, a unitary u on F(E @ F) gives rise to a unitary qu on F,(E' @ F'). This assures that
our calculus, including all statements concerning unitarity conditions, reduces properly to

the boolean Fock module.

Now we want to see how operators in B*(F,(E® F)) adapted to £ in B*(F(E® F)) look
like and how an arbitrary operator adapted in B*(F,(E @ F')) to FE is related to the former.
Denote by pg, pr the projections onto E, F C F(E@ F) C F(E®F). Clearly, pp = pp©@id
on F(E®F)=F(E)®F(F) so that pg is adapted to E in B*(F(F @ F)) and qpr = pg.
Denote by w the vacuum of F(E & F') and by w that of F,(E @ F') and define 2 = & — w.
Observe that ww* — ww* = QO* = 1 — ¢. Obviously, ww* ® id = ww* ® ww* = ww* so that
also the vacuum projection ww* on F,(E@ F) is adapted to E both in B*(F(E® F)) and in
BYF(E@®F)). It follows that QQ* +pp = 17 —ww* —pg is adapted to E in B*(F(E®F)).

An operator on F,(E® F') adapted to F differs from an operator a on F(E @ F') adapted
to E just by the component Q0*a = QQ*a (o = (Q,af2)) of a along QO*. It follows that
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a— QU +prp)a € BYF(E @ F)) is adapted to E in B*(F(E & F)). In other words, each
operator ga € BY(F,(E @ F)) with a adatped to E in B*(F(E @ F)) can be written as a
sum of the operator a — (2Q* +pp)a € B*(F,(EDF)) is adapted to £ in B*(F(E®F)) and
pra € BY(Fy(E® F)). The component « is unique, because ga = ga’ implies a —a’ € CQQ*
and the only adapted element in this space is 0. One may verify that qa — « defines a
character. Therefore, the operators in B*(F,(E @ F')) adapted to E both in B*(F(E & F))
and in B*(Fy(E @ F)) form an ideal of codimension 1 in those operators adapted to E only
in BY(F(E @ F)).

17.2.3 Theorem. An operator in B*(Fy(E & F)) is adapted to E in B*(Fy(E & F)) is
the sum of a unique operator in B*(Fu(E)) exended by 0 to ' C Fu(E @& F) and a unique
multiple of pr.

PROOF. It remains to show the statement for an operator a € B*(F,(E @ F')) adapted to E
in B*(F(E @ F)) so that the second summand is zero. One easily checks that the subspace
Fof Fy(E® F) C F(E & F) consists of all elements of the form (0 —w) ® y. Then for
a € Fp(E) we have (¢’ ©®id)((0 —w) ®y) = 0, because a'(w —w) = 0. Conversely, if ay = 0
for all y € F, then a restricts to an operator @’ on F,(FE) such that o’ ®id = a, as before. m

Now we concentrate on F = F(L*(R, E)). We remark that it does not matter, whether
we first construct L*(R, E)) for the Hilbert B-module E and then turn it into a Hilbert
gfgfmodule, or conversely. (Of course, E contains not one non-zero element commuting

with any non-zero element of B. Thus, E is extremely uncentered.)

The truncated structure of our Fock module or, what is the same, the trivial action of
B on E reduces the possibilities for integrals. In a creation integral [ F d¢*(x) G only the
component of F' along 17 — g contributes. Absorbing the numerical time dependence of the
multiple of 1 — ¢ into GG, we may replace F' by 1. The opposite statement is true for
annihilation integrals. Particularly boring are conservation integrals where only integrals
of the form fT{‘T f(t)dp(T) with a numerical function f € C(R) survive. Considering f as
multiplication operator on Eu, we just obtain p(fTI; 5) = fT‘I dp;(fT). This means that in
all non-zero places of the Ito table the processes G and F’, which are “sandwiched” between

the differentials, dissappear.

On the remaining sides of the integrators we may insert the vacuum projection ww*

without changing the value of the integral. Thus, we have [d¢*(z)G = [dt*(z) {(G*w),
[Fdl(z) = [*(Fw)dl(z) and [ Fdu® G = [ *(Fw)dp™ ((G*w).

Let U be a left adapted cocycle obtained as solution of the differential equation as in
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Theorem [16.6.1 (with j € B, not in B). We write this in integral form and obtain

U =1+ /t Us (dps(7) + dC:(€) + dly(C) + g ds). (17.2.2)

Let us multiply (17.2.2) by 1 € B C B%(F) from both sides. (Due to the trivial action of
B this corresponds more or less to the vaccum conditional expectation on the boolean Fock
module. Thus, the result may be interpreted as an element of B.) Then all integrals except

the time integral cancel. We obtain
t
1U,1=1 +/ 1U,1ds.
0

In other words, setting b, = 1U,1 € B, we find b, = €. This means that we obtain a
CP-semigroup 7' of the very special form

Ty(b) = (w, UbU; 'w) = bbb}

(Notice that we did not even require U, to be unitary.)

Conversely, let E¥ be a Hilbert B—module equipped with the usual Hilbert B-B-module
structure. If T(b) = (i, b(;) (G € F) defines a semigroup on B, then for the components
by = 1¢; € B of (;, we necessarily have b,bbb;b; = bybb;,, for all b € B;s,t € R,. Of
course, this does not necessarily mean that b;b; = bs, ;. Constructing the GNS-system of T
we may show that the b; can be chosen accordingly. Together with the assumption that T'
has a bounded generator we arrive at the same conclusion.

And yet another way to look at it is to start with a uniformly continuous unital CP-
semigroup T on B. Then the GNS-module E of the part (C,e() of the generator £ has
the desired B-B-module structure, if and only if ((,bC) = 0 for all b € B. In this case,
the restriction of £ to B has the form L£(b) = jb + by* where Rej = —3((,() € B and
Im 7 = 1h € B. Once again, one verifies directly by differentiation that T;(b) = ebe’’" has
this generator. Additionally, we see that T is the unital extension of a contractive uniformly
continuous CP-semigroup 7' from B to T.

Contractive CP-semigroups on C have the form T;(z) = e *z (¢ > 0). We discuss this
special case and its truncated Fock C-C—module L2(R.) &1 at length in Example 12.3.7.

17.3 More general O—criteria

The main goal of this section is to extend Theorem 16.4.4/ to expressions with more than
one summand for each type of integral. The trick is the same as in Theorem 13.1.2/ Section
13.5 where we tensorize all modules with M,, in order to write n summands as a single

expression.
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As explained for the time ordered Fock module in Section 13.5/ we have
F(LXR, M, ® F)) = M, ® F(L*(R, F)).

We use this to generalize Theorem [16.4.4 to finitely many summands. We do not discuss
this in any detail, but explain only the general idea. The resulting criteria are similar to
their analogues in Speicher [Spe91].

Let A;, B; (i =1,...,n) be processes in A?. Let I; (i = 1,... ,n) be integrators of the
same type. Define the (adapted for ¢ > 0) processes A= (A]-(Slj)ij and B = (Bi(S,-l)ij on
M, ® F(L*(R, F)) and the integrator function I = ([iéij)ij' Then [ AdI B is the (adapted

for t > 0) process on M, ® F(L*(R, F)) whose 1-1-entry is > [ A;dI; B; and which is 0
i=1

in any other place. Applying the appropriate criterion from Theorem 16.4.4! we find (as in
[Spe9l]) a matrix of functions each of which must be 0 separately. These criteria are not

very handy, so we dispense with a general formulation.



Part V

Appendix

The appendix consists of several parts. In Appendices/Aland B we collect mainly preliminary
results, which are more less well-known, but maybe cannot be found in literature in this
condensed form, adapted precisely to our needs. Whereas, Appendices (C and D contain
original material.

Appendix Al contains preliminary results about semi-norms, (pre—)C*—algebras and nor-
mal mappings on von Neumann algebras. Of course, it is not our goal to repeat all basic
facts which we are using throughout these notes. As far as we are concerned with standard
results in C*—algebra theory and elementary fact about von Neumann algebras, we refer
the reader to a text book, for instance, like Murphy [Mur90]. Most of these facts and some
results about normal mappings can be found also in the fairly self-contained appendix of
Meyer’s book |[Mey93]. (This appendix meets also our intention to use only elementary
methods available to non-experts.) Of course, any other text book like Sakai [Sak71] or
[Tak79] serves as reference. We concentrate rather on emphasizing those results which turn
over from C*-algebras to pre-C*—algebras and those which need a revision before we may
use them. Some original ideas (basically, extensions from Kiimmerer and Speicher [KS92])
about graded Banach spaces, which we need for Part IV, are collected in Appendix |A.3.

In Appendix Bl we collect the function spaces (in particular, those with values in Ba-
nach spaces) used throughout and state their basic properties. Appendix B.1 gives a fairly
complete account of what we need to know about functions on measure spaces. Certainly,
everything here is standard, but spread over literature. As it is tedious to collect everthing
from books like Diestel and Uhl [DUTT7], we decided to include it in a compact form. Ap-
pendix B.2 collects a few properties of continuous functions on locally compact spaces. In
these notes we need mainly functions on R (or R?) which are treated in Appendix [B.4.
The treatement of the generalized time integral and some of the extension results may be
non-standard. Appendix B.3/introduces the basic lattices we need (one of which is not very
usual).

In Appendix |C we extend the notion of two-sided Hilbert modules to modules over
P*—algebras (x—algebras with an extended, but still algebraic positivity structure) as intro-
duced in Accardi and Skeide [AS98]. We need this in Chapters [§ and 9. In Appendix D

we present our results from Skeide [Ske98a] about the full Fock module arising from the
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stochastic limit of the free electron. This is an important example from physics, but the
lengthy computations would interupt the general text where we dicided to limit ourselves

to a short description of the emerging structure in short examples.



Appendix A

Miscelaneous preliminaries

A.1 Semi-normed spaces
A.1.1 Definition. A seminorm on a vector space V is a mapping ||e|| : V' — R fulfilling
e +yll < llzll + 1yl (z,y€V) and |[zz] = |z]]lz]| (2 €C,zeV).

A norm is a seminorm for which ||z|| = 0 implies = 0. A (semi-)normed space is a vector
space with a (semi-)norm. By Ny we denote the subset {x € V: ||z|| = 0} of length-zero
elements in a seminormed space V. One easily checks that V/Ny with ||z + Ny || = ||z is

a normed space.

A.1.2 Definition. Let V, W be two seminormed spaces. On the space L(V, W) of linear
mappings T': V — W we define the function

IT[| = sup [Tz

[lz]|<1

with values in [0,00]. By B(V,W) = {T € L(V,W): ||T|| < oo} we denote the space of
bounded linear mappings V' — W.

Obviously, B(V, W) is a seminormed space, and B(V, W) is normed, if and only if W is

normed.

A.1.3 Lemma. Let T € B(V,W). Then TNy C Nw. In other words, T gives rise to a
(unique) bounded operator in B(V/Nv, W /Ny ) also denoted by T.

PRrROOF. We conclude indirectly. Suppose T' € L(V, W) and x is an element in V such that
|z|]| = 0, but ||Tz|| = 1. Then ||Az|| = 0, but ||T'Az|| = A so that sup ||Ty|| > sup||T x| =

lyll<1 A
00. Therefore, T is not an element of B(V,W). =
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[ T||
lll

A.1.4 Corollary. |T|| = sup || Tx| = sup ||Tz|| = sup ||Tz| = sup
[l=]I<1 llzll<1 llz]|=1 llz[l70

We mention that ||ST|| < [|S]|||T]| also for mappings between seminormed spaces. And

if W is a Banach space (i.e. a complete normed space), then so is B(V,W). In this case,

each mapping in T' € B(V, W) gives rise to a (unique) mapping in B(V/Ny, W).

A.1.5 Remark. If T is an isometric mapping between semiinner product spaces V and
W, then it is bounded, in particular. This provides us with a simple and powerful tool to
establish well-definedness of isometric mappings V/Ny — W/Ny, even if the mapping is

not adjointable.

A.1.6 Remark. Let W be a subspace of a normed space V. One easily verifies that

z +— ||z|ly = inf ||z + y|| defines a seminorm on V. The space of length-zero elements for
w yeW

this norm is precisely the closure of W in V. Therefore, V/W is a seminormed space with
seminorm ||e||;,. It is normed, if and only if W is closed in V. If V'O W are Banach spaces,
then so is V/W. Indeed, suppose that (xn)n N

is a Cauchy sequence in V/W and find a monotone function k& +— Ny on N such that

|zn — 2l < m for all n,m > Ny. Set z, = zn, — xy,_, for n € N with Ny = 0,

zo = 0. For each n € N choose y, € z, + V such that ||y,|| < ||zo]ly + 22 < . Then the

is a sequence in V such that (l’n + W)

series Y v, converges to some x € V', and lim (z,, + W) =z + W in V/W because

n=1

I = 2w, llw = H > yk+Z(yk_Zk)HW < H > ka — 0.
k=1

k=n+1 k=n+1

A.2 Direct sums of normed spaces

A.2.1 Definition. Let (V(t))teL

@ V©® is admissible, if its restriction to V® coincides with the norm of V®  and if
telL

be a family of normed spaces. We say a norm on V =

||3c(t)H < ||zl (A.2.1)

for each z = (x(s)) € V and each t € L.

A.2.2 Remark. The admissible norms are precisely those for which all canonical projections
pW: V — VO pO(z) = 2 have norm 1. Define the norm ||e||, of the ¢*—direct sum, by
setting

lelly = > [l

tel
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Clearly, ||o||, is admissible and ||z||, > ||z| for any other admissible norm. By V; we denote

the ¢'—completion of V. Obviously, for any admissible norm V is contained in V.

A.2.3 Proposition. V is complete, if and only if L is a finite set and each V® is complete.
Proor. “=7. Each Cauchy sequence in 2 in V® embeds as a Cauchy sequence into V'
and the projection onto V® is continuous. Therefore, if V' is complete, then so is V) for
all t € L. On the other hand, if #IL is not finite, then V is certainly not complete.

“«=" If #L is finite, then we have

1l

#L

<zl < ||zl -

In other words, any admissible norm is equivalent to [|e|;. A sequence (zy) oy inVisa
Cauchy sequence in | e||,, if and only if each sequence (xg ))n oy 10 V) is a Cauchy sequence.

Therefore, for finite #L the direct sum V is complete, if and only if all V®) are complete. m

A.2.4 Remark. V; consists precisely of those families (")) for which that norms [lz®||

are absolutely summable over L. See B.1.17 and cf. also Example [1.5.5.

A.3 Operators on graded Banach spaces

Direct sums as considered in Appendix A.2, in the first place, are vector spaces with an
L—-graduation. Sometimes, if we want to emphasize this graduation, we write V, for the
algebraic direct sum. This is particularly useful in Chapter 16/ where we start with a Banach
space V' which has graded subspace V, (usually dense in V' in some topology). According
to our needs in Chapter 16, we consider only Z—graduations and we assume that the graded
subspaces V™) of V are Banach spaces. We call the elements of V(") homogeneous of degree
n. (We do not exclude 0 € V(™ (n € Z).)

The following lemma differs from a result in [KS92] just by a slightly more general
formulation. Together with Lemma [A.3.2/it shows us that all limits of bilinear mappings in

Chapter 16/ have to be computed only when evaluated at homogeneous elements.

A.3.1 Lemma. Let (V("))nez, (C’("))nez,
Suppose that j: Cy x Dy, — V, is an even bilinear mapping (i.e. j(C™, D) C Vn+m)
for alln,m € Z), and that M > 0 is a constant such that

and (D(”))nEZ be families of Banach spaces.

l7(e; )y < M|lel, [Ill, (A.3.1)
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for all homogeneous ¢ € Ci, d € Dy. Then j extends to a (unique) bilinear mapping
Cy x Dy — Vi, also denoted by j, such that (A.3.1) is fulfilled for all ¢ € Cy, d € Dy. (In
other words, j is bounded.)

PrOOF. We show that (A.3.1) extends to arbitrary ¢ € Cy, d € D,. (Of course, such a
mapping j extends by means of continuity to a unique bilinear mapping on Cy x D; also
fulfilling (A.3.1).) Indeed,

lite,d)lly = |32 D (et de=m| < 2SS e a )| = M el ]l - m

n€EZ meZ nEZ meZ

Let V be a Banach space with a family (V("))HGZ

Banach subspaces so that we may identify 1} as a subspace of V. Consider the Banach

of mutually linearly independent

space B(V') of bounded (linear) operators on V. For each n € Z we denote by
B(V)"W = {a € B(V): aV™ c yrim}

the Banach space of all bounded operators on V' which are homogeneous of degree n. As V(™
is typically the n—particle sector of a Fock module, we call B(V)™ the space of operators

with offset n in the number of particles.

A.3.2 Lemma. Let (j,\))\eA
(indexed by some directed set A) all fulfilling (A.3.1) with a constant M > 0 which is
independent of . Furthermore, suppose that for all homogeneous ¢ € Cy, d € Dy the net

be a net of even bilinear mappings jy: C1 x Dy — B(V);

ga(e,d) converges strongly in B(V') (of course, to a homogeneous element in B(V')). Then
the mapping (c, d) — li}r\nj,\(c, d) on Cyx Dy fulfills (A.3.1) and, therefore, extends by Lemma
A.3.1 to a mapping j: Cy x Dy — B(V')1. Moreover, j\(c,d) converges strongly in B(V') to
j(e,d) forallc € Cy, d € Dy.

Proor. Let c€ (1, d € Dy, v# 0in V and € > 0. We may choose ¢, € Cy, d, € D, such
that

. - ] ) 6
[dx(e, d) — ja(cg, dg)|l; < and |5 (c,d) = j(cq, dy)ll; < 3]

_°
3wl
for all A € A. Furthermore, choose \y € A such that
. , €
17 (cgs dg)v = jalcy, dg)v]| < 3
forall A > Xg. m

Lemmata A.3.1 and |A.3.2 have obvious generalizations to multi-linear even mappings.

This can be shown by direct generalization of the above proofs. A less direct but more elegant
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method makes use of the projective tensor product of Banach spaces. Almost everything
what can be said about the projective norm on the algebraic tensor product of two Banach
spaces is collected in the remarkable Proposition T.3.6 in [WO93, Appendix T] which we
repeat here for convenience.

Let C, D be normed spaces and define the following two numerical functions on B =
C®D.

0) = it ell el = > i 0 di = b}
) = sw{lle 2 V)O) : ¢ € L(C.C), llell < 1,0 € L(D,C), ] <1}

Recall that a seminorm « on B is called cross (subcross), if a(c® d) = ||c|| ||d|| (a(c® d) <

el {l[])-

A.3.3 Proposition. [WQO93|. The functions v and \ are cross norms on B, and =

majorizes any other subcross seminorm on B.

PRrROOF. (i) Of course, A is a seminorm. The functionals ¢ ® 1 separate the points of B.
(This follows from the same statement for finite dimensional vector spaces and an application
of the Hahn-Banach theorem.) Therefore, A is a norm.
(ii) Obviously, A is subcross. On the other hand, by the Hahn-Banach theorem there
are norm-one functionals ¢, ¥ with ¢(c) = 1 = 1(d) so that A is cross.
(iii) v is a seminorm (because in the norm of a sum the infimum is taken over more
possibilities than in the sum of the norms of each summand) and, obviously, v is subcross.
(iv) If o is a subcross seminorm, then (Y ¢; ®d;) < > ¢l ||ds]|, whence, a(b) < ~(b).
(v) ~ majorizes A and, therefore, is a norm. In particular, ||c|| ||d|| > v(c®d) > A(c®d) =

lle]| ||d]] so that + is a cross norm. m

«v is called the projective norm and the completion C' ®, D with respect to v is the
projective tensor product. The projective tensor product carries over the universal property

of the algberaic tensor product to that of Banach spaces; cf. Proposition (C.4.2.

A.3.4 Corollary. If j: C x D — V (V a Banach space) is a bounded bilinear mapping,
then there exists a unique linear mapping 3 C®,D —V fulfilling 3(0 ®d) = j(e,d) and
1511 = 111

PROOF. H;(Z ¢;@d;)|| <1173 Nleill [|ds]|. Taking the infimum over Y- ¢; ® d; = b, we find

HOIESFRIORM"

A.3.5 Proposition. In the notations of Lemma A.3.1 we equip B = C, ®y D, with a

graduation by defining the graded subspaces B™ = @ cm) ®- D =) Then o, =~.
meEZ
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PRrROOF. Of course, ||o|, majorizes 7. On the other hand, a simple computation as in the
proof of Lemma [A.3.1 shows that | e, is subcross. Consequently, it must coincide with the

projective norm. m

Now the multi-linear analogues of the lemmata follow easily by induction, when trans-
lated into statements on linear mappings on multiple projective tensor products.
Clearly, Lemmata|A.3.1 and [A.3.2 (and their multi-linear extensions) remain also true in

the case, when j is homogeneous of degree {, i.e. when j(C™, D™) c V(+m+0) (n m € 7).
A.3.6 Corollary. The convergence in Lemma|A.3.2 is also strongly in B(V7).

PROOF. (c¢,d,v) — j\(c,d)v is a 3-linear mapping on C; x Dy x V;. Therefore, we may also

replace v € V; by an element v, € V, which is close to v in |[e]|,. m

A.4 Banach algebras

A.4.1 Definition. A Banach algebra is a Banach space A with a bilinear multiplication
(a,a’) — ad’ such that the norm is submultiplicative, i.e. ||ad'|| < |la| ||a’]]. If A is not
complete, then we speak of a normed algebra. If A is unital, then we assume that ||1|| = 1.
If ||e|| is only a seminorm, then the quotient A/N 4 is a normed algebra.

A Banach x—algebra (a normed x—algebra) is a Banach algebra (a normed algebra) A with

an isometric involution (i.e. an anti-linear, self-inverse mapping on A).

The most important (unital) Banach algebra is that of bounded operators on a Banach
space B. However, unlike C*-algebras, by far not all Banach algebras admit a faithful
representation as a subalgebra of some B(B).

The most obvious property of (unital) Banach algebras (sufficient to understand Ap-

pendix [A.5) is that they allow for a power series calculus, i.e. if f(z) = Y ¢,2™ is a power
=0

series with radius of convergence r say, then f(a) is a well-defined element of A, whenever
|la]] < 7. In this context, ‘calculus’ means that f(a)+g(a) = (f+g)(a), f(a)g(a) = (fg)(a),
and f(g(a)) = (f o g)(a), whenever both sides exist. z — f(ﬁ) is an analytic, A-valued

function the disc D = {z € C: |z2| < 1}. The most important series is the geometric or

o

Neumann series Y a™ which exists for ||a]| < 1 and, as usual, gives us (1 —a)~'. This allows
n=0

to show that the invertible elements in a Banach algebra form an open subset. (Indeed,

let € A be invertible and choose b € A with [ja —b|| < [la™!| ™", whence ||1 —a~2b| < 1.

Therfore, a~'b and a are invertible so that also b is invertible.)
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A.5 Semigroups in Banach algebras

A.5.1 Definition. Let A be a unital Banach algebra and T =R, or T = Ny. A semigroup
in Ais a family T = (Tt)teT of elements T; € A such that Ty = 1 and T,T, = T, If
A = B(B) is the algebra of bounded operators on a Banach space B (with composition o
as product), then we say 7' is a semigroup on B.

A semigroup T = (Tt) in A is uniformly continuous, if

teR4
i 7, — 1] = 0.

A semigroup T on B is a Cy—semigroup, if t — T;(b) is continuous for all b € B. If B is itself
a Banach space of operators on another Banach space (for instance, if B is a von Neumann

algebra), then T is strongly continuous, if T;(b) is strongly continuous in B for all b € B.

A.5.2 Proposition. A uniformly continuous semigroup T is continuous.

PROOF. Let us fix a compact interval K = [0, T]. Since T;,5 — T; = (T5 — 1)1, there exists
for all t € K and all ¢ > 0 a d; > 0 such that |7, — T3|| < § for all s € [t,t + ¢;). Choose
finitely many ¢; with corresponding d,, such that the open intervals (¢;,t; + ;) cover K. Let
t € (t;,t;+9;) for some i. Then [|Ts — Ty|| < ||Ts — T3, || + |13, — T3] < efor s € (t;,t;+0;). m

A.5.3 Proposition. T is differentiable everywhere. Denoting by L = T € A the generator
of T, the formula

establishes a one-to-one correspondence between elements L in A and uniformly continuous
semagroups T'. In particular, any uniformly continuous semigroup extends to a uniformly

continuous group indexed by R.

PrOOF. Let L € A. Clearly, the series

[o.¢]
tnﬁn
tL
e = Z n!

n=0

converges absolutely and defines an entire function of £. The semigroup property may be
checked as usual by the Cauchy product formula. The function is arbitrarily continuously
differentiable and fulfills the differential equation 7} = LT} with initial condition 7y = 1
or, equivalently, T, = 1 + fot LT, ds. Uniqueness of the solutions of such integral equations

follows as in the proof of Proposition 16.2.2/ with the help of Banach’s fix point theorem.
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Conversely, if T; is a uniformly continuous semigroup and, therefore, integrable, then we

have % ftz T, ds =T, and a similar formula for the lower bound. In particular, for any € > 0

1 T
HTO——/ TsdsH < e
T Jo

for 7 sufficiently small. Since T} is invertible and the invertibles in a Banach algebra form

we have

an open subset, we find that fOT T, ds is invertible for 7 > 0 sufficiently small. Define
I(t) = tT+t Tods = T, [; Tyds. Then I,(t) is differentiable with respect to ¢ and so is
T, = I.(t) [fDT T, ds] ~' Denote £ = T§. By the semigroup property we have 7} = LT;. Once
again, e is the unique solution of this differential equation, fulfilling the initial condition

TO =1. |
A.5.4 Proposition. Let T be a uniformly continuous (semi)group with generator L. Then

T, = lim (1+L0)" = lim (1-22)™"

n—oo n—oo

PROOF. We have the following (very rough) estimate
ITe =1 —eL| < &) (A.5.1)

for |e| sufficiently small. This yields

n—1
|7 (o 20)"| = 72 = 1+ 20)"|| = Yo7 -1ty Lo
=1

A7y < mtgetie

n

< (n=1)()* max (|77,

i=1,...,n
which, clearly, goes to 0 as n increases to co. This proves the first limit. The second limit
follows from T; = (T_;)~"' and the observation that 1 + LL is invertible for n sufficiently

big. m

A.5.5 Proposition. (Trotter product formula.) Let T, S be uniformly continu-
ous semigroups with generators L, IC, respectively. Denote by S°T = (S"Tt) the uniformly
continuous semigroup with generator % Then

Proor. We have

< £2C

IS — 5577

< ST~ 1~ B 4 14 <55 - 5

where C' > 0 is a suitable constant. Now the statement follows precisely as in the preceding

proof. m

By the same proof we obtain the following variant.
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A.5.6 Corollary. Let 0 < 2 < 1 and denote by S = (S"Tt) the uniformly continuous
semigroup with generator »L + (1 — 3)KC. Then

STy = lm (SxtTa o)™

n—oo

A.5.7 Remark. Corollary A.5.6 tells us how we may construct semigroups to convex com-
binations of a pair of generators. Liebscher [Lie00a] remarks that (by a proof similar to

Lemma [7.4.1(3))) also affine combination (i.e. sz € C) are possible.

A.5.8 Remark. If T'is a semigroup, but Ty # 1, then all preceding statements make sense,
if we restrict to the Banach subalgebra of A generated by T; (¢ € R,). In this subalgebra
Tp is a unit. So the statements are true replacing everywhere 1 with 7j. Reembedding the

semigroup into A, we obtain T; = Tye!* = (T — 1) + et~

A.6 Generators of CP-semigroups

The form of generators of uniformly continuous CP-semigroups was found by Christensen
and Evans [CET9] for arbitrary, even non-unital, C*—algebras B. We quote the basic result
[CET9, Theorem 2.1] rephrased in the lanuguage of derivations with values in a pre-Hilbert

B-B-module F, i.e. a linear mapping d: B — F fulfilling
d(bb') = bd(V') + d(b)V'.

Then we repeat the cohomological discussion of [CE79] which allows to find the form of the

generator in the case of von Neumann algebras.

A.6.1 Lemma. Let d be a bounded derivation from a pre-C*—algebra B (C B*(G)) to a
pre-Hilbert B-B-module F' (C B*(G,F ® G)). Then there ezists ¢ € span® d(B)B (C F~ C
B(G,F ®G)) such that

d(b) = bC — Cb. (A.6.1)

Observe that span® d(B)B is a two-sided submodule of F’. Indeed, we have bd(b') =
d(bb') — d(b)b' so that we have invariance under left multiplication.
Recall that a derivation of the form as in (A.6.1) is called inner, if ( € F. Specializing

to a von Neumann algebra B we reformulate as follows.

A.6.2 Corollary. Bounded derivations from a von Neumann algebra B to a von Neumman

B-B-module are inner (and, therefore, normal).
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Specializing further to the von Neumann module B, we find the older result that bounded
derivations on von Neumann algebras are inner; see e.g. [Sak71]. We remark, however, that
Lemma A.6.1 is proved by reducing it to the statements for von Neumann algebras. The
proofs of both depend heavilly on the decomposition of von Neumann algebras into different
types.

In the sequel, we restrict to normal CP-semigroups von Neumann algebas. As an ad-
vantage (which is closely related to self-duality of von Neumann modules) we end up with
simple statements as in Corollary A.6.2 instead of the involved ones in Lemma A.6.1. The
more general setting does not give more insight (in fact, the only insight is that satisfactory
results about the generator are only possible in the context of von Neumann algebras), but

just causes unpleasant formulations.

A.6.3 Theorem. [CET79]. Let T be a normal uniformly continuous CP-semigroup on a
von Neumann algebra B with generator L. Then there exist a von Neumann B-B-module
F, an element ( € F', and an element 3 € B such that L has the Christensen-FEvans form
(5.4.3), and such that F' is the strongly closed submodule of F' generated by the derivation
d(b) = b¢ — Cb. Moreover, F (but not the pair ((3,()) is determined by L up to (two-sided)

1somorphism.

Proor. We proceed similarly as for the GNS-construction, and try to define an inner
product on the B-B-module B® B with the help of L. However, since L is only conditionally
completely positive, we can define this inner product not for all elements in this module,
but only for those elements in the two-sided submodule generated by elements of the form

b®1—1®b. This is precisely the subspace of all »_ a; ® b; for which > a;b; = 0 with inner
product Z '

<Z aob, S a4 ® bj> = 3 BiL(alay)b;. (A.6.2)
i J 0,
We divide out the length-zero elements and denote by F' the strong closure.

By construction, F' is a von Neumann B-B-module and it is generated as a von Neumann
module by the bounded derivation d(b) = (b® 1 — 1 ® b) + Np. By Corollary |A.6.2/ there
exists ¢ € F' such that d(b) = b¢ — ¢b. Moreover, we have

L(b) = bLD') — LB + LA = (¢, bb'C) — b(C, 'C) — (€, b)Y + b(C, OV

from which it follows that the mapping D: b — L(b) — (C,b() — —CANHEm- Q)

is a bounded hermitian derivation on B. Therefore, there exists h = h* € B such that
D(b) = ibh — ihb. Setting 3 = EHEY 4 ih we find L(b) = (¢, bC) + b3 + 5.
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Let F’ be another von Neumann module with an element ¢’ such that the derivation
d'(b) = b¢" — ('b generates F' and such that £(b) = ({',b(") + b3 + b for some 3" € B.
Then the mapping d(b) — d'(b) extends as a two-sided unitary F' — F”, because the inner
product (A.6.2) does not depend on 5. m

A.7 Pre-(C*—-algebras

A.7.1 Definition. A normed *—algebra A is a pre-C*—-algebra, if the norm is a C*-norm,

i.e. if ||a*al| = ||la||”>. A C*-algebra is a complete pre-C*-algebra.

The completion of a pre-C*—algebra is a C*—algebra. Also the quotient of a C*—seminorm
may be divided out, but we will not speak about semi-C*-algebras. It is rather our goal to
collect those well-known properties of C*—algebras which extend to pre-C*—algebras and to
separate them from those which must be revised.

C*—algebras admit a faithful representation on a (pre-)Hilbert space, and so do pre—
C*—algebras. (Just complete and restrict the faithful representation of the completion to
the original pre-C*—algebra.) Usually, our pre-C*—algebras will be *—algebras of bounded
operators on a pre-Hilbert space or module and come along equipped with the operator
norm of this defining representation.

An element a in a C*—algebra A is positive, if it can be written in the form a = 0*b
for a some b € A. We may even choose b itself positive, i.e. b is the positive square root

Vva of a (and as such it is determined uniquely). For a self-adjoint element a € A one

checks that a4 = @ are the unique positive elements in A such that a = a, — a_
and aya_ = 0. Nothing like this is true for pre-C*-algebras. Instead, we say a in a pre-

C*—algebra A is positive, if it is positive in the completion of A. As our pre-C*—algebras are
operator algebras, it is important to notice that this definition of positivity is compatible
with Definition [1.5.1/ for operators.

A C*—algebra A is spanned linearly by its unitaries or quasiunitaries. Therefore, any
representation (which, once for all, means *—representation) of A by adjointable operators
on a pre-Hilbert module maps into the bounded operators. Since homomorphisms (which,
once for all, means *—homomorphisms) from a C*-algebra into a pre-C*—algebra are con-
tractions (by the way, always with norm complete range), so is m. As a corollary, if such
a homomorphism is faithful, then it must be isometric. (Otherwise, its left inverse would
not be a contraction.) The same statements are true, if A is a pre-C*—algebra which is the
union or even the closure of its C*—subalgebras.

In several places in these notes we speak about essential objects: essential Hilbert mod-

ules (Example [1.1.5), essential conditional expectations (Definition 4.4.1), essential weak
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Markov (quasi)flows (Definition [12.4.11). All these notions are directly related to the re-
quirement that certain ideals be essential and, therefore, act faithfully in some sense. We
repeat this important notion and extend it to pre-C*—algebras. A (not necessarily closed)
ideal (which, once for all, means *—ideal) [ in a C*—algebra A is essential, if it separates the
points of A, i.e. if ab =0 (or ba = 0) for some a € A and for all b € I implies that a = 0.
Since I is an ideal, elements a € A act as (adjointable) operators on the Hilbert /-module [
(cf. also the double centralizers in Appendix |A.8)). If I is essential, then this representation
of A is faithful and, therefore, isometric. It is this last property in which we are interested.
Therefore, we define an ideal I in a pre-C*-algebra to be essential, if it is essential in A. In
Example 4.4.9 we show that this C*—algebraic condition is, indeed, indipensable.

A C*—algebra A admits an approximate unit, i.e. a net (u,\) in A such that li/r\n U\ =

li/{n auy = a for all a € A. The standard approximate unit is the)\see[ixz of all positive elements u
in the open unit-ball of A which is directed increasingly for the partial order in .A. Observe
that necessarily liin |lurll = 1. If Ais a pre-C*—algebra, then we may choose an approximate
unit (uA) \eA in the unit-ball of the completion. For each uy we choose vy € A such that
lun — vp]] < %(1 — |luxl|)- Then (UA)/\GA

that [|v,|| < 1. We may and, usually, will assume that all vy are self-adjoint. A standard

is an approximate unit in A even for A. Observe

result, which remains true for pre-C*-algebras, is that 1/\1r/\r/1 o((vx —va)?) = 0. (For A\, N

sufficiently big, we may replace v by the standard approximate unit u for A and follow the
usual proof.)

We close by collecting some simple, but, useful results.

A.7.2 Proposition. Let p and q be projections in a pre-C*—algebra. Then the following

properties are equivalent.
1.p>gq
2. p—q 1S a projection.
3. pq = q (or, equivalently, qp = q).
4. qPq = q-
9. pgp = q.

PROOF. 3 = 4 and 3 = 5 are clear. 4 = 3. We have 0 = ¢(1 — p)g = q(1 — p)?q =
((1 =p))*q((1 = p)g), whence (1 —p)g =0 or gp = ¢q. 5 = 3. We have 0 = pgp(1 — p) =
q(1 —p) =q— gp or ¢ = gp. Therefore, 3, 4, and 5l are equivalent.
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3 =12 Wehave (p—¢)> =p—pqg—qp+q=p—q. 2=[1is clear. 1= 5(=3). We
have p — ¢ > 0 so that also gpqg — ¢ > 0, and we have 1 — p > 0 so that also ¢ — gpg > 0. In
other words, g = qpq. m

A.7.3 Proposition. Let a,a’,b be elements in a pre-C*—algebra A.
1. ab =0, if and only if abb* = 0.

2. Leta>0, and ' > 0. Then (a+ a’)b =0, if and only if ab= 0 and a’b = 0.

Proor. Of course, ab =0 = abb* = 0. Conversely, abb* = 0 = abb*a* = 0 = ab = 0. This
is 1.

Of course, ab = 0 and a’b = 0 implies (a+a’)b = 0. So let a,a’ > 0 and, if necessary, pass
to A so that a has a positive square root. Then b*(a+a')b > b*ab > 0 so that b*(a+a')b = 0
implies b*ab = 0 = /ab = 0 = ab = 0, and, similarly, for ’. Thisis 2. m

A.8 Multiplier algebras

Multiplier algebras arise naturally, if we ask, how to embed non-unital C*-algebras into
unital ones. In the context of commutative C*—algebras (which are isomorphic to some space
Co(M) of continuous function vanishing at infinity on a locally compact space M, and which
are unital if and only if M is compact), the multiplier algebras correspond to the Stone-
Cech compactification, which is maximal in some sense. The one-point compactification
correponds to simply adding an artificial unit. We discuss this afterwards. Needless to say
that we give pre—C*—algebraic versions. Besides this exception, we follow Murphy [Mur90].

A double centralizer on a pre-C*—algebra A is a pair (L, R) of mappings in B(.A), fulfilling
aL(b) = R(a)b. Denote by M(A) the space of double centralizers on A. Let (uy),_, be an

AEA
approximate unit for A. We conclude that

L(ab) = liinu,\L(ab) = li/{nR(u/\)ab = liinu,\L(a)b = L(a)b (A.8.1)

and similarly R(ab) = aR(b) so that L € B"(A) and R € B!(A). Clearly, double centralizers

form a vector space. Since ||L|| = sup |laL(b)|| = sup ||R(a)b|]] = ||R|| we find
lall<1,[lb]<1 llall<1,[lbl|<1

that M(A) is a normed space. We may define a product (L, R)(L',M') = (Lo L',R' o R)
and an adjoint (L, R)* = (R*,L*) where L*(a) = L(a*)* and R*(a) = R(a*)*. Clearly,
M(A) with these operations is a normed s-algebra. From ||L(a)||> = ||L(a)*L(a)| =
IR(L(a))all < llal*||R* o L|| we conclude that |L|* < [|R*o L|| < |R|[|L] = [IL]*
so that M(A) is a pre-C*—algebra, the multiplier algebra of A. Clearly, M(.A) is unital.
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For each a € A we may define a double centralizer (L,, R,) by setting L,(b) = ab
and R,(b) = ab. In other words, A is contained (isometrically) as an ideal in M (A). More
generally, each pre-C*—algebra B, containing A as an ideal, gives rise to a double centralizer.
The canonical homomorphism B — M(.A) is contractive. It is isometric, if and only is A is
an essential ideal in B. In other words, M (A) is the “biggest” pre-C*—algebra, containing
A as an essential ideal. If A is unital, then for each double centralizer (L, R) we may choose
a=L(1) = R(1). Then (L, R) = (L, R,) so that A coincides with M (A).

The strict topology of M(A) is the locally convex Hausdorff topology induced by the
families ||ae|| and ||eal (a € A) of seminorms. If A is a C*-algebra, then so is M (A).
Moreover, M(A) is strictly complete. On the other hand, setting ay = uyL(uy) = R(uy)uy,
computations similar to (A.8.1) show that (L,,, R.,) converges strictly to (L, R). In other
words, the unit-ball of A is strictly dense in M (A) so that we may identify M (A) with the
strict completion of A.

We close with the simplest possible unitization A = A& C1. There is one and only one
x—algebra structure, preserving the multiplication of the subspace (in fact, the ideal) A, for
which 1 is a unit. If there is no confusion (for instance, if A is non-unital), we write 1 for 1.

If A is a non-unital pre-C*—algebra, then we identify Aasa pre-C*—subalgebra of M (A),

thus, norming it. Clearly, for all @ € A we find [|@]| = sup |aal|. If A is unital, then A
acA,|la|<1

is isomorphic to the pre-C*-algebraic direct sum A @ C, where the copy of C correponds
to multiples of 1 — 1. The norm of (a, ) € A C is max(||a| , |u|).

A.9 Normal mappings on von Neumann algebras

We repeat some well-known facts on normal mappings which can be found in any text book
like [Sak71, ' Tak79]. We also recommend the almost self-contained appendix in Meyer’s book
[Mey93].

First of all, recall that a von Neumann algebra is order complete, i.e. any bounded in-
creasing net of positive elements in a von Neumann algebra converges in the strong topology
to its unique least upper bound. A positive linear mapping 7" between von Neumann alge-
bras is called normal, if it is order continuous. In other words, T is normal, if and only if
limsup 7T'(ay) = T'(limsup ay) for each bounded increasing net (a,\).

AOf particular interé\st is the set of normal states on a von Neumann algebra. An increasing
net (ay) converges normally to a, if and only if ¢(ay) converges to ¢(a) for any normal state
. The linear span of the normal states is a Banach space, the pre-dual, and a von Neumann
algebra is the dual Banach space of its pre-dual. The o—weak topology is the topology

induced on the von Neumann algebra by this duality.
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As normality is a matter of bounded subsets, a positive mapping 7' is normal, if and
only if ¢ o T'(ay) converges to ¢ o T'(a) for all bounded increasing nets (ay) and all ¢ in a
subset of normal states which is total in the pre-dual.

If a von Neumann algebra acts on a Hilbert space GG, then the functionals of the form
(f,of) form a total subset of the pre-dual, whenever f ranges over a dense subset of G.
Moreover, using the technique of cyclic decomposition (see Section 2.3), it follows that for
some von Neumann module £ the set of functionals (z ® g, ex ® g) is total in the pre-dual

of B(E ® G), whenever x ranges over a dense subset of F and g ranges over a dense subset

of GG.

A.10 Inductive limits

A.10.1 Definition. Let L be a partially ordered set which is directed increasingly. An

inductive system over L is a family (Et) el of vector spaces E; with a family (ﬁts) . of

linear mappings G;s: Es — E; fulfilling

ﬁtrﬁrs = 6155

forallt >r > s and

6” = IdEt .

The inductive limit E = lim ind E; of the family (E;) is defined as
te

E = E®/N,

where E® = @ E; and N denotes the subspace of E® consisting of all those z = (z;) for
tel
which there exists s € L (with s > ¢ for all ¢ with x; # 0) such that > Ggyx; = 0 € Ej.
tel
(Clearly, if s fulfills this condition, then so does each s’ > s.)

A.10.2 Proposition. The family (it)te]L of canonical mappings i,: Ey — E fulfills
itﬁts =1

for allt > s. Clearly, E = | i,F;.

tel

PROOF. Let us identify z; € F;, with its image in E® under the canonical embedding. We
have to check, whether fjszs — zs € N(C E®) for all z, € E,. But this is clear, because

Btt(ﬁtsxs) - ﬁts(xs) =0. |
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A.10.3 Proposition. Let F' be another vector space and suppose f: E — F is a linear

mapping. Then the familiy (ft) of linear mappings, defined by setting

tell

fe = fis, (A.10.1)

fulfills

Jibis = fs Jor all T = s. (A.10.2)

Conversely, if (ft)te]L is a family of linear mappings fi: Ey — F fulfilling (A.10.2)), then
there exists a unique linear mapping f: E — F fulfilling (A.10.1).

Proor. Of course, f = 0, if and only if f;, = 0 for all ¢t € IL, because E is spanned by all
1 F;. In other words, the correspondence is one-to-one.

Consider a linear mapping f: £ — F and set f; = fi;. Then by Proposition [A.10.2/ we
have fi0;s = fitfis = fis = fs.

For the converse direction let ( ft) be a family of linear mappings f;: By — F which
satisfies (A.10.2). Define f® = @ f;: EY — F and let 2 = (2;) € N so that for some s € L

tel.
we have > Bgx; = 0. Then
tel

[Ox) =" fiwe =D fBawi = fo Y Buwe =0,

tell tell tell

so that f® defines a mapping f on the quotient F fulfilling (A.10.1). m

A.10.4 Remark. The inductive limit E together with the family (zt) is determined by the
second part of Proposition [A.10.3/ up to vector space isomorphism. This is refered to as the

universal property of E.

If the vector spaces E; carry additional structures, and if the mediating mappings ;s re-
spect these structures, then simple applications of the universal property show that, usually,

also the inductive limit carries the same structures.

A.10.5 Example. If all E; are right (left) modules and all §;; are right (left) module
homomorphisms, then E inherits a right (left) module structure in such a way that all i,
also become right (left) module homomorphisms. A similar statement is true for two-sided
modules.

Moreover, if F' is another module (right, left, or two-sided) and ( ft) is a family of
homomorphisms of modules (right, left, or two-sided) fulfilling (A.10.2), then also f is

homomorphism.
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Sometimes it is necessary to work slightly more in order to see that E carries the same

structure. Denote by i: E¥ — E the canonical mapping.

A.10.6 Proposition. Let all E; be pre-Hilbert modules and let all By be isometries. Then

(z,2') = Z<ﬁstxtyﬁst’x;/> (A.10.3)
tt
(x =i((zy)), o =i((x})) € E, and s such that x; = x, = 0 whenevert > s) defines an inner
product on E. Obuviously, also the i; are isometries.
Moreover, if (ft)teIL with fiBis = fs (t > s) is a family of isometries from E; into a
pre-Hilbert module F', then so is f.

PROOF. We have to show that (A.10.3) does not depend on the choice of s. So let s; and
so be different possible choices. Then choose s such that s > s; and s > sy and apply
the isometries (5, and (s, to the elements of E,, and E;,, respectively, which appear in
(A.10.3).

Since any element of £ may be written in the form ¢,x; for suitable ¢t € . and z; € Ej,
we see that that the inner product defined by (A.10.3) is, indeed, strictly positive.

The remaining statements are obvious. m

A.10.7 Remark. Of course, the inductive limit over two-sided pre-Hilbert modules E; with
two-sided [, is also a two-sided pre-Hilbert module and the canonical mappings 4; respect

left multiplication.

A.10.8 Remark. If the mappings ;s are non-isometric, then Equation (A.10.3) does not
make sense. However, if IL is a lattice, then we may define an inner product of two elements
irxy and ipxy by (Bsxy, Bspal) where s is the unique maximum of ¢ and ¢. This idea is
the basis for the construction in [Bha99] where also non-conservative CP-semigroups are
considered. Cf. also Remark [12.3.6.

Sometimes, however, in topological contexts it will be necessary to enlarge the algebraic
inductive limit in order to preserve the structure. For instance, the inductive limit of Hilbert
modules will only rarely be complete. If this is the case, we refer to the limit in Definition

A.10.1 as the algebraic inductive limit.

A.10.9 Definition. By the inductive limit of an inductive system of Hilbert modules we
understand the norm completion of the algebraic inductive limit.
By the inductive limit of an inductive system of von Neumann modules we understand

the strong closure of the algebraic inductive limit.
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A.10.10 Proposition. 1. Let A and B be pre-C*—algebras. Then the inductive limit of
contractive pre-Hilbert A-B-modules is a contractive pre-Hilbert A-IB-module. Conse-
quently, the inductive limit of contractive Hilbert A-IB—modules is a contractive Hilbert

A-B-module.

2. Let A be a von Neumann algebra and let B be a von Neumann algebra acting on a
Hilbert space G. Then the inductive limit of von Neumann A-B-modules is a von

Neumann A-B-module.

PROOF. Any element in the algebraic inductive limit may be written as i;,z; for suitable
t € L and t; € E;. Therefore, the action of a € A is bounded by ||a|| on a dense subset of
the inductive limit of Hilbert modules. Moreover, if all F; are von Neumann modules, then

the functionals (i;z; ® g, ®i;x; ® g) on A all are normal. m



Appendix B

Spaces of Banach space valued

functions

B.1 Functions on measure spaces

B.1.1 The spaces § and §° and multiplication operators. Let M be a set (usually R
or Ry) and let V' be a Banach space. The space §(M, V) of functions f: M — V is a vector
space in a natural fashion. By (M) we mean §(M,C). We use a similar convention for all
other function spaces. Any function ¢ € F(M) gives rise to an operator ¢ € L(F(M,V))
(the multiplication operator associated with ¢) which acts by pointwise multiplication, i.e.
(pf)(x) = p(z)f(x). This definition extends in an obvious way to functions ¢: M — L(V).
For any subset S C M we define its indicator function s € §(M) by setting I s(x) = 1 for
z € S and [g(x) = 0 otherwise.
On F(M, V) we define the function ||e|| : F(M,V) — [0, 00| by setting

Il = sup [ f(z)].
zeM

We say a sequence (f,) in F(M, V) converges uniformly to f € F(M, V), if || f — fall — 0.
With the exception that possibly || f|| = oo, the function | e|| fulfills all properties of a norm
(see Definition A.1)). Therefore, the space

FM, V) = {feFM,V): ||f] < oo}

of bounded functions on M is a normed vector subspace of §(M, V). In fact, F*(M,V) is
a Banach space. (Indeed, if ( fn)neN is a Cauchy sequence in §*°(M, V), then f, converges
pointwise to a function f and || f,|| converges to some constant C' > 0. From the inequality
I @) < I1f(z) = fu(@)]| + || full = 04 C for fixed x and n — oo it follows that || f]] < C' <
oo. From || f(z) — f(2)|| < ||f(x) — fu(@)|| + || frn — fim] for fixed x and all n, m sufficiently

297
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big it follows after letting n — oo that ||f,, — f|| < sup || fn — fml|. Letting m — oo this
n>m

expression tends to 0 so that f,, — f.)

If we want to distinguish the norm from other norms, we often write ||e||_ . The mul-
tiplication operator associated with a function ¢ € F*°(M,B(V)) restricts to a bounded
operator ¢ on §>°(M,V) with norm ||¢|| = [|¢||,. Therefore, (M, B(V)) is a (unital)
Banach subalgebra of B(F>(M,V)).

B.1.2 Simple functions, measurable functions and essentially bounded functions.
Let (M,3) be a measurable space (usually R or some subset with the o—algebra of Borel
sets). The space of simple functions is

n

e(M,V) = {f =D uls,

=1

neN,vieV,SieE}.

Clearly, €(M,V) C §°(M, V). More precisely, if we choose the S; to be pairwise disjoint
(what is always possible), then

A = ma (B.1.1)
We consider V' always as measurable space equipped with the o—algebra B(V') of Borel sets.
Clearly, functions in (M, V') are measurable.

By L(M, V') we denote the closure of (M, V') in the Banach space (M, V) so that
L>°(M,V) is a Banach space, too. Pointwise limits (i.e., in particular, uniform limits) of
measurable functions are again measurable. (This can be reduced to the same well-known
statement for R,—valued functions, by the observation that, if f, — f pointwise, then
| fn— vl — ||f — v| pointwise for all v € V. The functions ||f, — v| are measurable for
all n € N, because ||e] is continuous, hence, mesurable and compositions of measurable
functions are measurable. Consequently, also the limit function ||f — v|| is measurable.
Therefore, the inverse image under f of any e-neighbourhood of v € V' is measurable, which
implies that f is measurable.)

Let (M,X, ;1) be a measure space (usually, R with the Lebesgue measure \). Then the
set N, ={f € L2(M,V) | f(z) =0 p-a.e.} (where p—a.e. means with exception of a set of
measure 0) is a Banach subspace of L>°(M, V). (If ( fn) is a sequence in N, converging to
f, and if A,, are null-sets such that f, | AE =0, then A = [J A, is a null-set in ¥, such that

f 1AL =0.) By Remark[A.1.6, || f]|..,

the quotient L>*(M, V') = L°(M,V)/N,, is a Banach space with norm || f + N[, = || f]..s-
Of course, (M, V)/(&(M,V)NN,) is a dense subspace. If it is clear from the context that
vss We will not distinguish between the coset f + N, € L>(M,V) and
its representative f € L=(M,V).

= irflé || f + g]| defines a seminorm on L>°(M, V') and
gENL

we speak about ||el|
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B.1.3 Proposition. Let f € L®(M,V).
‘Z' ||f||ess = lnf{c > O | M({l’ E M: ||f(x)|| > C}) — 0}

2. If f* is a simple function such that ||f — f°||...
S €3 such that f* [ S=v eV and ||v]| > || fll s — €

< g, then there exists a non-null-set

ProoOF. 1. Denote the right-hand side by C, and suppose C' > Cj. Then the set So of
all x € M for which ||f(x)]| > C is a null-set, so that fIgs, € N,. Therefore, ||f||.,, <
I f—fIs,]| < C and, as C > Cy was arbitrary, | f.,, < Co. Now let C < Cj and
suppose that [|f||.,, < C. Then for all € > 0 there exists a function f. € N, such that
| f+ fell, < C +e. In other words, the set of all € M for which ||f(z)|| > C' + ¢ is a
null-set from which Cy < C' +¢. As € > 0 was arbitrary, we find Cy < C, contradicting for

< C. It follows || f]|..s = Co-

2. Write f* in the form ) v;[g, for pairwise disjoint sets S; € ¥. Choosing i such
i=1
that [|v;]| is the maximum of all ||v;|| for which S; is not a null-set (cf. (B.1.1)), and letting

v=uv; and S = 5;, we have f*Ig = v and | f*| .., = ||v||. It follows that || f]|
||f||ess - ”szess S ||f - fs”ess S €. u

all C' < Cj the assumption || f]

ess ess ”UH -

B.1.4 Remark. Allowing the value oo, the right-hand side of Proposition B.1.3(1) makes
is defined,

as a quotient norm, and it is gifted by Remark A.1.6/ that

sense also for all measurable functions f: M — V. This is the way, how |e]|_,,

usually. Here we recover ||o]| ..
the quotient space is a Banach space.
If f is measurable, then || f||.,,

which is 0 p—a.e. and f+ fj is bounded. Therefore, we call L>°(M, V') the space of essentially

is finite, if and only if there is a measurable function f,
bounded functions, although it, actually, consists of equivalence classes of functions.

B.1.5 Multiplication operators to essentially bounded functions. If ¢: M — B(V)
is a bounded measurable function, then the associated multiplication operator on F(M, V)
leaves invariant the subspaces L°(M, V') and N, and, therefore, gives rise to operators on
L*(M, V) and L>(M, V). The norm of the former is ||¢|| and (making use of Proposition
B.1.3(2)) the norm of the latter is |||
same symbol ¢, but the norms must be distinguished clearly. The canonical mapping from
the Banach algebra L>°(M,B(V)) to the Banach algebra L>(M,B(V)) is a contractive

surjective homomorphism.

We continue denoting both operators by the

ess’

B.1.6 Lemma. A contractive representation p of L>°(M,B(V)) by bounded operators on a
Banach space W is isometric, if and only if ||p(bLs)|| > ||b]| for all non-null-sets S € ¥ and
allb € B(V).
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PrRoOOF. Of course, the condition is necessary. So assume that the condition is satisfied.
Let ¢* € €(M,B(V)) and choose b € B(V) and a non-null-set S € 3 such that Isp = bl g

and ||¢°||.., = [|b]| like in the proof of Proposition B.1.3(2). Then
e = N @)l = llpse*)l = lp@Is)l = (bl = [l¢"]. -
As p is assumed contractive, we find ||p(¢®)|| = [|¢®||.., for simple functions, which, clearly,

extends to all of L*(M,B(V)). m

B.1.7 Observation. All preceding results about the Banach algebras L°°(M,B(V)) and
L>(M,B(V)), first, restrict to the Banach algebras L°°(M, B) and L*(M, B) where B is a
Banach subalgebra of B(V') and, then, extend to the case where B is an arbitrary Banach
algebra, by considering B as a subset of B(B) or B(B) (depending on whether B is unital
or not) where an element b € B acts on B or B via left multiplication. (Observe that this
embedding is an isometry. Here is the only place where we use the unitization B = Ba&C1 of
a non-unital Banach algebra which is normed via [|b & A1|| = ||b]| + |A|. This norm does, in
general, not coincide with the unique C*—norm on the unitization of a non-unital C*-algebra
as discussed in Appendix A.8.) If B is a C*—algebra, then it is not necessary to consider the
unitization, because already the embedding B — B(B) is isometric. Obviously, in this case

both L°(M, B) and L*(M, B) are C*—algebras with pointwise involution.

B.1.8 Bochner integrable functions. Denote by &,(M,V) the subspace of E(M,V)

generated linearly by the functions v ¢ where u(S) < co. It is routine to see that

fﬁ Zviﬂsi — Z'UZ/L(SJ
i=1 =1

is a well-defined linear mapping &,(M,V) — V. We also write [ f = [ f(z)u(dx). As-
suming that the S; are pairwise disjoint, we see that f is monotone, i.e. f > 0 implies
[ f >0, for C-valued (or C*-algebra—valued) functions. Consequently, [[e||, : f — [| [l
(where || f|| means the function = +— || f(z)|| in €y(M)) defines a seminorm on Ey(M,V)
and [|[f|l, = ||/ f||- Obviously, ||f|l, = 0 if and only if f € N,. In other words, defining
the space LL(M,V) of (equivalence classes of) Bochner integrable functions as the comple-
tion of Ey(M,V)/(€y(M,V)NN,) in |/e],;, the integral gives rise to a norm-1-mapping
Ly (M, V) — V, the Bochner integral. (One can show that the Bochner integrable functions
have measurable representatives in §(M, V'); see [DUT7].) In the cases of V' = C we recover
the usual Banach space LL(M) = L'(M) of integrable functions.

We use the preceding L'-norm ||e||, only in this appendix. In the remainder of these
notes ||e||, stands for the /*-norm on the direct sum of Banach spaces as introduced in

Appendix [A.2. For M = N the latter is a special case of the former.
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&o(M) is a semi-Hilbert space with semiinner product (f, g) = [(fg). More generally, let
f € € (M,V). Applying Cauchy-Schwartz inequality to the semiinner product (|| f||, ||f|)
it follows that ||e||, : f ~ 1/ [ || f||* defines a seminorm on & (M, V). We define the space
L%(M, V) of (equivalence classes of) Bochner square integrable functions as the completion
of Ey(M,V)/(€y(M,V)NN,) in |e],. (Also Bochner square integrable functions have
measurable representatives in F(M, V). Utilizing Minkowski inequality, also LP—versions
can be done.) Also here in the case V = C we recover the usual space L% (M) = L*(M) of

square integrable functions.

B.1.9 Example. If j: C x D — V is a bounded bilinear mapping, then for all f &
L%(M,C), g € L%4(M, D), the function = — j(f(x),g(z)) is in LL(M,V) and (f,g) —
[ j(f,9) is a bounded bilinear mapping with norm less than or equal ||j]| (actually, equal if
Y. contains at least one non-null-set with finite measure).

For instance, if F is a Hilbert B—module than j(v*, w) = (v, w) is a bilinear mapping on
E* x E and ||j|| = 1. Therefore, (f,g) = [(f(z),g(z)) defines a B-valued inner product on
L%(M, E). However, as we see in Example 4.3.12, L%(M, E) is, usually, not complete in its
inner product norm. L%(M, E) is a (dense) pre-Hilbert B-submodule of the exterior tensor
product L?(M, E). Example 4.3.13 shows that L*(M, E) contains elements which have not
a representative in (M, E).

B.1.10 Example. Let ¢ € €(M,B(V)) and f € &y(M,V). Then ¢ acts on f by pointwise
multiplication from the left and the result is again a function ¢ f in €y(M, V). By the simple

estimate

loflle < llplless [fIl), for & =1,2 (B.1.2)

we see that this left action extends to a contractive representation of L> (M, B(V')) (and, of
course, of L>®(M,B(V))) on L% (M, V). On the other hand, this representation is not norm
decreasing (for ||e||_,,) on functions bl g (because ||(bLs)(vL )|, = |[bvL s, = ||bv]| 1(S)*)

and, therefore, isometric by Lemma B.1.6. Suppose V' is a Banach A-B-module for some

BSS)

Banach algebras A and B (i.e. ||avb|| < ||la] ||v]| ||b]]). Then analogues of the statements for
pointwise left multiplication are true also for pointwise right multiplication f +— fy so that
LY%(M,V) is a Banach L>*(M, A)-L>(M, B)-module. By Example [4.3.12, this is not true
for L?(M, E) when E is a Hilbert A-B-module.

B.1.11 Strong topology and strongly bounded functions. On &(M,B(V)) we can
introduce a strong topology which is generated by the family ¢ — [j¢||, = |l¢v| (v € V) of
seminorms. By L°°*(M,B(V')) we denote the strong closure of &(M,B(V)) in F(M, B(V)).
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By the principle of uniform boundedness, any function f in this closure must be bounded,
so that L°*(M,B(V)) is a Banach subspace of F*(M,B(V)). We call L>(M,B(V))
the space of strongly bounded functions. As the strong completion of B(V) is L(V), the
space L°°(M, B(V)) is strongly complete, if and only if V' is finite-dimensional (and M is
non-empty).

If o € Lo9%(M,B(V)), then for each f € L>(M,V) also the function ¢f is measurable
as limit of measurable functions. Of course, ||¢f]| < [|¢|l |l f]l. The mapping f +— ¢f sends

elements of N, to elements of N, so that
= inf < inf < inf = .
ofl = inf lles +gll < inf llof +egl < Nl int 17+ = el

Similarly, we have the inequalities || f||, < |||l || f]l, for f € L (M, V) (k = 1,2). However,
 itself need not be measurable, so if we divide out only those functions which are 0 p-a.e.,
then this is not enough to guarantee faithfulness of representations like in Example B.1.10.
We could divide out the functions which are strongly 0 p—a.e., but we content ourselves with
the space L°¢ and do not define L%,

B.1.12 Observation. L°°(M,B(V)) is a Banach algebra. Indeed, let ¢ and 1 be in
L5 (M, B(V)), and let (¢,) e and () L be nets in €(M, B(V)) approximating ¢ and
1, respectively, strongly. For each ¢ > 0 and v € V' choose s € K such that ||(¢¥ — ¢,.)v|| <

aiop for all 2 > 3. For each s choose A(3¢) such that ||(¢ — @apg)tsv|| < 5. (This is

possible, because the function v,,v takes only finitely many values in V'.) It follows that

[(ev = ercgwsdv|| < llo(@ = wvll + [[(¢ — ero)vr| < e

for all sz > 5¢. In other words, the net (QO)\(%)’(/),{) converges strongly to .

»eK
B.1.13 Remark. If we consider €(M,B?*(E)) for some Hilbert module £, then we may
introduce the *—strong topology, i.e. the topology generated by the two families ¢ — ||¢||,
and ¢ — [|¢*||, (v € E) of seminorms. In this case, the *-strong closure of (M, B*(F)) in
§(M,B*(E)) is *—strongly complete, because B*(E) is s«—strongly complete. In other words,
Loos(M, BYE)) N L (M, B*(E))* is a x—strongly complete C*—algebra.

B.1.14 Finite measures. Suppose M is a finite measure space (i.e. u(M) < oo). Then
Eo(M,V) = &(M,V). Similar to (B.1.2), we find

[SA < 1l n(D) (<1 f ] (21)).

for all f € &M, V). Therefore, L®°(M,V)  Li(M, V) and ||fll, < ||flloe p(M)5 (k =
1,2). Moreover, if 5 ={x € M: |[f(z)|| <1}, then [[f|l; < [Lsfll; + [[Lge fll; < (M) +
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| fll, so that L% (M, V) C Ly(M,V). In particular, [ f is a well-defined bounded mapping
on all these spaces.

If a net ((p,\)/\eA of functions in (M, B(V')) converges strongly to ¢ € L%(M,B(V)),
then for each v € V' the net [(p,v) converges to [(pv). In other words, [ ¢, converges in
the strong topology of B(V) to the operator [¢: v — [(pv).

B.1.15 Local variants. Let K be a subset of M (usually, compact intervals in R). Then
the multiplication operator I x defines a projection onto a subspace of (M, V). Identifying
Ikf and f | K, we may consider §(K,V) as the subspace IxF(M,V) of F(M,V). This
identification turns over isometrically to the several (semi)normed subspaces of F(M, V)
and the projection Ik always has norm 1. (This implies that the norm on these spaces
is admissible in the sense of Definition A.2.1, when we decompose them according to a
decomposition of M into families of pairwise disjoint subspaces; cf. B.1.17.) By || f ||K =
| i f|| we denote the restriction of the supremum norm to the subset K. We use similar
notations for all other (semi)norms. We also denote [, f = [(Ikf).

Suppose M is a locally compact space (usually, R or R%). The space §.(M, V) of locally
bounded functions consists of all function f € §(M, V') such that Ixf € §°(K,V) for all
compact subsets K of M. We may consider §io.(M, V) as the projective limit of the family
(SOO(K , V)) Similar considerations lead to local variants of the other spaces. We may equip
these spaces with the respective projective limit topology. In other words, a net of functions

converges, if the net of restrictions to K converges for all compact subsets K of M.

B.1.16 Example. If u is a Borel measure (i.e. any point in M has an open neighbourhood
U such that p(U) < oo so that, in particular, u(K) < oo for all compact subsets K of M),
then by B.1.14

LOO

loc

(M7V) - LQB,loc(M’V) - LlB7loc<M7V)'

In particular, [  1s a linear mapping on all three spaces and bounded in the respective norm.
Recall that in all spaces &(M, V) is a dense subspace in the respective norm. Therefore,
each space is dense in each space in which it is included. Moreover, || 5 extends in the

respective strong topologies to L;°:°(M, B(V)).

B.1.17 Decomposition. Let (M, 1) be a measure space, and let € be a disjoint covering

of M (i.e. a family of disjoint subsets of M such that |J C' = M). Then the linear span of
cee
all L;(C,V) (C € €) may be identified isometrically with their £!-direct sum (see Appendix

A.2)), and its closure consists of all families ( f (C)) cee Of vectors fo € LL(C,V) for which
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H f (C)H is absolutely summable over € and the net (p%) converges strongly to

CHCEH#EH <00
a norm one projection onto this closure. We show that the range of this projection is all
of LL(M,V). Since the net pg, is bounded, it is sufficient to show that li@rgl pe,f = [ for
all f =vllg (veV,S e X ulS) < o), because these form a total subset. By the usual
counting argument (||Z¢f|| > + for at most finitely many C' € €), ||[I¢f| can be different
from 0 for at most countably many C' € €. Now convergence follows by o—additivity of pu.

A similar argument gives the same result for L% (M, V).

B.2 Continuous functions

B.2.1 General properties. If (M, 9) is a topological space and V' a Banach space, then
we may consider the subspace C(M,V) C F(M,V) of continuous functions, and the space
Co(M,V) = C(M,V)NF>(M,V) of bounded continuous functions. Suppose that for a
sequence (f,) in C(M, V) we have || f, — f|| — 0 for a (unique) function f € F(M, V). Then
f is continuous. (Indeed, let 2 € M and for ¢ > 0 choose NV € N such that ||f, — f|| < 5.
As f, is continuous, the inverse image O = f,~ 1(Ug (fa(x))) of the £-neighbourhood of
f(z) is an open set in M containing . It follows that || f(z) — f(y)|| < ||f(z) — fu(2)]] +
[ fu(@) = fa@) I+ | fa(y) — f(y)|| <€ for all y € O. In other words, f~*(U.(f(x))) contains
the open set O. As this is true for all points f(x) € V, the inverse image of any open subset
of V' is open, i.e. f is continuous.) Therefore, C,(M,V) is a Banach space. If M comes
along with the o—algebra B(M) of Borel sets, then all continuous functions are measurable.
Let B be a Banach algebra. Then the product of two functions in C(M, B) is again in
C(M, B). In particular, Cy(M, B) is a Banach subalgebra of §°(M, B). Clearly, we have
Co(M,B(V))CW(M,V) = Cp(M, V) so that Cyo(M,B(V)) C B(Cy(M,V)), isometrically.

B.2.2 Locally compact spaces. If M is compact (and Hausdorff), then C(M,V) =
Co(M, V'), because the numerical continuous function z — || f(z)|| has a maximum on the
compact set M. If M is locally compact, then it is the projective limit of its compact
subspaces. It follows that C(M,V) = Cpioe(M,V). By C.(M,V) we denote the space of
continuous functions f with compact support, i.e. there exists a compact subset K of M
such that I f = f. By Co(M, V) we denote the space of continuous functions f vanishing
at infinity, i.e. for all ¢ > 0 there exists a compact subset K of M such that ||f||KC < e.
Of course, C.(M,V) C Co(M,V) C Cp(M,V). Clearly, Co(M,V) is a Banach space. (For
e > 0 approximate the limit f € (M, V) of a Cauchy sequence f,, € Cy(M, V') by some
fn up to 5. Then choose a compact subset K C M such that || anKc < 5. It follows
that ||f||KB < e.) And C.(M,V) is dense in Co(M, V). (Making use of the one-point com-

pactification and Uryson’s lemma, on shows that there exists a net of norm-one functions
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X € C(M), converging on any compact subset K to 1. Therefore, for any f € Cy(M,V)
the net x\f € C.(M, V) converges in norm to f.)
If B is a (unital) Banach algebra, then Cy(M, B) is a Banach subalgebra of C,(M, B).

We have the invariances
(M,B) = €
C(M,B)C.(M,B) = C.
(M, V)

-
-

(M, B)Cy(M,B) = Co(M, B)

(M, B)C(M ) = C.(M,B)
(M’B(V»GO(M V) = GO(M’V)

C(M,B(V))C.(M,V) = C.(M,V).

, B
B

Y

However, observe that an element ¢ € Cy(M,B(V)) acts as operator with norm |[|¢|| on
both Banach spaces Co(M, V) and Cy(M, V'), whereas, an element ¢ € C(M,B(V')) which

is unbounded also acts as an unbounded operator on the normed space C.(M, V).

B.2.3 Strong variants. By C*(M, B(V')) we denote the space of strongly continuous B(V')—
valued functions on M. The bounded portion Cj(M,B(V)) is a strongly closed Banach
subalgebra of (M, B(V)). (From [[(¢(z)y(z) — ¢(y)v(y)vl < [lell [[(¥(z) — P (y))v]l +
|(o(z) — (y))(y)v]| — 0 for x — y we conclude that Cj(M,B(V)) is an algebra. For
any net @, € Cy(M,B(V)) converging strongly to some ¢ € F*(M,B(V)) the limit v
of the continuous functions ¢,v is again continuous, i.e. ¢ is strongly continuous.) If
M is locally compact, then already C°(M,B(V)) is an algebra. Moreover, C5(M,B(V))
and C5(M,B(V)), i.e. the function ¢ € C*(M,B(V)) for which pv € C.(M,V) and pv €
Co(M, V), are an ideal and a strongly closed ideal, respectively, in Cj(M, B(V)). We have

68(M73<V)>eb(Mvv) - GZ(M73<V))GO<M7V) = GO(Mvv)
CS(M, B(V)C(M,V) C € (M, B(V))C.(M,V) = Cu(M,V).

Also here the representations of C;j(M,B(V)) on Cy(M, V), Co(M,V), and C.(M,V) are

1sometric.

B.2.4 Example. If V = E is a Hilbert B-module, then C,(M, F) is a Hilbert C.(M, B)-
module with inner product (f, g)(t) = (f(t), g(t)) as in Section12.5. (It is complete, because
the identification is isometric.) The canonical action of Cj(M,B"(E)) defines a faithful
representation by operators in B"(C,(M, E)). It restricts to a faithful representation of
Ci(M,B(E)) N C;(M,B*E))* by operators in B*(Cp(M, E)). It is easy to see that this
representation is onto, and that the property of B*(E) to be x—strongly complete turns over
to the x—strong topology of B*(Cy(M, E')) considered as C; (M, B*(E)) N C;(M,B*(E))*.
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B.3 Some lattices

In the sequel, we are interested in showing that certain subsets of E(M,V), related to
indicator functions Il where K stems from some sublattice of subsets of the power set
P(M), are dense in the spaces introduced so far. Here regularity of the measure plays a
crucial role. An exposition in full generality would require deeper theorems from the theory
of polish or locally compact measure spaces. As we need only the case M = R with the
Lebesgue measure (or products R?), we restrict ourselves to that case, and introduce the
lattice of interval partitions together with some related lattices, which play a role in Part
I1T.

B.3.1 Definition. By P = {(to,tl, couty) ER"n e Nty < ... < tn} we denote set of
interval partitions of R. For each P € P we define the norm ||P|| = max (t; —t;_1). For

gooey

K =[1,7] (r < 7) we denote by Px = {(to,t1,... ,tn) ER": neN, 7=ty <...<t, =T}

the interval partitions of K.

Each P € P gives rise to a partition of R into finitely many non-empty intervals
(—00,t0), [to, t1), - -, [tn—1,tn), [tn, 00), thus, justifying the name interval partitions. The
elements of P correspond to partitions [tg,t1), ..., [tn_1,t,] of the interval K. (Of course,
also other choices of for in- or excluding the end points are possible, but the given choice is
most convenient for our purposes.) Thinking only of the tuples P, clearly, Pk is a subset
of P. We have a natural notion of inclusion, union, and intersection of tuples. By inclusion
we define a partial order. Clearly, IP is a latice with intersection of two tuples being their
unique minimum and union of two tuples being their unique maximum. Of course, Py is a
sublattice of P. Notice that Pk has a global minimum (7, T), whereas P has not. None of
the two has a global maximum. For each € > 0 and each partition P there exists P’ > P
such that ||P'|| < e. In particular, for two (or finitely many) partitions P; there exists

P" > max P; > P, for all i such that ||P’|| < e. Often, this enables us transform limits over
J
Pk into limits ||P|| — 0. Such limits will carry the prefix equi.

There exist, essentially, two ways of looking at an interval partition. Firstly, as above,
with emphasis on the end points of each subinterval. Secondly, with emphasis on the length
of each subinterval. The different pictures are useful for different purposes. In the first
picture we have seen easily that the interval partitions form a lattice. The second point of
view is more useful in the context of product systems in Part III. We comment on this point
in Observation B.3.4. We concentrate on the interval [0,¢], and it is convenient to reverse
the order of tuples. Finally, we require that the involved time points come from T which

can be R or Ny.
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Let t > 0 in T. We define I, as the set of all tuples {(tn, ooyt e neNt=t, >
o>t > O}. Obviously, I; is isomorphic to P, if T = R, and to a sublattice of P if
T = Np.

We define J; to be the set of all tuples t = (¢,,... ,t;) € T" (n € N, t; > 0) having length

n

=) ti=t

i=1
For two tuples s = (Sp,...,81) € Js and t = (t,,,...,t1) € J; we define the joint tuple
s—te J3+t by

5Vt2<<8m,... ,Sl),(tn,... ,tl)): (Sm,... ,Sl,tn,... ,tl).

We equip J; with a partial order by saying t > s = (s,,,... ,s1), if for each j (1 < j < m)
there are (unique) s; € Js; such that t =5, —« ...« 5.

We extend the definitions of I; and J; to ¢ = 0, by setting Iy = Jo = {()}, where () is
the empty tuple. For t € Jy weput t— () =t=() « t.

B.3.2 Proposition. The mapping o0: (t,,... ,t1) — <Zti, cee th) is an order iso-
i=1 i=1

morphism J, — 1.

PROOF. Of course, o is bijective. Obviously, the image in I; of a tuple (|s,,|,... ,|s1]) in

J; is contained in the image of s,, — ... — s;. Conversely, let (s,,,...,$1) be a tuple

in I; and (¢,,...,t1) > (Sm,-..,51). Define a function n: {0,...,m} — {0,...,n} by
requiring to;) = s; (7 > 1) and n(0) = 0. Set t = 07 (ty,,... ,t1) and s = 07 (S, ... , 51).
Furthermore, define s; = 0™ (tuy)s ... s tng-1+1) (j > 1). Then t = 5, « ... « 5 >

(Isml,---,|s1]) =5. =

B.3.3 Remark. For ordered sets it is sufficient to check only, whether the set isomorphism
o preserves order. Nothing like this is true for partial orders. Consider, for instance, N
equipped with its natural order and N = N as set, but equipped with the partial order
n < m for n =1 or n = m (and all other pairs of different elements are not comparable).

Clearly, the identification mapping is not an order isomorphism.

B.3.4 Observation. I; is a lattice with the union of two tuples being their unique least
upper bound and the intersection of two tuples being their unique greatest lower bound.
In particular, I; is directed increasingly. (¢) is the unique minimum of I, (¢ > 0). By
Proposition B.3.2/ all these assertions are true also for J;.

The reason why we use the lattice J; instead of I; is the importance of the operation .

Notice that -« is an operation not on J;, but rather an operation Js; x J; — Jsi;. We can
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say two tuples s € Js and t € J; are just glued together to a tuple s — t € J,.,. Before we
can glue together the corresponding tuples o(s) € I, and o(t) € I, we first must shift all
points in o(s) by the time ¢. (This behaviour is not surprising. Recall that the ¢; in a tuple
in J; stand for time differences. These do not change under time shift. Whereas the ¢; in a
tuple in I; stand for time points, which, of course, change under time shift.) Hence, in the
description by I; the time shift must be acted out explicitly, whereas in the description by
J; the time shift is intrinsic and works automatically. Our decision to use J; instead of the
more common [; is the reason why in many formulae where one intuitively would expect a
time shift, no explicit time shift appears. It is, however, always encoded in our notation.
(Cf., for instance, Equations (7.1.1), (12.1.1), and (12.3.1).)

B.4 Bilinear mappings on spaces of Banach space val-

ued functions

In Part IV we are dealing with integrals fT‘TAt dI; B; where the integrands A and B are
processes of operators on a Fock module and dI; = I, 4— I; are differentials constructed from
certain basic integrator processes I. It is typical for calculus on modules that the integrands
do not commute with the differentials. Therefore, we have to work with two integrands A
and B. In other words, we investigate bilinear mappings (A, B) +— f; A dl; By.

In this appendix we collect some general results concerning conditions under which such
an integral exists. The basic spaces for the integrands are continuous functions or strongly
continuous functions. These may be approximated on compact intervals by right continuous
step functions, whose closure consists right continuous functions with left limits (cadlag

functions). Therefore, we provide the basics about such functions.

B.4.1 Definition. Let K = [, T] (7 < T) be a compact interval. Let V' be a Banach space.
For any function A: K — V and any partition P € Py we set

Af = Z Atk—l”[tk—lvtk)(t)'
i=1

By 6"(K,V) C €(K,V) we denote the space of right continuous V —valued step functions on
[7,7]. In other words, for each A € &"(K,V) there exists a partition P € Py such that
A=A + Agll39) (and, of course, A = AP 4 Agllgq for all P’ € Pg with P' > P).

By R(K, V) we denote the space of bounded right continuous V —valued functions with left
limit (or short cadlag functions)on [r,T].

Let B be a Banach subalgebra of B(V'). By R*(K, B) we denote the space of bounded

strongly right continuous B-valued functions with strong left limit (or short strong cadlag
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functions) on |1, T].

B.4.2 Proposition. 1. R(K,V) is a Banach subspace of F°(K,V), and C(K,V) is a
Banach subspace of R(K,V). For all A € R(K,V) we have A + Agliz5 — A. In other
words, the step functions &"(K,V') form a dense subset of R(K,V). Moreover, for each
A€ C(K,V), and each € > 0 there exists a § > 0 such that

|4 - AP||" < e

for all compact intervals K' C K with T ¢ K and all P € Px with |P|| < §. We say the
continuous functions can be approximated by step functions equiuniformly.

2. Also R*(K,B) is a Banach subspace of §°(K,V), and C*(K,B) is a Banach sub-
space of M*(K,B). Moreover, C°(K,B) is a strongly closed subset of R*(K,B), and each
strongly closed subset of R*(K,B) is also norm closed. For all A € R*(K,B) we have
AP+ Aglligz 1 — A in the strong topology. In other words, the step functions &"(K,V)
form a strongly dense subset of R*(K,B). Moreover, for each A € C*(K,B), each v € V,
and each € > 0 there exists a 6 > 0 such that

Ja— A <e

for all compact intervals K' C K with T ¢ K and all P € Py with |P|| < §. We say the

strongly continuous functions can be approximated by step functions equistrongly.

PROOF. C(K,V) is a Banach space and a subspace of R(K, V). A usual {-argument show
that also (K, V) is a Banach space. The corresponding statements for R*(K,B) and
C*(K,B) follow by an application of the principle of uniform boundedness, and from the
observation that the strong topology is weaker than the norm topology.

Density of the step functions in SR(K, V') follows by the usual compactness arguments for
the intervall [, T] (see e.g. [Die85, Section 7.6] for limits of arbitrary step functions), and
equiuniform approximation of continuous functions uses standard arguments well-known
from Riemann integral building on uniform continuity of continuous functions on compact
sets. For the strong versions we just apply these arguments to functions of the form Av in
R(K,V) and in C(K, V), respectively. Of course, the statements for K’ are just restrictions
of the statement for K and thanks to T ¢ K’ we can forget about the appendix Agl(y . m

We want to define an integral

T N
/T A, dI, B, == Plgl?K;At“ dl,, By, . (B.4.1)
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where A, B € R*(K,B) and [ is some function K — B and dl;, = I;, — I, ,. Suppose A
and B are step functions, i.e. A = AP4 and B = BP? for suitable P4, Pg € Pg. Then

TJ N
/ At d]t Bt - Z Atk,1 d‘[tk Btkfl

T k=1

for all partitions P > max(Pa, Pg). The following proposition is a simple consequence of

Proposition B.4.2.

B.4.3 Proposition. Suppose
T
(A,B) [ — / At d[t Bt

is bounded on &"(K,B) x &"(K,B). Then (B.4.1) ezists
1. as equiuniform limit on C(K,B) x C(K,B).
2. as equistrong limit on C(K,B) x C*(K,B).
3. as uniform limit on R(K,B) x R(K, B).
4. as strong limit on R(K,B) x R*(K,B).

In Proposition B.4.3 we needed boundedness on step function of a bilinear mapping, but
we did not specify further properties of the integrator I;. Now we introduce a generalized

integral under the condition that the measure I,4 — I; has something like a density.
By B.1.14 for all functions I' € L52 (R, B) (I' € L% (R, B)) we may define [” I/ ds =

loc loc

[ I' by (strong) extension from simple functions.

B.4.4 Definition. We say an integrator function /: R — B has a locally bounded and a
locally strongly bounded density I' € L7 (B) and I' € L7°°(B), respectively, if

loc loc

fot[;ds fort >0

It - ]0 — 0
— [, I'ds otherwise.

B.4.5 Proposition. Suppose I has a locally bounded density I'. Then (B.4.1) ezists
1. as equiuniform limit on C(K,B) x C(K,B).
2. as equistrong limit on C*(K,B) x C*(K,B).

3. as uniform limit on R(K,B) x R(K,B).
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4. as strong limit on R*(K, B) x R*(K, B).

In all cases we have
T T

where, obviously, AI'B € L2.(B) and AI'B € L)°(B), respectively. Formally, we write
dly = I} dt.

B.4.6 Remark. We call fTTAt dI; B; a generalized time integral. The difference between
ff A, dI, B, and fT‘T Ay I By dt lies in the Riemann-Stieltjes sums which are suggested by the
respective integral. Proposition B.4.5 tells us that fj Ay dI; By is a limit of the associated
Riemann-Stieltjes sums. For fj Al B; dt, in general, this is not true, already in the scalar

case.

PrOOF OF PROPOSITION B.4.5. The proof is based on the rude estimate

< (@ =) 1A B)* (B4.3)

N
HZ Atkﬂ d‘[tk Btkfl
k=1

which holds for arbitrary functions A, B: R — B and all partitions P € Px. By (B.4.3) we
may assume that I’ is simple. (Otherwise, replace it by a simple function sufficiently close
to I' in ||e||".) As simple functions are finite sums over functions of the form Iga, we even

may assume I’ = [ ga. Thus, we are reduced to the case

N N

> Ay_,dl, By, , =Y dl, A, B, _,

k=1 k=1
with I’ = Ig. It remains to mention that AaB € C*(K,B), whenever A, B € C*(K,B),
and (by similar arguments) that AaB € R*(K,B), whenever A, B € R°(K,B). Then the
desired convergences follow by Proposition B.4.2 as for the usual Riemann integral. (B.4.2)
follows from the observation that the integral on the right-hand side is approximated by

simple functions of the form ATI’BY (I’ simple) in the respective topologies. m

B.4.7 Example. As mentioned in the preceding proof, the case I’ =1 (i.e. I, = t) corre-
sponds to the usual (strong) Riemann integral over the (strongly) continuous function AB.
We may use this to define an inner product on C.(R, F) for some Hilbert B—module E, by
setting (f,g) = [(f(t),g(t))dt. If B is a von Neumann algebra on some Hilbert space G,
then E is represented by the Stinespring representation in B(G, H) where H = E® G. If
we extend the inner product to C3(R, B(G, H)), then the integral converges at least weakly.
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B.4.8 Remark. It is well-known that the step functions G(R) (i.e. linear combinations of
indicator functions to bounded intervals) are dense in L*¥(R) (k = 1,2). This is true already
for left or right continuous step functions alone. Since the LF-closure of C.(R) contains
the step functions, €.(R) is also dense L¥(R). Similar statements are true for V-valued

functions (including strong versions for B—valued functions).
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Hilbert modules over P*—algebras

In the main part of these notes the semiinner product of a semi-Hilbert B-module takes
values in a pre-C*—-algebra B. In a pre-C*—algebra the positive elements and the positive
functionals can be characterized in many equivalent ways. For instance, we can say an
element b € B is positive, if it can be written in the form &V for a suitable b’ € B. We can
also give a weak definition and say that b is positive, if p(b) > 0 for all positive functionals
¢. Here we can say a (bounded) functional on B is positive, if ¢(b*b) > 0 for all b € B, but
also if ||| = ¢(1). Also if we want to divide out the length-zero elements in a semi-Hilbert
module in order to have a pre-Hilbert module, we can either use Cauchy-Schwarz inequality

(1.2.1) or we can use a weak Cauchy-Schwarz inequality

e((z, y))e((y, ) < o((y, y)e({(z, z))

(i running over all positive functionals), because the positive functionals separate the points
in a pre-C*—algebra. It is easy to equip the tensor product of Hilbert modules with an inner
product and to show that it is positive; cf. Section 4.2.

In some of our applications we have to consider Hilbert modules over more general
x—algebras, where the preceding characterizations of positive elements and positive func-
tionals lead to different notions of positivity. The algebraic definition, where only elements
of the form b*b or sums of such are positive, excludes many good candidates for positive
elements and, in fact, is too restrictive to include our applications. The weak definition,
where b > 0, if p(b) > 0 for all positive functionals ¢, allows for many positive elements.
However, in many cases, for instance, if we want to show positivity of the inner product
on the tensor product, this condition is uncontrollable. Here we give an extended algebraic
definition as proposed in Accardi and Skeide [AS98|, where we put by hand some distin-
guished elements to be positive and consider a certain convex cone which is generated by
these elements. Of course, a suitable choice of these distinguished elements depends highly

on the concrete application.

313
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If we want to divide out the length-zero elements, we should require that the positive
functionals separate the points of the x—algebra. However, also here it turns out that we
cannot consider all positive functionals (i.e. functionals ¢ on B for which ¢(b*b) > 0 for all
b € B), because we cannot guarantee that these functionals send our distinguished positive
cone into the positive reals (see Remark (C.1.2).

The connection of our abstract notion of positivity with concrete positivity of certain
complex numbers is done by representations. Also representations m have to respect the
positivity in the sense that they shoud send elements of the positive cone to operators on a
pre-Hilbert space G which are positive in the usual sense (i.e. (g, 7(b)g) > 0 for all g € G).

Also a left multiplication on a pre-Hilbert module is a representation and, thus, should
be compatible with the notion of positivity. Consequently, our definition of positivity of the
inner product involves left multiplication so that a two-sided module is no longer a right
module with some positive inner product and an additional structure. We have to give an

integrated definition of two-sided pre-Hilbert module from the beginning.

C.1 P*—Algebras

C.1.1 Definition. Let B be a unital x—algebra. We say a subset P of B is a B—cone, if
b € P implies b’*bl’ € P for all i’ € B. A convex B—cone is a B—cone P which is stable under
sums (i.e. b0’ € P implies b+ V' € P).

Let S be a distinguished subset of B. Then by P(S) we denote the convex B-cone
generated by S (i.e. the set of all sums of elements of the form b0V’ with b € S, ¥’ € B). If S
contains 1 and consists entirely of self-adjoint elements, then we say the elements of P(S5)
are S—positive. We say the pair (B, S) is a Py—algebra.

A Py—(quasi)homomorphism between Pg—algebras (A, S4) and (B,Sg) is a homomor-
phism which sends S4 into Sz (P(S4) into P(Sg)). A Py—(quasi)isomorphism is a Bj—

(quasi)homomorphism with an inverse which is also a Bj—(quasi)homomorphism.

Of course, in a reasonable choice for a set of positive elements, S should contain only
self-adjoint elements. If S = {1}, then P(S) contains all sums over elements of the form
b*b, i.e. we recover the usual algebraic definition of positivity. In a reasonable choice for S,

at least, these elements should be positive. Therefore, we require 1 € S.

C.1.2 Remark. Notice that even contradictory choices of S are possible. Consider, for
instance, the x—algebra C(z) generated by one self-adjoint indeterminate z. Then both S, =
{1,2} and S_ = {1, —x} are possible choices. Indeed, there exist faithful representations
of this algebra which send either z or —x to a positive operator on a Hilbert space which,

of course, cannot be done simultaneously. Notice that z — —x extends to an isomorphism



C.1. P*—Algebras 315

which does not preserve either of the notions of positivity. It is, however, an isomorphism
of the pairs (C(z),S;) and (C(z), S_).

C.1.3 Definition. Let G be a pre-Hilbert space and denote by S¢ the set of all b € L4(G)
for which (g,bg) > 0 (g € G). Then (L*(G), S¢) is a Pj—algebra. If not stated otherwise,
explicitly, then we speak of the P*—algebra L%(G) with this positivity structure.

Let (B,S) be a Pj-algebra. An S-representation (mw,G) on a pre-Hilbert space G is a
Py~homomorphism 7: B — L%(G); cf. Proposition [C.2.2.

A P*-algebra is a Pj-algebra (B, S) which admits a faithful S-representation.

C.1.4 Remark. In our applications we will identify B C L%(G) as a s—algebra of operators
on a pre-Hilbert space G. In order to have reasonable results, the defining representation
should be an S-representation. This is, for instance, the case, if S is a set of elements b € B
which can be written as a sum over B*B where B € L% (&) but not necessarily B € B. In

other words, we have algebraic positivity in a bigger algebra.

C.1.5 Definition. Let (B,5) be a Pj—algebra. We say a functional ¢ on B is S—positive,
if p(b) > 0 for all b € P(S). Let S* be a set of S—positive functionals. We say S* separates
the points (or is separating), if ¢(b) = 0 for all ¢ € S* implies b =0 (b € B).

C.1.6 Observation. By definition, each functional ¢, = (g,7(e)g), where (7, G) is an
S-representation and g € G, is S—positive. Conversely, if ¢ is an S—positive functional,
then its GNS-representation is an S-representation. (To see this, observe that any vector
in the representation space can be written as g = m(by)go for suitable b, € B, and b +— bbb,

maps P(S) into itself. Therefore, p, = (b;bb,) is S-—positive.)

C.1.7 Observation. A FPj-algebra is a P*-algebra, if and only if it admits a separating
set of S—positive functionals. Indeed, if B is a P*—algebra, then the states (g, eg), where
g ranges over the unit vectors in the representations space G of a faithful representation,
separate the points. On the other hand, if the S—positive functionals separate the points,
then the direct sum over the GNS-representations of all S—positive functionals is a faithful

S-representation.

C.1.8 Example and convention. If B is a unital pre-C*—algebra, then we assume that
S = P(S) consists of all elements which are positive in the usual sense (see Appendix A.7),

if not stated otherwise explicitly. We could also set S = {1}, and still end up with the same
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positive B—cone P(S). Clearly, B is a P*—algebra. In particular, we consider C always as
the P*-algebra (C,R;).

C.1.9 Example. Let B be a unital C*—algebra. We ask, what happens, if there is a (non-
zero) self-adjoint element b € S which is not among the usual positive elements. We can
write b as by — b_ (b_ # 0) where by, b_ are unique positive (in the usual sense) elements
fulfilling b, b_ = 0. It follows that b_bb_ = —b> isin P(S), but also b is in P(S). Therefore,
there do not exist S-positive functionals nor S-representations which send b? to a non-zero
element. Consequently, the Pj-algebra (B,S) has neither a faithful S-representation nor

the S—positive functionals separate the points. It is not a P*—algebra.

C.1.10 Example. Let us consider the complex numbers C as a two-dimensional real al-
gebra with basis {1,2}. The complexification of C (i.e. {ul + 12 (u,v € C)}) becomes a
(complex) x—algebra, if we define 1 and ¢ to be self-adjoint. In this x—algebra the element
—1 = —(1?) =42 is negative and positive, so that ¢(—1) < 0 and ¢(—1) > 0, i.e p(—1) =0
for all states ¢. Of course, —1 # 0, so that in this x—algebra the states do not separate the
points.

Another example is the x—algebra of differentials of complex polynomials in a real inde-
terminate t. Here we have dt* = 0. Since dt is self-adjoint, we conclude that ¢(dt) = 0 for
all states ¢. The next example is the Ito algebra of differentials of stochastic processes; see
[Bel92].

C.2 Hilbert P*—modules

C.2.1 Definition. Let (A, S4) and (B,Sg) be Pj—algebras. A pre-Hilbert A-B-module
is an A-B-module E with a sesquilinear inner product (e e): E x E — B, fulfilling the

following requirements

(x,2) =0=2=0 (definiteness),
(x,yb) = (z,y)b (right B—linearity),
(z,ay) = (a’z,y) (+—property),

and the positivity condition that for all choices of a € S4 and of finitely many z; € E there
exist finitely many b, € Sg and by; € B, such that

<xi,amj> = szzbk‘bk‘]
k

If definiteness is missing, then we speak of a semiinner product and a semi-Hilbert module.
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C.2.2 Proposition. Let 7 be a representation of a Py —algebra (B,S) on a pre-Hilbert space
G. Then 7 is an S—representation, if and only if G is a pre-Hilbert B-C—module.

PROOF. Let m be an S-representation. For g; € G (i =1,... ,n) we find
Z@<gi,7(2>9j>cj = Z<Ci9i,7(2)gjcj> >0
i,J i,J

for all (CZ) € C". Therefore, the matrix ((gi, ﬂ(z)gj>) is positive in M,, and, henceforth, can
be written in the form Zakidkj for suitable (dkz) € M,, i.e. G is a pre-Hilbert B—-C—module.
3

The converse direction is obvious. m

Let us return to Definition (C.2.1. Since 14 € Sy, the inner product is S—positive (i.e.
(x,x) € P(Sg)), and since Sp consists only of self-adjoint elements, the inner product is

symmetric (i.e. (x,y) = (y,x)*) and left anti-linear (i.e. (xb,y) = b*(x,y)).

C.2.3 Observation. It is sufficient to check positivity on a subset £y of ' which generates
E as a right module. Indeed, for finitely many x; € E there exist finitely many y, € F, and
by; € B such that z; = > yeby; for all i. It follows that for a € Sy

¢

(@i az;) = > biYe, m)bmi = Y Uil biblgnbmi = > cribrcrj,
k

£m £,m,k

where cg; = > b b
]

C.2.4 Proposition. Let (A,Sy), (B,Sg), and (C,Sc) be Pj—algebras. Let E be a semi-
Hilbert A-B-module and let F' be a semi-Hilbert B-C—module. Then their tensor product
EQ®F over B is turned into a semi-Hilbert A-C-module by setting

(roy.2" 0y) = (. (z,2)y). (C.2.1)

Proor. We only check that the positivity condition is fulfilled, because the remaining
conditions are clear. (See Appendix [C.4! for the tensor product over B and well-definedness
of mappings on it.) By Observation [C.2.3 it is sufficient to check positivity for elementary
tensors x ® y. So let x; ® y; be finitely many elementary tensors in EQF, and let a € S4.
Then

(2 © yiyaz; ©y5) = (Yo, (wiazy)y;) = Y (Okier bibriys) = Y Gl Cocuthis
% k.t

where for each k we have finitely many elements cy ;) € B corresponding to the finitely

many elements bg;y; in F. m
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C.2.5 Observation. Also here it is sufficient to consider elementary tensors x; ® y; where
x; and y; come from (right) generating subsets of £ and F', respectively. This follows,
because any element in F', in particular, an element of the form by, can be written as sum

over y;c;, and elements of the form x; © by = x;b ® y, clearly, span EQF.

So far we were concerned with semi-Hilbert modules. For several reasons it is desirable
to have a strictly positive inner product. For instance, contrary to a semiinner product, an
inner product guarantees for uniqueness of adjoints. We provide a quotienting procedure
which allows to construct a pre-Hilbert module out of a given semi-Hilbert module, at least,

in the case of P*—algebras.

C.2.6 Definition. A (semi-) pre-Hilbert P*—module is a (semi-) pre-Hilbert Pj-module
where the algebra to the right is a P*—algebra.

C.2.7 Proposition. Let E be a semi-Hilbert P*—module. Then the set
Ng = {z € E: (z,2) =0}

is a two-sided submodule of E. Moreover, the quotient module Eq = E/Ng inherits a pre-

Hilbert P*-module structure by setting (x + Ng,y + Ng) = (z, ).

PROOF. Let F be a semi-Hilbert A-B-module, and let S* be a separating set of S—positive
functionals on B. We have # € Ng, if and only if ¢({(xz,z)) = 0 for all ¢ € 5*. Let
¢ € S*. Then the sesquilinear form (z,y), = ¢((z,y)) on E is positive. By Cauchy-
Schwarz inequality we find that (z,z), = 0 implies (y,x), = 0 for all y € E. Consequently,
x,y € Ng implies x +y € Ng. Obviously, x € Ng implies b € N for all b € B. And by the
s—property and Cauchy-Schwarz inequality we find x € Ng implies ax € Ng for all a € A.
Therefore, N is a two-sided submodule of E so that E/Ng is a two-sided .A-B-module.
Once again, by Cauchy-Schwarz inequality we see that (x + Ng,y + Ng) is a well-defined

element of B. m

C.2.8 Observation. Notice that an operator a € L%(E) respects Ng, automatically. Like
in Corollary [1.4.3 any adjoint a* € L*(E) gives rise to a unique adjoint of a in L*(Ep).

C.2.9 Definition. Let A, B be Pj—algebras, and let C be a P*-algebra. The tensor product
of a pre-Hilbert A-B—module and a pre-Hilbert B—C—module is the pre-Hilbert A-C—module
E®F =EQF/Ngor.

Now we can construct, in particular, the tensor product of E' and a representation space

G of an S-representation of B. Also here we use the whole terminology concerning the
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Stinespring representation as introduced in Section 2.3. The crucial property of F, being
a functor which sends representations of B to representations of A as explained in Remark
4.2.8, remains true in the framework of Fj—algebras, if we restrict to S-representations. In
this context, also the notion of complete positivity and GNS-representation generalize due

to the fact that all Pj—algebras are assumed unital.

C.2.10 Remark. Also the exterior tensor product fits well into the framework of P*-mod-
ules, if we consider the tensor product (B; ® Ba, S1 ® Ss) of P*—algebras (B;,.S;) which is
again a P*—algebra. Proposition 4.3.1 and many other algebraic results from Section 4.3

remain true.

C.3 Full Fock modules over pre-Hilbert P*—modules

C.3.1 Definition. Let B be a unital *—algebra with a subset S of self-adjoint elements
containing 1, and let S* be a separating set of S—positive functionals on B. Let E be
pre-Hilbert B-B-module . The full Fock module over E is the pre-Hilbert B—5—module

F(E) =P E™

neNy

where we set E“° = B and E®! = E. Also creators and annihilators are defined in the usual
way. By A(F(E)) we denote the unital s—subalgebra of L*(F(F)) generated by ¢*(E) and
B, where B acts canonically on F(F) by left multiplication.

C.3.2 Remark. Like in the case of the usual full Fock space, the «—algebra A(F(FE)) is
determined by the generalized Cuntz relations ¢(x)l*(y) = (x,y); see [Pim97].

For examples we refer to Section 9.2/ and Chapter I8 starting from Section 8.2l

C.4 Appendix: Tensor products over B

We repeat some basics about the tensor product of modules over an algebra. In the main
part of these notes we did not need this tensor product, because we always were able to
divide out the length-zero elements. In Appendix [Cl this is not possible for Fj-algebras. In
Proposition (C.4.2 we provide the universal property which shows that in the definition of
the the semiiner product in (C.2.1), at least, relations like b ® y — x ® by may be divided
out. Finally, we show the result from [Ske98a] that centered modules behave nice under

tensor product also in this algebraic framework.
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C.4.1 Definition. Let A, B, and C be algebras, let E be an A-B-module and let F' a
B-C-module. Define the A-C—submodule

Ng = {eb@y—zby (r€ E,yc F,be B)}

of the A-C—module E® F'. The tensor product EQF over B is the A-C-module (F® F) /Ng.
Weset 20y =2®y+ Ng.

We say a mapping j: F x ' — G into an A-C-module G is A-C-bilinear, if it is left
A-linear in the first and right C-linear in the second argument. We say j is balanced, if
j(xb,y) = j(z,by) for all z € E,b € B,y € F. Obviously, the mapping i: (x,y) — x @y is
balanced and A-C-bilinear.

C.4.2 Proposition. The pair (EQF, i) is determined uniquely up to A-C-module isomor-
phism by the universal property: For an arbitrary balanced A-C—bilinear mapping j: E X
F — G there exists a unique A-C—linear mapping ; EOF — G fulfilling 7 = }o 1.

PROOF. Uniqueness follows in the usual way. We sketch this once for all other cases in
these notes. Assume we have two pairs (G, i) and (G’,4") which have the universal property.
Denote by PG — G and i: ' — G the unique mappings determined by the universal
property of G applied to " and conversely. We have Goioi=1io0i =i. By the universal
property of G there is precisely one A-C-linear mapping j: G — G fulfilling j o i = 1,
namely 7 = idg. We conclude Goi = idg and, similarly, i'oi = idg.. This means that G

and G’ are isomorphic A-C-modules. m

C.4.3 Corollary. Let j: E — FE' be an A-B-linear mapping and let k: I — F' be a
B-C-linear mapping. There exists a unique a A-C-linear mapping jOk: EOF — E'OF’,
fulfilling (jOk)(z © y) = j(z) © k(y).

C.4.4 Remark. If £ and F are submodules of £ and F’ and j and k are the canonical
embeddings, respectively, then j©k defines a canonical embedding of EOQF into E'OF".
However, unlike the vector space case, this embedding is, in general, not injective. This
may happen, because the number of relations to be divided out in the definition of EFOF

is, usually, much smaller than the corresponding number for E'©F".
C.4.5 Theorem. Let E, F be two centered B-B-modules. There is a unique B-B-module
isomorphism 3: EQF — FOFE, called flip isomorphism, fulfilling

FzOy) = you (C.4.1)

for all x € Cg(E) and y € Cp(F).
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PROOF. Let (z,y) (v € E,y € F) denote an arbitrary element of £ x F'. Since £ and F' are
centered, we have x = ) a,x; and y = ) y;b; for suitable x; € Cp(E);y; € Cg(F); a;, b; € B.

i j
Let x; € Cp(E);y; € Cp(F);a;,b; € B denote another suitable choice. We find

77,’]

Z a;Y; ® .CEibj = Z Y; ® aixibj = Z Y; ® (Z;Zl?;bj
ij ij ij
= Z ay; © b, = Z ayy;b; ©
ij ij

= Doy o = D dy; o,
tj

ij
Therefore,
7 (x,y) — Z a;y; © x;b;

]
is a well-defined mapping £ x F' — FOFE.

Obviously, #* is B-B-bilinear. We show that it is balanced. Indeed, for an arbitrary
a € B we find

7 (ra,y) = Zaiayj O b = Zaiyj © zab; = 7 (x,ay).
ij ij
Thus, by the universal property of the B—tensor product there exists a unique B-B-linear
mapping ¥: EOF — FOFE fulfilling

F(roy) = 57(z,y).

Of course, 7 fulfills (C.4.1).
By applying 7 a second time (now to FOF), we find 5o 5 = id. Combining this with

surjectivity, we conclude that # is an isomorphism. m

C.4.6 Remark. It is noteworthy that in Appendix (C and in the applications in Part II of
these notes we do not distinguish very carefully between * ® y + Ng and z ® y + Nggr,
when E and F' are pre-Hilbert modules, and we denote both by x ® y. It should be clear

from the context which quotient we have in mind.
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Appendix D

The stochastic limit of the
QED-Hamiltonian

In this appendix we present our results from Skeide [Ske98a] which show how Hilbert modules
can help to understand the stochastic limit for an electron in the vacuum electric field as
computed by Accardi and Lu [AL96, [AL93|. For a detailed account on the stochastic limit
we recommend the monograph Accardi, Lu and Volovich [ALV01]. In particular, we show
(with the help of Lemma D.3.6) that the inner product computed in [AL96] (Proposition
D.3.5) determines an element in a pre-C*—algebra B, and that the limit module over B
is a full Fock module over a suitable one-particle module (Theorem D.4.3). The decisive
step for this identification consists in finding the correct left multiplication (D.3.6) on the

one-particle module. Without left multiplication there would be no full Fock module.

In Section D.1 we discuss the physical model. The most important objects are the
collective operators defined by (D.1.3)). In Section D.2/ we translate (basically, as in Example
4.4.12)) the description in terms of Hilbert spaces into the language of modules. After that the

collective operators appear just as creators and annihilators on a symmetric Fock module.

In Section D.3/ we compute the (two-sided) limit module of the one-particle sector. In
Section D.4 we show that the limit of the symmetric Fock module is a full Fock module.
More precisely, we show in a central limit theorem that the moments of collective operators
in the vaccum conditional expectation on the symmteric Fock module converge to moments
of free creators and annihilators on a full Fock module. All technical difficulties already
arise in the limit of the one-particle sector. The extension from the one particle sector is
based on the fact that the algebra of operators on the full Fock module is determined by the
generalized free commutation relations (6.1.1) (see Pimsner [Pim97]). In a more probabilistic
interpretation we may say that the inner product on the full Fock module is determined by

the inner product of the one-particle module (i.e. the two-point function), a behaviour which

323
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is typical for central limit distributions and which is refered to as gauftanity in Accardi, Lu
and Volovich [ALV99]. It throws a bridge from the stochastic limit of elementary particle
physics to Voiculescu’s operator-valued free probability (see also the introduction to Part II
and Section [17.2) with examples by Speicher [Spe98] and Shlyakhtenko [Shl96], and further
to the construction of new C*-algebras generalizing Cuntz-Krieger algebras and crossed

products; see [Pim97].

D.1 The physical model

The stochastic limit is a general procedure to separate in the dynamical evolution of a
physical system slowly moving degrees of freedom (typically, those of one or some particles)
from quickly moving or noise degrees of freedom (typically, a field in an equilibrium state).
A careful rescaling of parameters describing the compound system (in our example these
are time and coupling constant, but there can be involved also other parameters), avoiding
divergences on the one hand, and trivialities on the other hand (in this respect, indeed, very
similar to a central limit theorem), provides a new description of the dynamics of the original
system. (In our case, for instance, Gough [Gou96] shows that the description obtained is
equivalent to 2nd-order perturbation theory.) However, under such a limit the character
of the equations which govern dynamics changes. The original unitary evolution fufills a
so-called hamiltonian equation (the Schrédinger equation), whereas the evolution after the
limit is the solution of a quantum stochastic differential equation driven by a quantum white
noise (in our case operator-valued free white noise in the sense of Speicher [Spe98] which
can be resolved using our calculus from Part IV)). While the original hamiltonian equation
can be treated only rarely, the quantum stochastic differential equations have already been
dealt with successfully in many cases. For a comprehensive account on the stochastic limit
(with many examples) we refer the reader to Accardi and Kozyrev [AK00].

In the sequel, we describe the stochastic limit for the non-relativistic QED—Hamiltonian
in d € N dimensions of a single free electron coupled to the photon field without dipole
approximation. Originally, the photon field has d components. However, since we neglect the
possibility of polarization, we may restrict to a single component. From the mathematical
point of view this is not a serious simplification. Our results can be generalized easily to
d components. In addition, we forget about the fact that the electron couples to the field
via the component of p into the direction of the field. The p may be reinserted after the
computations easily, because we work in Coulomb gauge. Throughout this appendix we
assume d > 3. In the sequel, we describe our simplified set-up and refer to [AL96, \Gou96]
for a detailed description.

The Hilbert space R of the field is the symmetric Fock space I'(L*(R?)) over L?(R%)
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with the Hamiltonian Hp = [dk |k|ajax. (By af and a, we denote the usual creator
and annihilator densities which fulfill aza;, — aj,ar, = 6(k — k’).) The particle space S

is the representation space L?*(R?) of the d—dimensional Weyl algebra 20 in momentum

P’
5

The interaction is described on the compound system S ® R by the interaction Hamil-

representation with the usual free Hamiltonian Hg =

tonian
H; = A/dk a; @ e* (k) + h.c..

A is a (positive) coupling constant. In the original physical model the function ¢ is given by

c(k) = ﬁ; see [AL96]. As in [AL96] we replace it by a suitable cut-off function ¢ € C.(R?).
Since we will identify operators on R and S, respectively, with their ampliations to S® R, we
omit in the sequel the ®-sign in between such operators. The time-dependent interaction
Hamiltonian in the interaction picture, defined by H;(t) = eHr+Hs) [ o=t (Hr+Hs) takes

the form
Hi(t) =\ / dk a;e® et reit(kis k) o) 4 hc..

This follows directly from the commutation relations fulfilled by a; and a; and from the
basic relation f(p)e*? = ¢4 f(p+ k) for all f € L>®(R?). In the sequel, the special case

-7 1. -1.7 . 1. L. L/
elkpezk q _ ezk qezkpezkk (Dll)

is of particular interest.

The wave operators U(t) defined by U(t) = etHrtHs)e=it(Hr+Hs+H1) are the objects of
main physical interest. They fulfill the differential equation

aUu

dt

For the stochastic limit the time ¢ is replaced by % and one considers the limit A — 0. So

(t) = —iH;(H)U(t) and U(0) = 1. (D.1.2)

we define the rescaled wave operators Uy(t) = U(55). The problem is to give sense to Uy =

/l\ir% Uy. For this aim [AL96] proceed in the following way. Let V' denote the vector space

which is linearly spanned by all functions f: R x RY — C of the form f(7,k) = I 1y (T)f(k)
(t <T,f € C(R%). Obviously, we have V = &(R)® C.(R?). For f € V define the collective

creators
40 = [ dr [ acanr s (D13)
and their adjoints A,(f), the collective annihilators. Here we set

1 ., . . 1
/7)\(7—7 k?) _ Xethezékﬁez}\%w(‘kD and W(T) —r+ 5702.
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In view of Remark D.2.2 and Lemma D.3.6/ we keep in mind that in some respects also more
general choices for v, and w are possible.

Obviously, we have

A5(Lme) + An(Iic) = / dr Hy (). (D.1.4)

22

With the definition A}(t) = A3(Zp4c) Equation (D.1.2) transforms into

U, (czA; dA,

) = =i~ (t)+W(t)>UA(t) and Uy(0) = 1. (D.1.5)

Henceforth, if we are able to give sense to the limit not only of U, but also of A5(f) for
fixed f € V, we may expect this differential equation to hold also in the limit A — 0. On
the other hand, if we find a limit of the A5(f) and a quantum stochastic calculus in which
(D.1.5) makes sense and has a solution Uy, we may hope that Uy is the limit of the U,. Here

we will consider exclusively the limit of the collective operators.

Let €2 denote the vacuum in R. Then the vacuum conditional expectation Ey: B(S ® R)
— 3(5 ) is

Eo(a) = (id ©0)a(id Q). (D.1.6)

In [AL96] the limit }\irrg)(ﬁ,Eo(MA)g), for M, being an arbitrary monomial in collective
operators and &, ¢ being Schwartz functions, was calculated. In the sequel, we repeat the
major ideas of the proof in a new formulation. Moreover, we show that the limit considered

as a sesquilinear form in ¢ and ¢, indeed, determines an element of B(.S).

D.2 The module for finite )\

For the time being we fix on the algebra B(S) which contains the Weyl algebra 20 as a
strongly dense subalgebra. In the limit A — 0 the algebra B(S) turns out to be too big.

We know from Example 3.3.4 that the algebra B(S ® R) coincides with the alge-
bra B*(B(S,S ® R)) of adjointable operators on the von Neumann B(S)-B(S)-module
B(S,S®R). By Example 4.4.121 B(S, S ® R) is the GNS-module of the vacuum conditional
expectation (D.1.6). As in Example [6.1.6/ we see that B(S,S ® R) = B(S) ®@° I'(L*(R?))
is nothing but the strong closure of the symmetric Fock module I'(L2(R?, B(S)) over the
one-particle sector L*(R%, B(S)) as investigated in Section 8.1.

If we want to represent the x—algebra A, of collective operators, then we must be slightly
more careful, because these operators are unbounded. We consider the algebraic symmetric

Fock module I', = [(€3(R%, B(S)) over the strongly continuous functions with compact
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support (see Appendix Bl). Then the creators and annihilators defined as in Section 8.1
leave invariant I'., and it is clear that the conditional expectation extends to the x—algebra
generated by them.

Let f be an element in V' (see Section D.1)). We define a mapping ¢y: V — C5(R% B(9)),
by setting

oA (k) = / dr (7, k) (7, ).

(Since v, is only strongly continuous, ¢, maps, indeed, into C$(R? B(S)) and not into
C.(R4,B(S)).) Having a look at (D.1.3), we get the impression, as if A}(f) “wants to
create” the function @, (f). This impression is fully reconfirmed in the module picture. It

is rather obvious that the equation
a(AX(f) = a*(exa(f))

defines a s—algebra monomorphism a: Ay — L£%(I';). This follows more or less by checking
Eo(M)) = (w, a(My)w) (D.2.1)

for any monomial M) in collective operators where w is the vacuum in I'.. (For a detailed
proof see [Ske98a|. To make a precise statement it is necessary to find a common dense
invariant domain of all elements in A,.)

w is not yet necessarily a cyclic vector for the range of a. However, if we denote by
V(B(S)) the module spanned by functions f: R x R? — B(S) of the form f(r,k) =
E[th](T)f(T, k) (f € C(R x R? B(5))*), then it is possible to extend the definitions of
the collective operators and of ¢, to V(B(S)). Also o extends to the bigger x—algebra gen-
erated by A3 (V(B(S))). We will see in Remark [D.2.2 that now w is at least topologically
cyclic. Notice that ) is right linear automatically.

We turn V(B(S)) into a semi-Hilbert B(S)-module, by defining the semi-inner product
(fyg)x = (ox(f), vr(g)). By defining the left multiplication

[bf] (tv k) = 7;1<t7 k)b’y)\@, k)f(tv k) <D22)

V(B(S)) becomes a semi-Hilbert B(S)-B(S)—module and ¢, a (B(S)-B(S)-linear) isome-
try.

D.2.1 Proposition. ¢, extends to an isomorphism between the von Neumann B(S)-B(S)-
modules V(B(S))" and L2*(R%, B(S)). A fortiori, all V(B(S))" for different X > 0 are

1somorphic.
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PROOF. Observe that vy 'V(B(S)) C V(B(S)). Let b € B(S) and f € C.(RY). We
have @x(vy ' Ljo11/b) = fb, so that o5 (V(B(S))) D C(RY) ® B(S). We conclude that
A (V(B(S) = L**(R%, B(S)).

©y is an isometry and extends as a surjective isometry from V(TB(S))S to L2(R4, B(9)).

Clearly, this extension is an isomorphism. m

D.2.2 Remark. The preceeding proof shows that the operators A3 (V(B(S))) applied suc-
cessively to 1 generate a strongly dense subspace of T, . Therefore, w is topologically cyclic.
Notice that all results obtained so far remain valid, if we choose for v, an arbitrary invertible

element of C3(R x R? B(S)) (the bounded strongly continuous functions).

D.2.3 Remark. The two pictures L2*(R% B(S)) and V(B(S)) of the same Hilbert mod-
ule are useful for two different purposes. L?*(R? B(S)) shows more explicitly the algebraic
structure which appears simply as the pointwise operations on a two-sided module of func-
tions with values in an algebra. The property that the module is centered can be seen clearly
only in this picture. For the limit A — 0, however, we concentrate on the elements of the
generating subset V C V(B(S))". (The image of f € V in L2(R% B(S))* under ¢, does not

converge to anything.)

D.3 The limit of the one-particle sector

This section is the analytical heart of this appendix. We compute the limit of the module
V(B(S)). In Section D.4 we point out how the results of this section can be generalized to
the full system.

Let V/ = B® V ® B denote the free B-B-module generated by the vector space V.
Motivated by Remark [D.2.3/ we give the definition of what we understand by a limit of
Hilbert modules.

D.3.1 Definition. Let V' denote a vector space. A family of semi-Hilbert B-B-modules
(E,\)A A with linear embeddings iy: V' — F, is called V —related, if the B-B-submodule
generated by iy(V) is Ey. In this case i) extends to a B-B-linear mapping from V7 onto

Ey. We turn V7 into a semi-Hilbert B-B-module Vj, by defining the semi-inner product

(f,9)* = (a(f),in(9))

for f,g € V.

Let €1 and ¥ be locally convex Hausdorff topologies on B. A semi-Hilbert B—B-module
E is called sequentially T1-%5—continuous, if for all f,g € E any of the four functions
b— (f,gb), b— (f,bg), b (fb,g) and b — (bf, g) on B is sequentially ¥;—F,—continuous.
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Let A be a net converging to A\g € A and By a x—subalgebra of B which is sequen-
tially ¥1—dense. We say a V-related family of sequentially ¥;-%5—continuous semi-Hilbert
B-B-modules (E)‘))\EA converges to Ey,, if

lim(f, g)* = (f.9)™ (D.3.1)

in the topology % for all f, g € Vgo. We write li/{n E\ = E),.

D.3.2 Remark. Some comments on this definition are in place. We are interested in the
limits of the semi-inner products of elements of V/. However, it turns out that the limit
may be calculated only on the submodule Vgo, where By is a sufficiently small subalgebra of
B, and in a sufficiently weak topology ¥5. (If this limit took values also in By, we could stay
with Vg; and forget about B. Unfortunately, this will not be the case.) By the requirement
that By is a sequentially dense subalgebra of B in a sufficiently strong topology ¥; and by
the T,—%,—continuity conditions we assure that the semi-inner product on Vé; (with values
in B) already determines the semi-inner product on V7.

Suppose that (EA) AEA\ DA}
Equation (D.3.1) holds. Furthermore, suppose that also the limit semi-inner product fulfills

is V-related and sequentially €;—%s—continuous and that

the continuity conditions and its extension to elements of V/ still takes values in B. Then
V/ with extension of the semi-inner product (D.3.1) by T;-T,—continuity is a sequentially
T1-T9—continuous semi-Hilbert B-B-module. Letting F), = V/, the family (E)\)/\ A is
V-related, sequentially T;—%s—continuous and we have liin E\=FE),,.

Obviously, after dividing out all null-spaces, Definition D.3.1 may be restricted to the case
of pre-Hilbert modules. If B is a pre-C*—algebra and left multiplication is norm continuous
on all Fy, we may perform a completion. Convergence of a family of Hilbert modules means

that there is a familiy of dense submodules for which Definition [D.3.1/ applies.

D.3.3 Remark. If the * is continuous in both topologies, then it is sufficient to check the
T1—%o—continuity conditions only for either the left or the right argument of the semi-inner
product.

Furthermore, if the multiplication in By is separately ¥o—continuous, then it is sufficient
to compute (D.3.1) on elements of the left generate of V' in Vgo. However, there is no way
out of the necessity to compute the limit on any single element in the left generate. This
had been avoided in [AL96], so that the convergence used therein is at most a convergence of
right Hilbert modules. However, notice that, in particular, the left multiplication will cause
later on a big growth of the limit module. The algebraic operations in the construction of

a full Fock module cannot even be formulated without the left multiplication.
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Now we start choosing the ingredients of Definition [D.3.1/ for our problem. For By we
choose the *—algebra 2, = span{e™*?e'?: 3, p € R?} of Weyl operators.

In order to proceed, we have to recall some basic facts about the Weyl algebra. As a
reference see e.g. the book [Pet90] of Petz. The Weyl algebra 20 is the C*—algebra generated
by unitary groups of elements of a C*—algebra subject to Relations (D.1.1). By Slawny’s
theorem this C*—algebra is unique, so that the definition makes sense. A representation of
20 on a Hilbert space induces a weak topology on 2. However, this topology depends highly
on the representation under consideration. For instance, we identify elements b € 20 always
as operators in B(S). In this representation the operators depend strongly continuous on
the parameters s and p. (Such a representation is called regular. An irreducible regular
representation of 20 is determined up to unitary equivalence.)

Denote by 20, and 20, the *—subalgebras of 20, spanned by all e”*? and spanned by all
e?4. respectively. The Weyl operators are linearly independent, i.e. as a vector space we
may identify 20y with 20, ® 20, via ¢"*Pe? = P @ ¢4, Since { ei"'q}peRd is a basis for
20,, we may identify By with @ 20,. We identify 2, as a subalgebra of L>(R?) C B(S).

pERd
By the momentum algebra P we mean the x—subalgebra C,(R?) of L>°(R?). Notice that the

C*-algebra P contains 20,. For B we choose €@ P. We have B C @ L>*(R?) C B(S9).
pERA pERA
In order to define the topology %1, we need the weak topology arising from a different

representation. We define a representation 7 of 20 on € L?*(R?) (consisting of families
pER?

(fﬂ)peRd where f, € L*(R%)) by setting

(Pt 1) (f») pERd — (ei%.peip,.qu_p') pER?

This representation extends to elements b € €@ L>®(RY). It is, roughly speaking, regular
pERC
with respect to sz, however, ‘discrete’ with respect to p'.
Let Z denote a finite subset of R%. We equip @ L*°(R?) with the restriction of the weak
pET
topology on @@ L*°(R?) induced by the representation m. We equip @ L*°(R?) with a
pERA peERC

different topology by considering it as the strict inductive limit of (@ L“(]Rd)> > see
pGI ICR

e.g. Yosida [Yos80, Definition 1.1.6]. Clearly, a sequence <p§éd ezp-qhg> T ((hZ)peRd)neN
in @ L*(R?), where A € L>*(R?), converges, if and only if the h are different from zero
pERC
only for a finite number of p € R? and if any of the sequences (hZ)n N (p € RY) converges
in the weak topology of L>®(R?). Notice that @ L°°(R?) is sequentially complete and that
pERY
By is sequentially dense in this topology. By restriction to B, we obtain the topology ¥;.

Notice that convergence of a sequence in the topology ¥; also implies convergence in the
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weak topology of B(.5).

The topology ¥, is the topology induced by matrix elements with respect to the Schwartz
functions §(R?). Thus, (f, g)x converges to b € B(S), if and only if (£, (f, g)»() converges to
(£,0C) for all £,¢ € §(R?). Since an element in By leaves invariant the domain of Schwartz
functions, the multiplication with elements of Bj is a To—continuous operation. Also the %
is continuous in both topologies, i.e. Remark D.3.3 applies.

Of course, we choose A = [0,00), ordered decreasingly, and A\g = 0. We return to
V =6(R)®C.(RY). Fix A > 0 and consider V(B(S)) equipped with its semi-inner product
(e, @), the left multiplication (D.2.2) and the embedding i) being the extension of the
canonical embedding i: V — V(B(S)). Then our E) are iy(V7).

D.3.4 Proposition. The (E)\)
of semi-Hilbert B-B-modules.

\=0 form a V —related, sequentially T1—Ts—continuous family

ProoF. First, we show T;—Ts—continuity. Notice that for sequences convergence in ¥
implies convergence in the weak topology and that convergence in the weak topology implies
convergence in %,. Therefore, it suffices to show that for all f,g € Vg the mappings

— (f,gb)* and b — (f,b.g)* are sequentially weakly continuous. However, by right
B-linearity, continuity of the first mapping is a triviality. The second mapping, actually, is
an inner product of elements of €5(R? B(S)). The mapping depends weakly continuous on
b on bounded subsets. In particular, it is sequentially weakly continuous.

It remains to show that the inner product maps into B. For f = I [t,T}f: g=1UI59€V

- fa | " ir / " do TR En(o b
:i/dk /TdT /SdaTlc)g(k)e

)ezu(p ker(\kD) <D32)

we have

i7" (p-k+w([kD)

dk dT

This is the weak limit of elements in 20, and, therefore, an element of P C B. Automatically,
we have (f, gb)* € B for b € B.

Now consider b = h(p)e””? € B (h € P). By Equation (D.1.1) and manipulations similar
o (D.3.2) we find

(f, b.g)* / dk / dr / G(k)e zrkeiule=p)k+e(kD p(p 4 k)etra, (D.3.3)

The integral without the factor e*? is a continuous bounded function of p, i.e. an element
of the momentum algebra P C B. It follows that also (f,b.g)* € B. m



332 Appendix D. The stochastic limit of the QED-Hamiltonian

Next we evaluate the limit in (D.3.1). The following proposition is just a repetition of
a result in [AL96]. However, notice that the integrations have to be performed precisely in

the order indicated (i.e. the p—integration first).

D.3.5 Proposition [AL96]. Let f,g € V be given as for Equation (D.3.2) and £,( €
8(RY). Then

tim (€. (1.91°¢) = (T, Do) [ a6 FRGE) [ du [ dpEEIIsI. - (D.3.)

The factor (I m, Iis,s) is the inner product of elements of L*(R).

PROOF. The matrix element of Equation (D.3.2)) is

(€5.07) = f T /C“/ ““’"C'/dpa K p)e
/ dk (k) / dr / ) ¢ (k).

For A > 0 the order of integrations does not matter, so we may, indeed, decide to perform

the p-integration first. £, the Fourier transform of £¢, is a rapidly decreasing function.
Therefore, the A-limit in the bounds of the u—integral may by performed for almost all &k
(namely k& # 0) and all 7. Depending on the sign of s —7 and S — 7, respectively, the bounds
converge to £oo. A careful analysis, involving the theorem of dominated convergence, yields
the scalar product of the indicator functions in front of (D.3.4). The resulting function of

k is bounded by a positive multiple of the function ‘@‘ which is integrable for d > 2. By

o

another application of the theorem of dominated convergence and a resubstitution of &C

the formula follows. m

Now we will show as one of our main results that the sesquilinear form on $(R?) given
by (D.3.4) indeed defines an element of B. In [AL96] it was not clear, if (D.3.4) defines any
operator on S. Denote by e; the unit vector in the direction of k # 0 and by [ dey the

angular part of an integration over k in polar coordinates.

D.3.6 Lemma. Let f be an element of C.(RY), & be an element of 8(RY) and d > 3.
Furthermore, let w be a C'—function Ry — Ry of the form w(r) = rwo(r), where 0 <
wo(0) < 0o and W), bounded below by a constant ¢ > 0. Denote by wy ' the inverse function

of wy extended by zero to arguments less than wy(0). Then

/ dk (k) / du / dp €(p)er kD)

W (—p - ey)d2 _1
. / dpe(p) / de, P ) i (- eer)

Wo(wo (—p €k
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Moreover,

Wl (—p - ep)t2 »
/ dep 20 PO e

wh(wy ' (—p - ex))

as a function of p is an element of Cy(R?).

D.3.7 Remark. Formally, we can perform the u—integration and obtain

27r/dkf(k)/dp§(p)5(p'k+w(|k|))

where the d—distribution is one-dimensinal (not d-dimensional). The statement of the lemma
arises by performing the integration over |k| first and use of the formal rules for )—functions.
However, f is in general not a test function and the domain of the |k|-integration is R, not
R. Therefore, some attention has to be paid. We will use this formal é—notation whenever
it is justified by Lemma D.3.6.

Proor oF LEMMA [D.3.6. Let us write k£ in polar coordinates, i.e. & = re;. For fixed
k # 0 we write the p-integral in cartesian coordinates with the first coordinate py being
the component of p along ex. Then p has the form p = pger + p. with p, the unique
component of p perpendicular to e;. In this representation the exponent has the form
iur(po + wo(r)) and we may apply the inversion formula of the theory of Fourier transforms
to the po—integration followed by the u—integration. The result may be described formally
by the d—function 276 (r(py + wo(r))) for the po-integration. We obtain

/du /dpﬁ(p)ei“(p"“+”("“')) = 2ﬂ/dp£(p)5(7“(po+wo(7")))

~ lim 27 / dpE(p) L0 (p -k + wolK])).

e—0 €

It is routine to check that the right-hand side is bounded uniformly in ¢ € (0, 1] by a positive

1
L

the e-limit also for the k—integration and obtain

multiple of Therefore, again by the theorem of dominated convergence we may postpone

/ dk f (k) / du / dp € (p)e @+ = fig 2T / dk f (k) / dpE ()T (p -k + wol[kD).

e—0 €

Now the order of integrations no longer matters.
We choose polar coordinates for the k—integration and perform first the integral over

r = |k|. The above formula for finite ¢ becomes

2; dpf(p)/dek /drrd_lf(rek)][[oﬁ] (T(p-ek+w0(r))).
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Consider the function F(r) = r(p- ey +wo(r)). From the properties of wy it follows that
wo(r) > we(0) + cr. Consequently, F(r) > r(p - ep + wo(0)) + cr?. If p-ex + wp(0) > 0,
then F(r) > cr? and, because d > 3, the integral £ [ dr ! f(rey) I (r(p - ex + wo(r)))
converges to 0 for € — 0 uniformly in p - e, > —wy(0).

On the other hand, if p - e; + wp(0) < 0, then F(r) starts with 0 at » = 0, is negative
until the second zero ry = wy '(—p - ex)) and increases monotonically faster than cr?. We

make the substitution y = F(r) and obtain

é/dr T f(rew) Mg (r(p - e + wo(r)))

1 r(p)!
: / b en  a(r () () (r()

fr(p)er).

The integrand is bounded by :9{3,?;)
0

in p-e; < —wp(0) to the limit

sup |f(k)|. Therefore, the integral converges uniformly
keRd

d—2
"o

— — f(roex).
(o))
Substituting the concrete form of ry and extending wy ' by wy ' (F) = 0 for F < wp(0), we
obtain the claimed formula.
The last statement of the lemma follows from the observation that wy' is a continuous

function and that if wy ' (—p - ex) is big, then f(wy'(=p-ex)) =0. m

D.3.8 Corollary. The sesquilinear form on $(RY) given by (D.3.4) defines an element of
B.

Formally, we denote this element by (f,¢)° = 2n (L1, Is,5)) [ dk f(k)?(k)é(p -k +

w(|k|)). Notice also the commutation relations

2 [ FRGRIS (0= p) -k +-wlED) = 72 [k FRGRIS (- k(D)

Again it is clear that the limit extends to the right By—generate of V' and that the
function b — (f, gb)® extends weakly continuous, i.e. a fortiori T;-%»—continuous, from By

to B. It remains to show this also for the left By—generate.

D.3.9 Proposition. Let again f,g € V be given as for Equation (D.3.2) and &,¢ € §(R?).

Furthermore, let b = e?*Pe'?1 ¢ B,y. Then

lim (&, (f,b.9)°C)

ST, M) / dk T (k)G (k) / du / dp () P=o kD) isep () (D.3.5)
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D.3.10 Remark. j, is, indeed, the Kronecker 4. So the left multiplication in the limit is
no longer weakly continuous. This is the reason for our rather complicated choice of the

topology %;.

PrROOF OF PROPOSITION [D.3.9. Our starting point is equation (D.3.3). If p = 0 the
statement follows precisely as in the proof of Proposition D.3.5.

If p # 0, the expression is similar to the case p = 0 (where ¢ is replaced by €”4(). The
only difference is the oscillating factor e ixzrk, Similarly, one argues that the A-limit in
the bounds of the u—integral may be performed first. By an application of the Riemann-

Lebesgue lemma the resulting integral over the oscillating factor converges to 0. m

D.3.11 Remark. The proposition shows in a particularly simple example how the Rie-
mann-Lebesque lemma makes a lot of matrix elements disappear in the limit. This fun-
damental idea is due to |[AL96]. However, in [AL96| the idea was not applied to the left

multiplication.

D.3.12 Corollary. The sesquilinear form on 8(R%), defined by (D.3.5), determines the

element

(f.0.9)° = bl . (7)) e

in P. Moreover, the mapping b — (f,b.g)° extends sequentially T,-To—continuously from
BO to B.

PRrooOF. Like for p = 0, it follows that (D.3.5), indeed, defines an element of P. Now we
observe that a matrix element (f,h.g)°, written in the form according to Lemma D.3.6,
may be extended from elements in 20, to all elements h € P. It suffices to show that the
mapping h — (f, h.g)? is sequentially weakly continuous on P. To see this we perform
first the p—integral and obtain a bounded function on e;. Inserting a sequence (h”)neN’ the
resulting sequence of functions on ey is uniformly bounded. By the theorem of dominated

convergence we may exchange limit and e,—integration. m

The following theorem is proved just by collecting all the results.

D.3.13 Theorem. The (EA),\>0 form a V -related, sequentially %1-%5—continuous family

of semi-Hilbert B-B-modules and

lim E) = E.
A—0
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Now we are going to understand the structure of F better. Consider Fy = BQV @B =
P PV ®B. Any of the summands P ® V ® B inherits a semi-Hilbert P-B-module

peERC
structure just by restriction of the operations of Ey. Notice that the inner products differ

for different indices p. However, the left multiplications by elements A € P coincide. Of
course, multiplication of an element in the p-th summand by "¢ from the left, is not only
pointwise multiplication, but shifts this element into the (p + p')—th summand.

Next we recall that V' = &(R) ® C.(R). The factor (I 1, I}ss) tells us that Fy is the
exterior tensor product of the pre-Hilbert C-C-module G(R) and B ® C.(R) ® B with a
suitable semi-Hilbert B-B-module structure.

In order to combine both observations we make the following definition. Fix p € R%. We
turn €.(R?, B)* into a P-B-module by pointwise multiplication by elements of B from the
right and the left multiplication defined by setting [h.f](k) = h(p + k) f(k). Denote by V
the P-B-subsubmodule of C.(R?, B)* generated by C.(R?). We turn V; into a semi-Hilbert
P-B-module by setting

(f, ) = 2 / ak F(K)6((p— p) - k + w((k]))g (k).

Set & = @D V;. For an element (fp)peRd € & we define the left action of e*"¢ by

pERC
e ( fp)p cpd = (eir" fp—ﬂ’),)eRd‘ The following theorem may be checked simply by in-

spection.

D.3.14 Theorem. The mapping

Z (hﬂeip‘q) ® (][[t,T]fp) ® by — Iy ® (hw(eip'qu)bp)pen@d’

pER

where Iy € S(R), f, € C.(R?) C V), h, € P, and b € B, (all different from 0 only for
finitely many p € R?) defines a surjective B-B-linear isometry

Ey=BaVeB— 6R)®E.

The ®-sign on the right-hand side is that of the exterior tensor product.

D.3.15 Remark. C3(R? B) may be considered as a completion of C.(R?) @ B. The left
multiplication by elements of P leaves invariant C$(R¢, B) and the inner product of Ej, first
restricted to P ® V @ B = P ® V" and then extended to P ® V7', does not distinguish
between elements h ® f and 1 ® (h.f). Therefore, already the comparably small spaces %4

are sufficient to obtain an isometry.
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We find the commutation relations

[(ei%-peipl'q). (fp)peRd] (t, k) = (" fopl(t, k))peRd(e"”'pei’)"q) (D.3.6)

for elements f, € V. This means for an arbitrary element in f € G(R) ® £ and p, 3 € R?
there exists f’ € G(R) ® £ such that (e*Pe’").f = f'e™*Peif" 1 and conversely. (The same
is true already for £.) Such a possibility is not unexpected, because it already occurs for
finite \.

D.3.16 Remark. Of course, it is true that £ is non-separable. This is not remarkable
due to the non-separability of 20y,. However, the separabilty condition usually imposed
on Hilbert modules is that of being countably generated. Clearly, £ fulfills this condition,
because V' is separable.

A much more remarkable feature is that the left multiplication is no longer weakly
continuous. However, also this behaviour is not completely unexpected. It often happens
in certain limits of representations of algebras that certain elements in the representation
space, fixed for the limit, become orthogonal. Consider, for instance, the limit &~ — 0 for
the canonical commutation relations or the limits ¢ — =1 for the quantum group SU,(2);
see [Ske99b]. In both examples the limits of suitably normalized coherent vectors become

orthogonal in the limit.

D.3.17 Remark. Since B C B(S) is a pre-C*—algebra, £ has a semi-norm and right mul-
tiplication fulfills || fo|| < || f]] ||b]]. We show that left multiplication by an element of B acts

at least boundedly on €. Indeed, we have || f||* = sup (&, (f, f)¢). Any element in
£e8(RY), [Igll=1
b= (hp) pehd € B may be €;—approximated by a sequence (bn)neN of elements in By where

b, = (hg)p cgpa- BY the Kaplansky density theorem and weak separabilty of the unit-ball of
L**(R?), we may assume that ||| = ||k, (p € R% n € N). We have

) 2

(& (bupr (1), bupr (£)E) < IIall? (€ (o (1), 2 (£)E) < (& {r( £ or(MNEN (D lel)

pER
The number of p’s for which k7 # 0 for at least one n € N is finite. Our claim follows,

performing the limits first A — 0 and then n — oco. Therefore, if necessary, we may change

to the Hilbert B-B-module £ where, however, B is only a pre-C*-algebra.

D.3.18 Remark. It is not difficult to see that the left and right multiplication, actually,
are sequentially ¥;—continuous. Therefore, all our results in this section and in Section D.4

may be extended to the sequentially ¥;-complete algebra L>(R?Y) ® 20,.
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D.4 The central limit theorem

In this section we prove in a central limit theorem that the moments of the collective
creators and annihilators in the vacuum conditional expectation, represented in Section
D.2 by symmetric creators and annihilators on the symmetric Fock module I, converge to
the moments of the corresponding free creators and annihilators on the full Fock module
F(6(R) ® &) over the limit of the one-particle sector computed in Section D.3.

In a first step we show that in a pyramidally ordered product (i.e., so to speak, an anti-
normally ordered product) the moments of the free operators for finite A converge to the
moments of the free operators for A = 0. In the next step we show that nothing changes, if
we replace for finite A the free operators by symmetric operators. For this step an explicit
knowledge of the embedding of the symmetric Fock module into the full Fock module is
indispensable. The final step consists in showing that the limits for arbitrary monomials

respect the free commutation relations (6.1.1).

In the course of this section we compute a couple of To-limits of elements of B(.S). For
the sesquilinear forms on §(R?), defined by these algebra elements, all the limits already
have been calculated by Accardi and Lu in |[AL96]. Since the combinatorical problems of,
for instance, how to write down an arbitrary monomial in creators and annihilators and so
on, have been treated in |[AL96| very carefully, we keep short in the proofs. Sometimes, we
give only the main idea of a proof in a typical example.

New is that the limit sesquilinear forms define operators. This means that the limit
conditional expectation, indeed, takes values in B(.S). Also new is the interpretation of the
limit of the moments of the collective operators as moments of free operators on a full Fock
module in the vacuum expectation. The idea to see this, roughly speaking, by checking
Relations (6.1.1)) (see proof of Theorem D.4.3)), has its drawback also in the computation of

the limit of the sesquilinear forms. The structure of the proof is simplified considerably.
D.4.1 Theorem. Let f; = ][[t“Ti]f;,gi =I5, 519 beinV (i=1,... ,n;n €N). Then
N (1, £0f1) - €(fa) € (gn) - - € (90)1)n = (L, 6(A) - L(fn) " (gn) - € (g1))o.

ProoOF. First, we show that

(@ O frygn @ e O gih = / ki ... / ks T ()G (k) <<~ s (k)i (k)

Th Sn T S1
/ dt, / do,, / dmy / doy (1, k1) - V(T kn) YA (O, kn) - - - a0, k1)
tn Sn t1 S1
(D.4.1)
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converges to the inner product on F, in ¥,. We proceed precisely as in the proof of
Proposition D.3.5. Here we are not very explicit, because we have been explicit there.
We consider matrix elements of (D.4.1) with Schwartz functions &,(. The ¢’s in the 7)’s
dissappear by extensive use of Relations (D.1.1), however, cause some shifts to the p’s. We
make the substitutions u; = %5 and after performing the p-integral we obtain the function
Eg(unk’n + ...+ uiky). Its modulo is for almost all k,,,... ,k; and all 7,,,... , 7y a rappidly
decreasing upper bound for the u;—integrations. Similarly, as in the proof of Proposition
D.3.5 one checks that the A-limits for the u;,—integrals may be performed first. We obtain

the result

/l\ig(l)<5» (fa®... 01,000 ...0a) = T Lisnsa)) - Tty 1), Lisyos0))
S Fwme) [ o [ at T EG) [ du,

. /dp@C(P)eiun((pMn1+...+k1)-kn+w(|kn>) ot prhtw (k)

of [AL96].

Now we proceed as in Lemma D.3.6/ and bring the p—integration step by step to the
outer position. (Take into account that after performing the integrals over p and over u;, k;
(t=m+1,...,n) the result is still a rapidly decreasing function on u; (i = 1,... ,m) for
almost all k; (¢ = 1,... ,m). Therfore, Fubini’s theorem applies.) We obtain (by the same

notational use of the d—functions) that (D.4.1) converges to

([1®...Ofl,9n®...O0g1)0
= (QW)”(JT[tn,Tnb”[sn,snD"-Uf[tl,ﬂb”[sl,sl])/d/fn .../dklﬁ(kn)ﬁn(kn)~--fl(kz1)§1(k1)

S((p+kn14...+ k) ky+w(ka) - 0(p- ki +w(ki])). m

D.4.2 Theorem. Theorem D./.1 remains true, if we replace on the left-hand side the free

creators and annihilators by the symmetric creators and annihilators, i.e.

lim Eo(4x(£1) -+ Ax(f) 43(00) - 43(91)
= I (L, a(pa(1) - alealfu)a”(oa(g)) -0 (or(oa))1)

= (L L(f1) - L(fu)l"(gn) - - £*(g1) D)o
PRrROOF. Notice that

a*(pa(gn) -+ @ (pa(g1))1 = VnIPC (pa(gn)) -+ £ (o2 (g1))1.
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Therefore, we are ready, if we show that in the sum over the permutations only the identity
permutation contributes to the limit of the inner product.
Applying the flip to two neighbouring elements ¢, (g;11) ® ¢a(g;) means exchanging the

arguments k; 1 <> k;. (The o; are dummies and may be labeled arbitrarily.) We find

[7(ex(gi+1) © a(9:))] (kiga, ki)

Si Sit1
=/ d0i+1/ doje'™ > Mk (o ki) (04 k)G (ki) G (K3
S5 Sit1

;=041
%kwﬂ'k

This differs only by the oscillating factor e'~ x * from the expression

OxIs,41,50:1191) © ox(I[s,,5,Gi+1)

whose inner products are known to have finite limits. This oscillating factor cannot be
neutralized by any other flip operation on a different pair of neighbours. Assume, for
instance, for a certain permutation 7 that ¢ is the first position, counting from the right,
which is changed by 7. Then 7 may be written in the form 7's(; ;17" where 7(; ;41 is
the flip of positions 7 and i + 1 and «’, 7" are permutations involving only the positions
i+ 1,...,n. Alook at the concrete form of the exponents in the oscillating factors tells us
that the oscillating factor arising from 7(;;,1) will be neutralized at most on a null-set for
the k;—o;-integrations (j = ¢+ 1,... ,n). Therefore, any non-identical permutation does
not contribute to the sum of all permutations. (Notice that also here for a proper argument

the theorem of dominated convergence is involved.) m

D.4.3 Central limit theorem. Theorem D.4.2 remains true, if we replace on the
left-hand side Ax(f1) -+ Ax(fn)A5(gn) -+ A%(g1) by an arbitrary monomial in collective
creators and annihilators and on the right-hand side ((f1) - 0(fn)0"(gn) -+ - €*(g1) by the
corresponding monomial in the free creators and annihilators. In other words, we expressed
the limit of arbitrary moments of collective operators in the vacuum conditional expectation
Eo as the moments of the corresponding free operators in the vacuum expectation on the
limat full Fock module.

PROOF. We will show that, in a certain sense, Ay(f)A5(g9) — (f, g)o for A — 0; cf. Relations
(6.1.1). Indeed, one easily checks that

[a(f)a™ (@) Fl(kn, - k1)

= (f, N F(kn, ..., k1) +/dk Zf*(k)g(k;i)F(k,k;n,... iy k)

for f,g € C(R, B).
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Replacing f, g by oA(f), palg) (f,g € V), the first summand converges precisely to what
we want, namely, (f, g)oF. In the remaing sum we may, like in the proof of Theorem D.4.2,
exchange the position of f* and ¢g. This produces an oscillating factor which makes the
k—integral dissappear in the limit.

Finally, we must show that in a concrete expression, e.g. like

Eo(Ax(f1) - Ax(fu) A3 (gn) - - - Ax(gms1) AN () A5 (9) A3 (gm) - - - Ax(1))
= (1, a(ea(f1)) - alea(fa))a* (ox(gn)) - - - a*(©x(gm1))
a(px(f))a*(ex(g))a (ea(gm)) - - - a*(pr(g1))1),

the limit a(px(f))a*(or(g)) — (f, g)o for the inner pairing may be computed first. But this
follows in the usual way using arguments involving the theorem of dominated convergence

and the Riemann-Lebesque lemma. m

D.4.4 Remark. It is possible to extend the preceeding results in an obvious manner to
elements f in the By—generate of V. This means that the moments of both A*(f) and
¢*(f) for finite A converge to the moments of £*(f) on F(G(R) ® £). By a slight weak-
ening of Definition [D.3.1/ in the sense that the generating set needs only to be topolog-
ically generating, one can show that }\ILI%) F(E\) = F(6(R) ® £) and more or less also
}\i_)r% [(C3(R, B)) = F(S(R) ® £). However, since the notational effort and a precise rea-
soning would take a lot of time, we content ourselves with the central limit theorem. Since
the moments of all creators and, henceforth, the inner products on the full Fock module
are already determined by Relations (6.1.1), we do not really loose information on the limit

module.
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Appendix E

A summary on Hilbert modules

In this appendix we recall briefly for a quick reference the notions used in these notes
which may be not so standard in Hilbert module theory. In any case we assume that the
basic notations from Chapter [1! are known. This includes, in particular, Section [1.4/ about
operators on Hilbert modules and pre-Hilbert modules sometimes only over pre-C*-algebras.
Most important are Corollaries 1.4.3/ and [1.4.4/ which describe circumstances under which
an operator on a semi-Hilbert module E respects the kernel of the semiinner product (i.e.
the submodule of Ngp = {z € E: (x,x) = 0}). In particular, Corollary 1.4.3 guaranties that
a mapping which is formally adjointable on a subset which generates E (algebraically) as a
right module, gives rise to a mapping on the quotient F/Ng.

In Section [E.1l we review quickly the notion of von Neumann modules and their basic
properties, and we recall the notions related to B(G)-modules introduced in Examples
3.1.2,13.3.4,14.1.15, 4.2.13 and [6.1.6. In Section E.2 we discuss matrices of Hilbert modules
as introduced in Examples 1.4.10} [1.6.6, 1.7.6 [1.7.7, 4.2.12 and 14.3.8. The organiziation of
the few arguments we give there, differs considerably form the presentation in Part I. For
instance, in Part Il we use matrices to show positivity of tensor product (often refered to
as the interior tensor product; see Section 4.2) and exterior tensor product (Section 4.3),
whereas here we assume these notions as well-known and derive from them the properties
of matrices. For the extensions of the exterior tensor product to the framework of von
Neumann algebras see Remark 14.3.4.

Recall also that a two-sided module is a right module with a left action by another
algebra as right module homomorphisms, and that we always assume that this left action is
non-degenerate. Here non-degenerate is meant in the algebraic sense, whereas, total refers
to the more common topological sense; see Definition [1.6.1. For unital algebras all notions
coincide and mean that the unit acts as unit. If a left action is degenerate, instead, then we
speak only of a representation. Notice that for the right multiplication on a (pre-)Hilbert

module totality (and non-degeneracy in the unital case) is automatic.

343
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E.1 Von Neumann modules

Let B be a pre-C*-algebra acting non-degenerately on a pre-Hilbert space G (in other
words, G is a pre-Hilbert B-C—module), and let E be a pre-Hilbert A-3—module. Then
the tensor product H = F ® G is a pre-Hilbert A-C—module, i.e. a pre-Hilbert space with
a representation p of A by (adjointable) operators on H. We refer to p as the Stinespring
representation of A (associated with E and G); cf. Remark 4.1.9.

To each x € E we associate an operator L,: G — H,g+— x ® g in B*(G, H). We refer
to the mapping n: x — L, as the Stinespring representation of E (associated with G). If
the representation of B on G is faithful (whence, isometric), then so is . More precisely,
we find LY L, = (z,y) € B C B*(G). We also have Ly, = p(a)L;b so that we may identify
E as a concrete A-B-submodule of B*(G, H).

In particular, if B is a von Neumann algebra on a Hilbert space GG, then we consider £
always as a concrete subset of B(G, E® G). We say E is a von Neumann B-module, if it is
strongly closed in B(G, E ® G). If also A is a von Neumann algebra, then a von Neumann
A-B-module E is a pre-Hilbert A-B-module and a von Neumann B-module such that the
Stinespring representation p of A on £ ® G is normal.

The (strong closure of the) tensor product of von Neumann modules is again a von Neu-
mann module (Proposition 4.2.24). Left multiplication by any element in B%(E) (in partic-
ular, those coming from elements of \A) is a strongly continuous operation on E (Proposition
3.1.5). The x—algebra B*(E) is a von Neumann subalgebra of B(E ® G) (Proposition [3.1.3).

One may easily show that if B = B(G), then £ = B(G,H) and B*(E) = B(H)
(Example 3.1.2). If E is a von Neumann B(G)-B(G)-module, then H = G ® $ and
E =3B*(G,G®9H) = B(G)®’$H where § is a Hilbert space, Arveson’s Hilbert space of inter-
twiners of the left and right multiplication (Example [3.3.4). In other words, $ = Cye)(E),
where generally Cz(E) = {x € E: bx = zb (b € B)} is the B—center of a B-B-module.
See Example 4.2.13| for the crucial interpretation of the tensor product of von Neumann
modules in terms of mappings and the relation the composition of the centers under tensor
product. This leads also to the crucial equivalence of Fock modules over von Neumann
B(G)-B(G)-modules and Fock spaces tensorized with the initial space G (Examples 4.1.15
and [6.1.6).

Von Neumann modules are self-dual (Theorem 3.2.11). Consequently, each bounded
right linear mapping on (or between) von Neumann modules is adjointable (Corollary [1.4.8)
and von Neumann modules are complementary (i.e. for any von Neumann submodule F' of
a pre-Hilbert module E there exists a projection p € B*(E) onto F') (Proposition [1.5.9).

Let T: A — B be a (bounded) completely positive mapping between unital pre—C*—
algebras, and denote by (E, &) as the GNS-construction for T' (Definition 4.1.7). If T is a
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normal mapping between von Neumann algebras, then E is a von Neumann A-B-module.

E.2 Matrices of Hilbert modules

Matrices with entries in a Hilbert module are probably the most crucial tool in Chapter [13.
We developed these matrices in the form of examples and used them to show basic properties
of tensor products. Here we proceed conversely and derive the properties of matrices by
considering the tensor products as well-known. Recall that the C*—algebras M,, are nuclear
and that, therefore, the norms on the appearing exterior tensor products are unique.

For some Hilbert spaces G, H the space B(G, H) is a von Neumann B(H )-B(G)-module
with inner product (L, M) = L*M and the obvious module operations. In particular, the
n X m-matrices M,,, = B(C™,C") are von Neumann M, —M,,-modules. One easily checks
that M,y © My,, = M,,, where X ®Y = XY gives the canonical identification.

Let E be a pre-Hilbert A-B-module. By M,,,(E) = E ® M,,, we denote the spaces of
n x m-matrices with entries in a pre-Hilbert A-B-module. By construction M,,,(E) is a pre-
Hilbert M, (A)-M,,(B)-module. It is a Hilbert and a von Neumann module, respectively,
if and only if F is.

M, (E) consists of matrices X = (24;) whose inner product is

n

(XY )i =D {wni yay).
k=1
An element of M,,(B) acts from the right on the right index and an element of M, (.A)
acts from the left on the left index of X in the usual way. Considering F as pre-Hilbert
Be(E)-B-module and making use of matrix units for M,(B*(E)), one easily shows that
BY My (E)) = Mypm(B(E)). We have Myo(E)O My (F) = My (EGF) where (XOY)
> ik © yi; gives the canonical identification. In particular, for square matrices we find
M, (E) & My(F) = M,(E © F).

Conversely, let E,,, be a pre-Hilbert M,,(A)-M,,(B)-module. Suppose for the time being
that A and B are unital, and define @); as the matrix in M, (A) with 1 in the i—th place
in the diagonal and P, € M,,(B) defined analogously. Then all submodules Q;E,,,P; are
isomorphic to the same pre-Hilbert A-B-module £ and E,,, = M,,,(F). (Each of these
entries Q;En, P; takes its A-B-module structure by embedding A and B into that unique

ij o

place in the diagonal of M, (A) and M,,(B), respectively, where it acts non-trivially. The
isomorphisms between the entries follows with the help of matrix units in M,,, M,, which are
easily shown to restrict to isomorphisms between the entries.) The same shows to remains

true, when A and B are not necessarilly unital by appropriate use of approximate units.
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Special forms are E" = M, (F) and E,, = M;,(F). Both consist of elements X =
(x1,...,2,) (x; € E). However, the former is an M, (A)-B-module with inner product
(X,)Y) = > (x;,y;) and BY(E™) = M,(B*(E)) (it is just the n—fold direct sum over E),
whereas, the latter is an A-M,,(B)-module with inner product (X,Y);; = (z;,y;) and
BY(E,) = B*(E). Observe that E,, ® F" = E ® F, whereas, E" ® F,, = M,;,,(E ® F).

Let us set X = (5ijxi) € M,(F) for some z; € E (i=1,... ,n), and Y correspondingly.
Then the mapping T': M, (A) — M, (B), defined by setting T(A) = (X, AY) acts matrix-
element-wise on A, i.e.

(T(4))

In particular, if Y = X, then T is completely positive. T(A) may be considered as the
Schur product of the matrix T of mappings A — B and the matrix A of elements in A.

If S is another mapping coming in a similar manner from diagonal matrices X', Y’ with
entries in a pre-Hilbert B—-C—module F', then we find as in Example 4.2.8 that the Schur

composition of S oT of the mappings 7" and S (i.e. the pointwise composition) is given by
SoT(A) = (XX, AY 0 Y').

This observation is crucial for the analysis of CPD-semigroups in Chapter /5.
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ule, 25
isomorphism of, 25
tensor product of, 67
homomorphism
canonical, 24
of x—algebras, |7
of pre-C*—algebras, [T
homomorphism category, 202
morphism in, 202

index
of a product system, 244
of an Arveson system, 244
indicator function, 297
inductive limit, 293
canonical mappings into, 293
mappings on, 294
of Hilbert modules, 295
of modules, 294
of pre-Hilbert modules, 295
of von Neumann modules, 295
one-sided, 181
reverse, [185
white noise on, 186
two-sided, [180
universal property of, 294
inductive system, 293
inner product, 11
Pj—algebra-valued, 316
semiinner, 11
Cauchy-Schartz inequality for, 13
interacting Fock space, (145, 147
and full Fock module, 149, 150
based on a pre-Hilbert space, 147
embeddable, 154
algebraically, 154
from symmetric Fock space, 158
Lu-Ruggeri, 148
of the square of white noise, 139, 145
as symmetric Fock space, 142
one-mode, 148
invariant state, 164
isometry
between pre-Hilbert modules, 23
isomorphism
of (pre-)Hilbert modules, 23

two-sided, 125
of product systems, 171
Ito formula, 261
table, 262

K(E), K(E, F), compact operators, 29
Kaplansky density theorem, 39
for F(F), 51
kernel
completely positive definite, 92
composition of, 96
dominating another, 94
for A, 92
for B, 92
Kolmogorov decomposition for, 93
Kolmogorov module of, 93
normal, 93
composition of, (Schur product), 96
conditionally completely positive defi-
nite, 97
CPD-semigroup of, 96
Co—, 96
uniformly continuous, 96
hermitian, 92
positive definite, |89
C—valued, 87
C-valued conditionally positive def-
inite, 87
Kolmogorov decomposition for, 90
Kolmogorov module of, 90
Schur semigroup of, 96
Co—, 96
uniformly continuous, 96
Kolmogorov decomposition
for a completely positive definite ker-
nel, 93
for a positive definite kernel, 90
Kolmogorov module
of a completely positive definite kernel,
93
of a positive definite kernel, 90

L*(M,E), 1T
L**(M, E), 80
lattices
L, J;, 307
order isomorphism of, 307
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interval partitions, P, Py, 306
length-zero elements, (14, 279

p—a.e., 298
mapping
completely positive, (62
GNS-construction for, 63
GNS-module of, 63
Stinespring construction for, 63
unitization of, (64
conditionally completely positive, 97
normal completely positive, 65
GNS-construction for, 65
Markov property, 167
generalized, 237
matrix algebra, (generalized), 36
*—, 130
(pre—)C*—, 136
approximate unit for, 37
Banach, 136
matrix von Neumann algebra, (39
M, (B), 19, 36
normed, 36
representation of, 38
sub-, 136
maximal continuous, 178
M, (E), 31, 345-346
tensor products of, 69
module
free right, 22
free two-sided, [328
mappings on or between, 7
over algebras, [7
over unital algebras, [T
morphism of product systems, 171
multiple polarization formula, 128
multiplication operator, 297, 299
multiplier algebra, 291
double centralizer, 291
of X(FE), 33
of the one-dimensional pre-Hilbert
module B, 32

norm, 279
o 300
[o]], 301
o]l 298

H.“ess’ 298
admissible, 280
seminorm, 279
normal
completely positive definit kernel, 93
completely positive mapping, 65
representation, 293
normed space, 279
quotient of, 280

operator

adapted

on the full Fock module, 110
adjointable, 16

on E and K(E), 33
compact, K(F), K(E, F), 29
conservation

on the full Fock module, 105

on the symmetric Fock module, 131
creation and annihilation

collective, 325

on the full Fock module, 105

on the interacting Fock space, 147

on the symmetric Fock module, 129
finite rank, F(E), F(E, F), 29
generalized creation

on the full Fock module, 108
isometric, (isometry), 23
number, 129
on a tensor product, 68-72
on an exterior tensor product, 75-81
positive, 20

in a (pre—)C*—algebra, 289
projection, 21

onto a two-sided submodule, 25
projection associated with a quasi or-

thonormal system, [50

rank-one, zy* = |x)(y|, 29
right linear, [17
second quantization

of a bilinear operator, 106

time shift, 106
self-adjoint, 16
Stinespring representation of, 43
two-sided, (bilinear), 25
unitary, 23

two-sided, 25
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operator space, 45
outer conjugacy, 166

Pr—algebra, 315
Fj—algebra, 314
LY(@), 1315
Pi—(quasi)homomorphism, [314
Pj—isomorphism, 1314
positivity defining subset, 314
pre-Hilbert module over, 316
semi-, 1316
tensor product of, 318
S—positive, 314
S—positive functional, 315
separating, 315
S-representation of, 315
polar decomposition, 39
pre-dual
of a von Neumann module, 53
process, ‘B, 250
adapted, 2, 251
product subsystem, 171
generated by a subset of units, 176
product system, 171
associated with the full Fock module,
227
discrete, 173
endomorphism of
and local cocycles, 187
from Ey—semigroup, 225
from transition expectations, 237
GNS-system
of a CP-semigroup, 184
of a CPD-semigroup, [181
index of, 244
isomorphism of, 171
morphism of, 171
continuous, 190
possibly unbounded, 212
of B(G)-modules, 173
central product subsystem of, 173
subsystem, [171
time ordered, 173
morphism of, 212
order structure of morphisms, 222
projection morphism of, 214
trivial, 171

type I, 176, 217
and the CE-generator, 219
GNS-system, 177
time ordered Fock module, 177, 217
type I, 243
and central units, 243
projection, 21
associated with a quasi orthonormal
system, 150
in a pre—C*—algebra, 290
of norm 1 on a (pre-)C*-algebra, 82
onto a two-sided submodule, 25

QED-module, 336, 340
quantum probability, 1-3
quantum stochastic calculus, 245
quantum probability space, 81
quantum stochastic calculus, 245
on boolean Fock module, 270
on boolean Fock space, 270
on full Fock module, 249
in the case B = B(G), 269
on full Fock space, 269
quasi orthonormal system, 50
complete, 50
cardinality of, 50
existence of, 5()
expansion according to, 51
orthonormal system, 50
projection associated with, 50

range ideal Bg, 12
representation, 24
contractive, 24
non-degenerate, 24
normal, 293
of B—functionals, 45
of a two-sided pre-Hilbert module, 45
of matrix algebras, 38
total, 24
right shift, 185

Schur product
of (completely positive definite) ker-
nals, 96
Schur semigroup, 96
Cy-, 96
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uniformly continuous, 96
self-duality, 15

Frank’s criterion for, 38

of von Neumann modules, 52

criterion for, 54

semigroup

Co—, 285

completely positive (CP-), 99

completely positive definite

(CPD-), 96
Ey-, 163
eo—, 163

in a Banach algebra, 285
of (completely positive definite) ker-
nels, 96
on a Banach space, 285
strongly continuous, 285
trivial, 165
uniformly continuous, 285
spectral algebra, 208
Arveson’s, 205
discrete, 206
square of white noise (SWN), 132
and current algebra, (143
and finite difference algebra, 142
renormalization of, 132
standard approximate unit, 290
Stinespring representation
of a von Neumann module, 55
of a pre-Hilbert module, 42
of operators on a pre-Hilbert module,
43
stochastic integral, 252
O—criterion, 263
Ito formula, 261
stochastic limit, 2, 323
collective operators, 325
for the non-relativistic QED-
Hamiltonian, 324
the QED-module, 340
one-particle sector of, 336
wave operator, 329
subset
of units
continuous, 188
CPD-semigroup associated with, 175
generating a product subsystem, 176

maximal continuous, [178
strongly totalizing, 215
totalizing, 122, 176
orthogonal complement of, 21
positivity defining in a Fj—algebra, 314
strongly total in a von Neumann mod-
ule, 53

tensor product
functoriality of, 69
of centered (pre-)Hilbert modules, [70
of matrix modules, 69
of two-sided (pre-)Hilbert modules, 67
of two-sided von Neumann modules,
73
of von Neumann B(G)-modules, 70
operators on, 6872
over B, 1320
universal property of, 320
symmetric
of centered (pre-)Hilbert
modules, [128
of the SWN-module, 137
projection onto, 128
tensor product, exterior, 75
operators on, 75-81
with a Hilbert space, 77
tensor product, interior, see tensor prod-
uct
time ordered product system, [173
time shift
automorphism group
on the (extended) time ordered Fock
module, 114
on the full Fock module, 106
endomorphism semigroup
on the time ordered Fock module,
114
on L*(R, E), 80
second quantized, 106
mirrored, 120
topology
B—weak, 38
strict
of BY(FE), 33
of the multiplier algebra, 292
strong
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on a space of operator-valued func-
tions, 301
x—strong, 19
strong, of von Neumann modules, /48
o-weak, 292
normal, 292
totalizing, [176
transition expectations, 234
products system of, 237
Trotter product formula, 286
type I
Arveson system, 178
symmetric Fock space, 178
product system, [176), 217
and the CE-generator, 219
GNS-system, 177
time ordered Fock module, 177, 217

unit, 175
and weakly adapted cocycles, 188
central, [175
and the CE-generator, 211, 219
and type II product systems, 243
and white noise, 186
continuous, 188
for the time ordered Fock module,
119
continuous subset of, 188
contractive, unital, 175
CPD-semigroup associated with a sub-
set of, 175
exponential, 117
CPD-semigroup associated with, 121
renormalized, 118
generating a product subsystem, 176
in time ordered product systems, [118
maximal continuous subset of, 178
strongly totalizing subset of, 215
totalizing subset of, 176
vacuum, 178
unitarity conditions, 264
unitization
natural action of, 25
of a Banach algebra, 300
of a pre-C*—algebra, 292

vacuum, 105

conditional expectation, [107
unit, 178
vector
cyclic, 41} 163
exponential, 115
vacuum, 105
von Neumann module, 48|, 344-345
pre-dual of, 53
algebra of operators on, 48
centered, 58
centered complete quasi
orthonormal system of, [58
Hahn-Banach theorem for, 53
over B(G), 48
algebra of operators on, 48
tensor product of, 70
self-duality of, 52
spectral theorem, 49
Stinespring representation of, 55
strong topology of, 48
strongly total subset of, 53
two-sided, 55
over B(G), 56
criterion for, 55
derivation with values in, 287
tensor product of, [73

weak dilation, 167
from dilation, 230
on a (pre-)Hilbert module, 169
on the one-sided inductive limit, 183
weak Markov flow, 167
on a (pre-)Hilbert module, 169
on the one-sided inductive limit, 183
weak Markov quasiflow, 167
essential, 202
isomorphism of, 199
maximal, 201
minimal, 201
morphism of, 199
time shifted, 199
white noise, 165
and central units, 186



